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Mathematics II                  chapter four 

4.1 Double Integration (Area, moment, centroid, 

moment of inertia & volume) 

 Area- 

A=∬ 𝒅𝒙 𝒅𝒚    𝒐𝒓   𝑨 = ∬ 𝒅𝒚 𝒅𝒙 

 

 Example //Find area enclosed by x=3, x=1, y=0,y=2. 

using double integration. 

Solution/ / 

A=∬ 𝒅𝒙 𝒅𝒚     

A=∫ ∫ 𝒅𝒙 𝒅𝒚 = ∫ (𝒙)| 𝟑
𝟏

𝟐

𝟎
𝒅𝒚 = ∫ 𝟐 𝒅𝒚 = (𝟐𝒚)| 𝟐

𝟎
= 𝟒

𝟐

𝟎

𝟑

𝟏

𝟐

𝟎
 

Or 

A=∬ 𝒅𝒚 𝒅𝒙     
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A=∫ ∫ 𝒅𝒚 𝒅𝒙 = ∫ (𝒚)| 𝟐
𝟎

𝟑

𝟏
𝒅𝒙 = ∫ 𝟐 𝒅𝒙 = (𝟐𝒙)| 𝟑

𝟏
= 𝟒

𝟑

𝟏

𝟐

𝟎

𝟑

𝟏
 

. Example //Find the area enclosed by y=x+2  & 

y=𝒙𝟐 

Solution // 

 

2=y1y 

𝒙𝟐 = 𝒙 + 𝟐 

𝒙𝟐 − 𝒙 − 𝟐 = 𝟎 

  X+1) (x-2) =0 ) 

X=-1, x=2 

A=∬ 𝒅𝒚 𝒅𝒙     

A=∫ ∫ 𝒅𝒚 𝒅𝒙 = ∫ (𝒚)| 𝒙+𝟐
𝒙𝟐

𝟐

−𝟏
𝒅𝒙 = ∫ (𝒙 + 𝟐) − 𝒙𝟐) 𝒅𝒙 =

𝟐

−𝟏

𝒙+𝟐

𝒙𝟐

𝟐

−𝟏

(
𝒙𝟐

𝟐
+ 𝟐𝒙 −

𝒙𝟑

𝟑
)| 𝟐

−𝟏
= 𝟐 + 𝟒 −

𝟖

𝟑
−

𝟏

𝟐
+ 𝟐 −

𝟏

𝟑
= 𝟒. 𝟓 

Example//Evaluate ∫ ∫
𝐬𝐢𝐧 𝒚

𝒚
𝒅𝒚 𝒅𝒙

𝝅

𝒙

𝝅

𝟎
  

 𝝅. 𝒚𝟏 = 𝝅. 𝒚𝟐 = 𝒙=2x =0 ,1Solution // x 
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∫ ∫
𝐬𝐢𝐧 𝒚

𝒚
𝒅𝒙 𝒅𝒚

𝒚

𝟎

𝝅

𝟎

= ∫ (
𝒔𝒊𝒏 𝒚

𝒚
𝒙)|

𝒚

𝟎

𝝅

𝟎

𝒅𝒚

= ∫ 𝐬𝐢𝐧 𝒚  𝒅𝒚 = (− 𝐜𝐨𝐬 𝒙)|
𝝅

𝟎
= 𝟐

𝝅

𝟎

 

Application of double integration  

1-volume =∬ 𝒛𝒅𝑨 = ∬ 𝒛 𝒅𝒙 𝒅𝒚 = ∬ 𝒛 𝒅𝒚 𝒅𝒙 

2-moment  

Mx=∬ 𝒚𝒅𝑨 = ∬ 𝒚 𝒅𝒙 𝒅𝒚 = ∬ 𝒚 𝒅𝒚 𝒅𝒙 

 My=∬ 𝒙𝒅𝑨 = ∬ 𝒙 𝒅𝒙 𝒅𝒚 = ∬ 𝒙 𝒅𝒚 𝒅𝒙 

 3-Center of area 

�̅� =
𝑴𝒚

𝑨
.   �̅� =

𝑴𝒙

𝑨
 

[𝒘𝒉𝒆𝒓𝒆 𝑨 = ∬ 𝒅𝑨 = ∬ 𝒅𝒙 𝒅𝒚 = ∬ 𝒅𝒚 𝒅𝒙] 

4. Moment of Inertia  

Ix=∬ 𝒚𝟐𝒅𝑨   . 𝑰𝒚 = ∬ 𝒙𝟐𝒅𝑨. 𝑰𝒓 = ∬(𝒙𝟐 + 𝒚𝟐)𝒅𝑨 
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Example// Find the centroid enclosed function  

     Y=6x-𝒙𝟐 . 𝒚 = 𝒙  

Solution / 

2=y1y 

𝟔𝒙 − 𝒙𝟐 = 𝒙 

𝒙𝟐 − 𝟔𝒙 + 𝒙 = 𝟎 

𝒙𝟐 − 𝟓𝒙 = 𝟎 

X (x-5 ) =0 

X=0 or x=5 

  

�̅� =
𝑴𝒚

𝑨
.   �̅� =

𝑴𝒙

𝑨
 

A=∬ 𝒅𝒚 𝒅𝒙 = ∫ ∫ 𝒅𝒚 𝒅𝒙 = ∫ (𝒚)| 𝟔𝒙−𝒙𝟐

𝒙

𝟓

𝟎
𝒅𝒙 = ∫ (𝟔𝒙 −

𝟓

𝟎

𝟔𝒙−𝒙𝟐

𝒙

𝟓

𝟎

𝒙𝟐 − 𝒙) 𝒅𝒙 = 𝟏𝟐𝟓/𝟔 

 Mx=∬ 𝒚𝒅𝑨 = ∬ 𝒚 𝒅𝒚 𝒅𝒙 

Mx=∫ ∫ 𝒚𝒅𝒚 𝒅𝒙 = ∫ (
𝒚𝟐

𝟐
)| 𝟔𝒙−𝒙𝟐

𝒙

𝟓

𝟎
𝒅𝒙 = ∫ (

(𝟔𝒙−𝒙𝟐)𝟐

𝟐
−

𝟓

𝟎

𝟔𝒙−𝒙𝟐

𝒙

𝟓

𝟎

(𝒙)𝟐

𝟐
) 𝒅𝒙 = 𝟏𝟎𝟒. 𝟏𝟔 

 Also My=625/12 
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�̅� =
𝑴𝒚

𝑨
=

𝟔𝟐𝟓
𝟏𝟐

𝟏𝟐𝟓
𝟔

= 𝟐. 𝟓 

�̅� =
𝑴𝒙

𝑨
=

𝟏𝟎𝟒. 𝟏𝟔

𝟏𝟐𝟓/𝟔
= 𝟓 

Example//Calculate second moment of inertia about y-axis 

for area enclosed by y=𝒙𝟐 , y=x+2. 

Solution // 

2=y1y 

𝒙𝟐 = 𝒙 + 𝟐 

𝒙𝟐 − 𝒙 − 𝟐 = 𝟎 

(𝒙 − 𝟐)(𝒙 + 𝟏) = 𝟎 

X=2  or x=-1 

𝑰𝒚 = ∬ 𝒙𝟐𝒅𝑨

= ∬ 𝒙𝟐𝒅𝒚 𝒅𝒙 = ∫ ∫ 𝒙𝟐𝒅𝒚 𝒅𝒙 =                 

𝒙+𝟐

𝒙𝟐

𝟐

−𝟏

= ∫ (𝒙𝟐𝒚)|
𝒙 + 𝟐

𝒙𝟐

𝟐

−𝟏

𝒅𝒙

= ∫ 𝒙𝟐(𝒙 + 𝟐 − 𝒙𝟐)𝒅𝒙 =
𝒙𝟒

𝟒
+

𝟐𝒙𝟑

𝟑
−

𝒙𝟓

𝟓
|

𝟐

−𝟏

𝟐

−𝟏

= 𝟑𝟔𝟓 𝒖𝒏𝒊𝒕 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 
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Example// Find the volume enclosed by two surfaces  

𝒙𝟐 − 𝒚𝟐-=42,z 𝒚𝟐+  𝒙𝟐=2+1z 

Solution // 

2=z1z 

𝟐 + 𝒙𝟐 + 𝒚𝟐 = 𝟒 − 𝒙𝟐 − 𝒚𝟐 

𝟐 + 𝒙𝟐 + 𝒚𝟐 − 𝟒 + 𝒙𝟐 + 𝒚𝟐 = 𝟎 

𝟐𝒙𝟐 + 𝟐𝒚𝟐 − 𝟐 = 𝟎 

𝒙𝟐 + 𝒚𝟐 = 𝟏 ↔ 𝒙𝟐 + 𝒚𝟐 = 𝒓𝟐 

y=√𝟏 − 𝒙𝟐 

 

Volume =∬ 𝒛𝒅𝑨 = ∬ 𝒛 𝒅𝒚 𝒅𝒙 = ∬(𝒁𝟐 − 𝒁𝟏) 𝒅𝒚 𝒅𝒙 =

∬(𝟒 − 𝒙𝟐 − 𝒚𝟐 − 𝟐 − 𝒙𝟐 − 𝒚𝟐) 𝒅𝒚 𝒅𝒙 

Volume=𝟐 ∫ ∫ (𝟐 − 𝟐𝒙𝟐 − 𝟐𝒚𝟐)𝒅𝒚 𝒅𝒙
√𝟏−𝒙𝟐

𝟎

𝟏

−𝟏
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Or   Volume=∫ ∫ (𝟐 − 𝟐𝒙𝟐 − 𝟐𝒚𝟐)𝒅𝒚 𝒅𝒙
√𝟏−𝒙𝟐

−√𝟏−𝒙𝟐

𝟏

−𝟏
 

Or   Volume=𝟒 ∫ ∫ (𝟐 − 𝟐𝒙𝟐 − 𝟐𝒚𝟐)𝒅𝒚 𝒅𝒙
√𝟏−𝒙𝟐

𝟎

𝟏

𝟎
 

v=𝟒 ∫ (𝟐𝒚 − 𝟐𝒙𝟐𝒚 −
𝟐𝒚𝟑

𝟑
)|

√𝟏−𝒙𝟐

𝟎

𝟏

𝟎
𝒅𝒙 

= 𝟒 ∫ (𝟐√𝟏 − 𝒙𝟐 − 𝟐𝒙𝟐(𝟏 − 𝒙𝟐) −
𝟐(√𝟏 − 𝒙𝟐)𝟑

𝟑
) 𝒅𝒙

𝟏

𝟎

 

 


