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4.3 Higher Order Linear Differential Equation 

The general form: 

 

𝒂𝒐 𝒚𝒏 + 𝒂𝟏 𝒚𝒏−𝟏 + 𝒂𝟐 𝒚𝒏−𝟐 … … … … … … … 𝒂𝒏−𝟏𝒚  + 𝒂𝒏𝒚 = 𝑹(𝒙) 
 

 جزئييه مه تتكُن فحهٍا انثاويح، انزتثح مه انمعادنح حم أسهُب تىفس انمعادنح ٌذي تحم معادنح حم)

 (𝑌)(. متجاوسح انغيز معادنح حم)َ (𝑦𝑐)(انمتجاوسح

 :انمميزج انمعادنح أيضا تستخذو انمتجاوسح انمعادنح ٌذي نحم

 

𝑎𝑜 𝑚𝑛 + 𝑎1 𝑚𝑛−1 + +𝑎2 𝑚𝑛−2 … … … … … … … 𝑎𝑛−1𝑚 + 𝑎𝑛𝑚 = 0 

 .انحهُل مه )n( عهّ وحصم َتذنك انجذَر مه )n( عهّ وحصم انمميزج انمعادنح حم َعىذ

𝑦𝑐 = 𝑐1 𝑦1 + 𝑐2 𝑦2 + 𝑐3 𝑦3 + … … … … … … . +𝑐𝑛 𝑦𝑛 

 n حيث انتشاتً، مه نهتخهص (𝑥𝑛)ب الأخزِ َتضزب انجذَر ٌذي احذ يثثت متشاتٍح، جذَر ظٍُر َعىذ

 

 .انتكزار يزيم مُجة صحيح عذد أصغز

 

Example (1): Find the complete solution of the differential equation: 

𝒚   + 𝟓𝒚   + 𝟗 𝒚  + 𝟓𝒚 = 𝟑 𝒆𝟐𝒙 

Solve: 

𝑦   + 5𝑦   + 9 𝑦  + 5𝑦 = 0 
 
𝑚3 + 5𝑚2 + 9 𝑚 + 5 = 0 

by try and error get to: 

 

𝑙𝑒𝑡 𝑚 = 1 → 

1 + 5 + 9 + 5 = 20 ≠ 0 ∴ 𝑛𝑜𝑡 𝑜𝑘 

𝑙𝑒𝑡 𝑚 = −1 → −1 + 5 − 9 + 5 = 0 ∴ 𝑜𝑘 
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(𝑚 + 1)(𝑚2 + 4 𝑚 + 5) = 0 

𝑚 + 1 = 0 → 𝑚1 = −1 
 
𝑚2 + 4 𝑚 + 5 = 0 → 

 
 

𝑚2,3 = 
−𝑏 ± √𝑏2 − 4𝑎𝑐 

 
 

2𝑎 
 

 

𝑚2,3 = 
−4 ± √16 − 20 

= −2 ± 𝑖 
2 

 
𝑦𝑐 = 𝑐1 𝑒𝑚𝑥 + 𝑒𝑃𝑥(𝑐2 cos 𝑞𝑥 + 𝑐3 sin 𝑞𝑥) 

𝑦𝑐 = 𝑐1 𝑒−𝑥 + 𝑒−2𝑥(𝑐2 cos 𝑥 + 𝑐3 sin 𝑥) 

𝐿𝑒𝑡 𝑌 = 𝐴 𝑒2𝑥 

𝑌  = 2𝐴 𝑒2𝑥        𝑌  = 4𝐴 𝑒2𝑥 

  
𝑌 = 8𝐴 𝑒 

 
2𝑥 

8𝐴 𝑒2𝑥 + 20𝐴 𝑒2𝑥 + 18𝐴 𝑒2𝑥 + 5𝐴 𝑒2𝑥 = 3 𝑒2𝑥 

51𝐴 𝑒2𝑥 = 3 𝑒2𝑥 → 𝐴 = 
3

 
51 

3 
𝑌 = 

51 

 

𝑒2𝑥 

∴ The general solution: 𝑦 = 𝑐1 
 

𝑒−𝑥 + 𝑒−2𝑥(𝑐2
 cos 𝑥 + 𝑐3 

3 
sin 𝑥) + 

51 

 

𝑒2𝑥 

Example (2): Find the complete solution of the differential equation: 

 

(𝑫𝟒 + 𝟖𝑫𝟐 + 𝟏𝟔)𝒚 = − 𝐬𝐢𝐧 𝒙 

Solve: 

𝑚4 + 8𝑚2 + 16 = 0 

(𝑚2 + 4)(𝑚2 + 4) = 0 → 

𝑚2 + 4 = 0 → 𝑚2 = −4         𝑚1,2 = ±2𝑖 
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𝑚2 + 4 = 0 → 𝑚2 = −4 

𝑚3,4 = ±2𝑖 

 
𝑦𝑐1 = 𝑒𝑃𝑥(𝑐1 cos 𝑞𝑥 + 𝑐2 sin 𝑞𝑥) = 𝑐1 cos 2𝑥 + 𝑐2 sin 2𝑥 

 
𝑦𝑐2 = 𝑒𝑃𝑥(𝑐3 cos 𝑞𝑥 + 𝑐4 sin 𝑞𝑥) = 𝑐3𝑥 cos 2𝑥 + 𝑐4𝑥 sin 2𝑥 

 
𝑦𝑐 = 𝑐1 cos 2𝑥 + 𝑐2 sin 2𝑥 + 𝑐3𝑥 cos 2𝑥 + 𝑐4𝑥 sin 2𝑥 

 
𝐿𝑒𝑡 𝑌 = 𝐴 sin 𝑥 + 𝐵 cos 𝑥 

𝑌  = 𝐴 cos 𝑥 − 𝐵 sin 𝑥         𝑌  = −𝐴 sin 𝑥 − 𝐵 cos 𝑥 

  
𝑌 = −𝐴 cos 𝑥 + 𝐵 sin 𝑥       𝑌  = 𝐴 sin 𝑥 + 𝐵 cos 𝑥 

𝐴 sin 𝑥 + 𝐵 cos 𝑥 + 8(−𝐴 sin 𝑥 − 𝐵 cos 𝑥) + 16(𝐴 sin 𝑥 + 𝐵 cos 𝑥) = − sin 𝑥 

1 
9𝐴 sin 𝑥 + 9𝐵 cos 𝑥 = − sin 𝑥 → 𝐴 = −  

9 
1 

, 𝐵 = 0 

𝑌 = −  
9 

sin 𝑥

𝑦 = 𝑦𝑐 + 𝑌 

1 
∴ The general solution: 𝑦 = 𝑐1 cos 2𝑥 + 𝑐2 sin 2𝑥 + 𝑐3𝑥 cos 2𝑥 + 𝑐4𝑥 sin 2𝑥 − 

9 
sin 𝑥 

 
Example (3): Find the complete solution of the differential equation: 

 

(𝑫𝟒 + 𝟑𝑫𝟑 + 𝟑𝑫𝟐 + 𝑫)𝒚 = 𝟐𝒙 + 𝟖 

Solve: 

𝑚4 + 3𝑚3 + 3𝑚2 + 𝑚 = 0 

 
𝑚 (𝑚3 + 3𝑚2 + 3𝑚 + 1) = 0 

𝑚1 = 0                             𝑚3 + 3𝑚2 + 3𝑚 + 1 = 0 
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𝑌 = 0, 𝑌 

 

 

by try and error get to: 

 

𝑙𝑒𝑡 𝑚 = −1 → −1 + 3 − 3 + 1 = 0 ∴ 𝑜𝑘 

(𝑚 + 1)(𝑚2 + 2𝑚 + 1) = 0 

(𝑚 + 1)(𝑚 + 1)(𝑚 + 1) = 0 

 
𝑚2,3,4 = −1 

 

𝑦𝑐 = 𝑐1𝑒0 + 𝑐2 𝑒−𝑥 + 𝑐3𝑥𝑒−𝑥 + 𝑐4𝑥2𝑒−𝑥 

 
𝐿𝑒𝑡 𝑌 = 𝐴𝑥2 + 𝐵𝑥 

 

𝑌  = 2𝐴𝑥 + 𝐵 

 

𝑌  = 2𝐴, 
   

 

 
6𝐴 + 2𝐴𝑥 + 𝐵 = 2𝑥 + 8 → 

 
2𝐴 = 2 → 𝐴 = 1 

 
6𝐴 + 𝐵 = 8 → 𝐵 = 2 

 
𝑌 = 𝑥2 + 2𝑥         𝑦 = 𝑦𝑐 + 𝑌 

 
∴ The complete solution: 𝑦 = 𝑐1𝑒0 + 𝑐2 𝑒−𝑥 + 𝑐3𝑥𝑒−𝑥 + 𝑐4𝑥2𝑒−𝑥 + 𝑥2 + 2𝑥 

Example (4): Find the general solution of the differential equation: 

(𝑫𝟒 − 𝟏𝟔)𝒚 = 𝟎 

Solve: 

𝑚4 − 16 = 0 

(𝑚2 − 4)(𝑚2 + 4) = 0 → 

𝑚2 − 4 = 0 → 𝑚2 = 4 → 𝑚1,2 = ±2 𝑚1 ≠ 𝑚2 

= 0 
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𝑚2 + 4 = 0 → 𝑚2 = −4 → 𝑚3,4 = ±2𝑖 𝑚3, 𝑚4 Imaginary 

 

𝑦𝑐 = 𝑐1𝑒𝑚1𝑥 + 𝑐2 𝑒𝑚2𝑥 + 𝑒𝑃𝑥(𝑐3 cos 𝑞𝑥 + 𝑐4 sin 𝑞𝑥) 

 
𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2 𝑒−2𝑥 + 𝑐3 cos 2𝑥 + 𝑐4 sin 2𝑥 

 
Example (5): Find the general solution of the differential equation: 

 

(𝑫𝟖 − 𝟐𝑫𝟒 + 𝟏)𝒚 = 𝟎 

Solve: 

 

𝑚8 − 2𝑚4 + 1 = 0 

 
(𝑚4 − 1)(𝑚4 − 1) = 0 → 

 
(𝑚2 − 1)(𝑚2 + 1)(𝑚2 − 1)(𝑚2 + 1) = 0 

 
(𝑚 − 1)(𝑚 + 1)(𝑚2 + 1)(𝑚 − 1)(𝑚 + 1)(𝑚2 + 1) = 0 

 
𝑚 − 1 = 0 → 𝑚1 = 1                 𝑚 + 1 = 0 → 𝑚2 = −1 

 
𝑚2 + 1 = 0 → 𝑚2 = −1 → 𝑚3,4 = ±𝑖 

 
𝑚 − 1 = 0 → 𝑚5 = 1 

 
𝑚 + 1 = 0 → 𝑚6 = −1 

 
𝑚2 + 1 = 0 → 𝑚2 = −1 → 𝑚7,8 = ±𝑖 

 
𝑚1 = 𝑚5 = 1 

 
𝑚2 = 𝑚6 = −1 

 
𝑚3,4 = 𝑚7,8 = ±𝑖 

 
𝑦𝑐 = 𝑐1𝑒𝑥 + 𝑐2 𝑒−𝑥 + 𝑐3 cos 𝑥 + 𝑐4 sin 𝑥 + 𝑐5𝑥𝑒𝑥 + 𝑐6 𝑥𝑒−𝑥 + 𝑐7𝑥 cos 𝑥 + 𝑐8𝑥 sin 𝑥 
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H.W: Find the complete solution of the differential equation: 

𝟏) 𝑦   − 2𝑦   − 3 𝑦  + 10𝑦 = 40 cos 𝑥 , 𝑙𝑒𝑡 𝑚 = −2 

𝐀𝐧𝐬: 𝑦 = 𝑐1𝑒−2𝑥 + 𝑒2𝑥(𝑐2 cos 2𝑥 + 𝑐3 sin 2𝑥) + 3 cos 𝑥 − sin 𝑥 

𝟐) (𝐷4 + 8𝐷2 − 9)𝑦 = 9𝑥2 

𝐀𝐧𝐬: 𝑦 = 𝑐1𝑒𝑥 + 𝑐2𝑒−𝑥 + 𝑐3 cos 3𝑥 + 𝑐4 sin 3𝑥 + 𝑥2 + 16⁄9 


