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4.3 Higher Order Linear Differential Equation

The general form:
Ay +a,yr1+a; yr2 ... @1y + a,y = R(X)
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Example (1): Find the complete solution of the differential equation:

i’l+55/+9y+5y=3e2x

Solve:

Yy+5y+9y+5y=0 m?*+4m+5
m*+5m*+9m+5

m3+5m2+9m+5=0 i ta?

4m* +9m
dm* +4m

by try and error get to:

letm=1 - 5m+5

Sm+5
1+45+9+4+5=20+#0 s not ok 0
letm=-1 -»> —-145-94+5=0 ~ ok
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(m+1)(m2+4m+5)=0

m+1=0 - mp = —1

m+4m+5=0 -

—b + Vb2 — 4ac
mys3 = 5
a
—4 16 =20 _
m23: =_2il
’ 2

Y. = c1 e™ + ePx(c, cos qx + c3 sin gx)
Ve =c1e*+ e 2x(cycosx + c3sin x)
Let Y = A e

Y=24ex Y=44ex

Y =84e%
8A e2x + 204 e?x + 184 e?* + 54 e?x = 3 e2x
3
514 e?x = 3 e** - A=__
51
3
Y = er
51

-. The general solution: y = c1 e + e"?*(c, cosx + c3 Sinx) + =1 e2x

Example (2): Find the complete solution of the differential equation:

(D*+8D2%2+16)y = —sinx
Solve:

m*+8m?2+16=0
(m2+4)(m2+4)=0 -

m>+4=0 - mz2=-4 my, = 120
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m2+4=0 -»> m?=-4

mgy = 120

V1 = eP*(cicosgx + cysinqx) = ¢q cos 2x + ¢, sin 2x
Ye2 = eP¥(c3cos qx + ¢4 Sin gqx) = c3x coS 2x + c4x sin 2x
Y = €1 COS 2x + €5 Sin 2x + €3x €OS 2x + c4x Sin 2x

Let Y =Asinx + Bcosx

Y=Acosx — Bsinx Y= —Asinx — Bcosx

Y =—Acosx + Bsinx Y= Asinx+ Bcosx

Asinx+ Bcosx + 8(—Asinx — Bcosx) + 16(Asinx + Bcosx) = —sinx

1
9A sinx + 9B cosx = —sinx - A=—-—- B=0
9
v 1
= —~ sinx
9
y=y.+tY
1
=~ The general solution: y = ¢; cos 2x + ¢, sin 2x + ¢3x cos 2x + c4x sin 2x — 9— sin x

Example (3): Find the complete solution of the differential equation:

(D*+3D3+3D2+ D)y = 2x+8
Solve:

m*+3m3+3m2+m=0
m(m3+3m2+3m+1)=0

my =0 m3+3m2+3m+1=0
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by try and error get to:

letm=-1 -»> —-1+3-3+1=0 sk

(m+1D(mM2+2m+1)=0
m:+2m+1

(m+1)(m+1D(m+1)=0 m+1 | 13 43m2+3m+1
m? + m?*

Mmy34 = —1 >
2m +3m+1

Ve = C1€9% + ¢y e7* + c3xe—* + cyx?e* 2m? + 2m
m+1

Let Y = Ax? + Bx
m+1

Y=24x+B ¢

Y=24, Y=0, ¥=0
6A+ 2Ax+B =2x+8 -
2A =2 - A=1
6A+B =8 - B=2
Y =x? + 2x y=y.+Y

= The complete solution: y = c1€% + ¢c; e7* + c3xe ™ + cyx2e + x2 + 2x

Example (4): Find the general solution of the differential equation:

(D*—16)y =0
Solve:
mt—16=0

(m2—4)(m2+4)=0 -

m2—4=90 - m>=4 - myp,=12 m*m
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= - m?=-4 — m34=x2i m3my Imaginary
Ve = c1em* + ¢y em2¥ 4 ePx(c3 cos qx + ¢4 Sin gx)

Ve = C1€%* + ¢3 e72¥ + €3 C0S 2X + €4 Sin 2x

Example (5): Find the general solution of the differential equation:

(D8 —2D*+1)y =0

Solve:

mé —2mt+1=0

mt—Dmt—1) =0 -

(m? —1)(m? + 1)(m? —1)(m? + 1) = 0
(m—-1Dm+D(m?>+1)(m-1)(m+1)(m?+1) =0
m-1=0 - m=1 m+1=0- m=-1

m>+1=0 -> m?2=-1 —> mgu=d=i

m =ms=1

my; = Mg = -1

Mz 4 = Myg = Fi

Yo = Cc1€* + ¢y e + 3 c0S X + ¢4 Sinx + csxe* + cg xe=* + cyx cos x + cgx sinx
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H.W: Find the complete solution of the differential equation:
1)y -2y -3y +10y=40cosx, letm=-2

Ans: y = cje=2* + e2*(¢c, cos 2x + c3 sin2x) + 3 cosx — sinx
2) (D* +8D%2 —9)y = 9x2

Ans:y = cie* + cpe * + c3cos 3x + ¢4 sin3x + x2 + 16/9
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