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CH-O-
Theory of vibrations : <l jl_kay) 4, g

1. Longitudinal and Transverse Vibrations 4 shll < 3l jiay)

da ) g

Introduction : Aadiall

When elastic bodies such as a spring, a beam and a shaft are
displaced from the equilibrium position by the application of
external forces, and then released, they execute .
vibratory motion: Al A4S jal)
This is due to the reason that, when a body is displaced, the internal
forces in the form of elastic or strain energy are present in the body.
At release, these forces bring the body to its original position. When
the body reaches the equilibrium position, the whole of the elastic or
strain energy is converted into kinetic energy due to which the body
continues to move in the opposite direction. The whole of the kinetic
energy is again converted into strain energy due to which the body
again returns to the equilibrium position. In this way, the vibratory
motion is repeated indefinitely.
Terms Used in Vibratory Motion:4: ) ay! &S all 46l cilallaaal)
The following terms are commonly used in connection

with the vibratory motions :

1. Period of vibration or time period. 4 (e
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It is the time interval after which the motion is repeated itself. The

period of vibration is usually expressed in seconds.

2. Cycle. I EQ LA PLYN

It is the motion completed during one time period.

3. Frequency. a3 il

It is the number of cycles described in one second. In S.I. units, the
frequency is expressed in hertz (briefly written as Hz) which is equal
to one cycle per second.

Types of Vibratory Motion 431 1Y) cls jald) g 6l

The following types of vibratory motion are important from the

subject point of view :

1. Free or natural vibrations. dandal) &) 3) 3aY)
When no external force acts on the body, after giving it an initial
displacement, then the body is said to be under free or natural
vibrations. The frequency of the free vibrations is called free or
natural frequency.

2. Forced vibrations. (5.583) Ay ) il 3) 3
When the body vibrates under the influence of external force, then
the body is said to be under forced vibrations. The external force
applied to the body is a periodic disturbing force created by
unbalance. The vibrations have the same frequency as the applied
force.

Note : When the frequency of the external force is same as that of

the natural vibrations, resonance takes place.
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3. Damped vibrations. adall ) Ay
When there is a reduction in amplitude over every cycle of
vibration, the motion is said to be damped vibration. This is due to
the fact that a certain amount of energy possessed by the vibrating
system is always dissipated in overcoming frictional resistances to
the motion.

4. resonace : Ol 5 al
the resonace appear or take place , when the frequaency of
external force = natural frequency of material .

V. Types of Free Vibrations s adl il ) ey g1 gl
The following three types of free vibrations are important from
the subject point of view :

The following three types of free vibrations are important
from the subject point of view :

1. Longitudinal vibrations,

2. Transverse vibrations, and

3. Torsional vibrations.

Consider a weightless constraint (spring or shaft) whose
one end is fixed and the other end carrying a heavy disc,
as shown in Fig..1. This system may execute one of the

three above mentioned types of vibrations.
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(a) Longitudinal vibrations. (b) Transverse vibrations. (c) Torsional vibrations.

Fig. 1. Types of free vibrations.

1. Longitudinal vibrations. A ghal) B_ad) <l 31 5aN
When the particles of the shaft or disc moves parallel to the
axis of the shaft, as shown in Fig. 1 (a), then the vibrations are
known as longitudinal vibrations. In this case, the shaft is
elongated and shortened alternately and thus the tensile and
compressive stresses are induced alternately in the shaft.

2. Transverse vibrations. ANEINY) <l 3) AN
When the particles of the shaft or disc move approximately
perpendicular to the axis of the shaft, as shown in Fig. 1 (b),
then the vibrations are known as transverse vibrations. In this
case, the shaft is straight and bent alternately and bending
stresses are induced in the shaft.

3. Torsional vibrations*. Al i) < 315
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When the particles of the shaft or disc move in a circle about
the axis of the shaft, as shown in Fig.1 (c), then the vibrations
are known as torsional vibrations. In this case, the shaft is
twisted and untwisted alternately and the torsional shear
stresses are induced in the shaft.

4. Torsional vibrations*. d) g3 <) 31 35aY)
When the particles of the shaft or disc move in a circle about
the axis of the shaft, as shown in Fig. .1 (c), then the vibrations
are known as torsional vibrations. In this case, the shaft is
twisted and untwisted alternately and the torsional shear
stresses are induced in the shaft.

Note :
If the limit of proportionality (i.e. stress proportional to strain)
IS not exceeded in the three types of vibrations, then the
restoring force in longitudinal and transverse vibrations or the
restoring couple in torsional vibrations which is exerted on the
disc by the shaft (due to the stiffness of the shaft) is directly
proportional to the displacement of the disc from its
equilibrium or mean position. Hence it follows that the
acceleration towards the equilibrium position is directly
proportional to the displacement from that position and the

vibration is, therefore, simple harmonic.
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vi. Natural Frequency of Free Longitudinal Vibrations
Al ghat) 3_ad) <l 31 AN anadall a3 ) Gilea (3 )k
The natural frequency of the free longitudinal vibrations may
be determined by the following three methods :
1. Equilibrium Method Q) sl 48y pha
Consider a constraint (i.e. spring) of negligible mass in an

unstrained position, as shown in Fig. 2 (a).

Let s = Stiffness of the constraint. It is the force required to produce
unit displacement in the direction of vibration. It 1s usually

expressed in N/m.
m= Mass of the body suspended from the constraint in kg.
W = Weight of the body in newtons = m.g.

d = Static deflection of the spring in metres due to weight W

newtons. and
x = Displacement given to the body by the external force, in metres.

(a)
s
_ L _ W=s.5
Unstramed
position s+ x) -

l‘"-'

.I.
J

Fig. 2. Natural frequency of free longitudinal vibrations.
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In the equilibrium position, as shown m Fig. 2 (b). the gravitational pull W = m.g. is
balanced by a force of spring, such that W=5.§.

Since the mass is now displaced from its equilibrium position by a distance x, as shown in
Fig. 23.2 (c). and is then released. therefore after time ¢,

Restoring force =W-5(0+x)=W—5.0-5.x
=50-50-5.x=-5.x (=58 ()
.. . (Taking upward force as negative)
and Accelerating force = Mass x Acceleration

= mx——-;—_ . . (Taking downward force as positive) . . . (2)

Equating equations (1) and (2). the equation of motion of the body of mass m after time 7 is

2' 2.1‘
MX—-=-85X or mMX——+s5x=0
dat” dat-
i S ,
—+—xx=0 04 8)
dar= m

We know that the fundamental equation of simple harmonic motion is

2
d—;+0)2.x=0 cns )
dt '

Comparing equations ( 3) and (4), we have

s
0=,[—
m
T . d ; 2n e m
ime period. =
p 2T \, 5
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and natural frequency. f _1_1ys_1 \/g . (0 mg=s5.9)
: t, 2nym 2m\3d

. : . :
Taking the value of g as 9.81 m/s™ and d in metres,

1 [9.81 0.4985
fomofat = s
2ty & Jo

Note : The value of static deflection § may be found out from the given conditions of the problem. For
longitudinal vibrations, 1t may be obtained by the relation,

Stress W o’ I " Wi
= o % or =y
Strain 4 9 EA
where d = Static deflection i.e. extenfsion or compression of the constraint,

W = Load attached to the free end of constraint,
[ = Length of the constraint,

E = Young’s modulus for the constraint, and

A = Cross-sectional area of the constraint.

2. Energy method AUl 48, )k
We know that the kinetic energy is due to the motion of the
body and the potential energy is with respect to a certain
datum position which is equal to the amount of work required
to move the body from the datum position. In the case of
vibrations, the datum position is the mean or equilibrium
position at which the potential energy of the body or the system
Is zero. In the free vibrations, no energy is transferred to the
system or from the system. Therefore the summation of kinetic
energy and potential energy must be a constant quantity which

Is same at all the times. In other words,
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4 (KE+PE)=0
dt

We know that kinetic en-

ergy.
1 dx Y
KE.=—xm|Z
2 dt
. 0+sx 1
and potential energy. PE.= [ Jx = —Xsx°
) )

dt| 2

x . d°x 1 dx
—XMX2X—X——+=X§X24X—=0

2 at g 2 dt
2 2

d'x dx s

or mX—+sx=0 or —+—Xx=0 ... (Same as before)
dt* dt* m

The time period and the natural frequency may be obtained as discussed in the previous
method.
3. Rayleigh’s method A&k

In this method, the maximum Kinetic energy at the mean
position is equal to the maximum potential energy (or strain
energy) at the extreme position. Assuming the motion

executed by the vibration to be simple harmonic, then .
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x=Xsinmt srd)

where 1 = Displacement of the body from the mean position after time ¢
seconds. and

X=Maximum displacement from mean position to extreme position.
Now, differentiating equation (1), we have

gi: OX X cosm.t
dt

Since at the mean position, £ = 0, therefore maximum velocity at the mean position,

d.
=2 _ox
dt

Maximum Kkinetic energy at mean position

1

» 1 2.2
=—Xmy~ ==Xmo X~ -
2 2

and maximum potential energy at the extreme position

0+s.X 1
=( 5 ]X— XS.X?' -

2 T

Equating equations (2) and (3)).

1 7 9 1 3 s
—Xmo X" =—Xs.X~ or (02 ) .and 0=, [—
2 2 m m

n §
Time period. tp=—=2M,\|— ... (Same as before)
® m
"% I, & I8
and natural frequency, f =—=—=— |— ... (Same as before)
rp 2 2mym

Note : In all the above expressions, mis known as natural

circular frequency and is generally denoted by ®n.
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vii. Natural Frequency of Free Transverse Vibrations

aad) 3 A adal) aa )
Consider a shaft of negligible mass, whose one end is fixed and

the other end carries a body of weight W, as shown in Fig. 3.

Let s = Stiffness of shaft.
& = Static deflection due to
weight of the body.

x = Displacement of body from
mean position after time .
m = Mass of body = W/g
As discussed in the previous article.
Restoring force =-s5.x o |

and accelerating force =mX—;- I 4
dt”
Equating equations (1) and (2). the equation of motion becomes
2

Lo 4

3 X
MX—-=—5.X or MX——+5.X = 0

dt~ dt”
d*x s :
—+—Xx=0 ... (Same as before )
dt= m

Hence. the time period and the natural frequency of the transverse vibrations are same as
that of longitudinal vibrations. Therefore

=
He— - — o —
; Mean position 5 _ I_S
s> I
x
il by
Position after _-_=- g ._1'_ = 3
time ¢ ._I B -
e
af

Fig. 3. Natural frequency of free
transverse wvibrations._
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Hence, the time period and the natural frequency of the
transverse vibrations are same as that of longitudinal vibrations.

Therefore .

; : m
Time period, 1, = ’ﬂ[
and natural frequency. f =—=| ‘j: \/7
2\ m

Note : The shape of the curve, into which the vibrating shaft deflects, 1s 1dentical with the static deflection
curve of a cantilever beam loaded at the end. It has been proved in the text book on Strength of Materials,
that the static deflection of a cantilever beam loaded at the free end 15

3
d=—(in metres)
3EI

where W = Load at the free end, in newtons,
[ = Length of the shaft or beam in metres,
E = Young’s modulus for the material of the shaft or beam in
N/m’, and
I=Moment of inertia of the shaft or beam in m*,
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