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Mathematical background; Laplace transform, complex variable, matrices.
Mathematical Modelling

A mathematical model is an abstract description of a concrete system using mathematical
concepts. Mathematical models may assume many different forms. Depending on the particular
system and the particular circumstances, one mathematical model may be better suited than other
models. For example, in optimal control problems, it is advantageous to use state-space
representations. On the other hand, for the transient-response or frequency-response analysis of
single input, single-output, linear, time-invariant systems, the transfer-function representation
may be more convenient than any other. Once a mathematical model of a system is obtained,
various analytical and computer tools can be used for analysis and synthesis purposes.

1. Mechanical Systems

Derive the mathematical model of the mechanical system. - )
- Displacement is positive downward, measured from the undeflected position of the spring

kx bx

g0 ||

X m

I mg

Usiggl the free-body diagram (above and right) and summing forces we obtain the mathematical
mode

Free-body diagram

Model

e ZF B mx +bx + kx = e (2"d-order ODE)
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2. Electrical Systems

* Derive the mathematical model of the simple RLC circuit

R L
oo .
wWr— _ Start with 1st-order ODEs for the
+ N energy-storage elements:
€in ) () T° CéC — ]L Capacitor
I, ' .
LI ; = €; Inductor

* Now use KVL to find expression for inductor voltage e;

—e,—e, —e.+e_(1)=0 Clockwise KVL

Sub KVL into inductor ODE | Céc =7, =0 Model
(use Ohm’s law for ;) LI, +RI, +e.=e()

2 energy storage elements =» 2"d-order model
Laplace Transformation

Explain Concept of Laplace Transform. | Keywords %
>
1

d’x + 2dx +2x=0
Time Domain fdf‘ T Al
(t)

Frequency Domain|  F(s)= | fit).e™dt

Laplace Transformation

LAPLACE TRANSFORM is the process in which the Time Domain function is

transform into Frequency Domain
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The Laplace Transform: Basic Definitions and Results
» The given \hard" problem is transformed into a \simple" equation.
» This simple equation is solved by purely algebraic manipulations.

» The solution of the simple equation is transformed back to obtain the solution of the
given problem.

> In this way the Laplace transformation reduces the problem of solving a differential
equation to an algebraic problem. The third step is made easier by tables, whose role is
similar to that of integral tables in integration.

The above procedure can be summarized by the figure below:

DE to be Determine Solve Determine Solution
solved | _gllaplace  |—»|Algebraic  |—a|Inverse —®lta the DE
Transform Equation Transform

Definition: The Laplace transform is defined by the linear transformation:

L{f(t)} =F(s) = [ f(t)e™dt (4.3)

_ . -5t
where ®= @ T1®js an arbitrary complex number and f(t) is of exponential order (i.e. fit)e™ js

bounded for large t).

Some Laplace Transform Pairs [f(t) = F(S)]

Unit Impulse

£(t) = 8(t) and F(s) =1 (4.5)

where

F(s) = j: s(t)edt=1
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Unit Step:
fh=u®={ . amd F=-"
=u(t) = an ) =—
1 t>0 S
where
w -1 _.F 1 1
F(s) = | (e™dt=—¢™| =—(0-1)="=
o 5 g5 s
Exponential:
—at 1
fith=e¢ and F(s) = (4.7)
£+a
where
F(S)=FE""‘*e‘“dFFE'“*"‘:'*dt:—_l e
. . 5+a q  s+a
Ramp:
f(t) = at and F(s) = — (4.8)
5
where
. ) et x » e a e a
F(s)zj ate 'dt=alt—| —| —dt =—I eldt=—
0 -S|, 0 -s s -0 S

Email: hasan.hamad.ali@uomus.edu.iq



Al-Mustaqgbal University / College of Engineering & Technology
Department: Medical Instrumentation Techniques Engineering
Class: Fourth
Subject: Control Systems / Code: MU0244002
Lecturer: Asst. Prof. Dr. Hasan Hamad Ali
1* term—-Lecture No. 2/ Mathematical background, Laplace transform.

Table of Laplace Transforms
f(=2?{F(s)} F(s)=2{r (1)} flr)=27{F(5) F(s)=&{r(n}
1. 1 1 2 e L
s 5—a
I )
3P =123 Z 4 rpead r :1}
5 I
5. 4 fF £ 6. " p=123_. w
25 25"
7. sin(ar) 1” - 8 cos(ar) 15 5
T+ s +a
) 2as si-a?
9. rsinfar) (52_'_(?2]2 10. recos(ar) [sz+a2}2
" s 247 b s 2as®
T)—ar Tt o a2 2. T 5 a2
. sin(ar)—arcos(ar) () sin(ar)+ arcos(ar) (Fea)
s(s*—a%) s(s2+3a%)
13, cos(ar)—arsinfar) —— 14 cos(ar)+arsin(ar) Era——
(s*+a’) 1::‘+(."]
15. sin(ar+b) w 16. cos(ar+b) w
S 4a” s +al
17. sinh(ar) - 18. coshar) L.
s -a s -a
19, € sin(b ’ 20, ¢ cos(E "
3 bt —=
. e sin(br) Gay+7 . e cos(br) Gay+7
21 e sinh( ’ 2. e cosh(br =
. e sinh(br) oo F 2. e cosh(dr) {S—ﬂ‘]z—b:
23 e 123 i M. fler lp(2
. e, n=123.... (—a]” . fler) Fr[?]
23, ut)=u(t-c) e 2%. 3(r-c) -
Heaviside Function 5 Dirac Delta Function
27w (1) f(r=c) e F(s) 28w (nz(r) e {g(1+c)}
20 e f(1) F(s-c¢) 30 f(1). n=12.3... (-1 F(s)
1 e= . ' R F(s
31 Ff{i'] [ F(u)eiu 2. [, f(v)dv [T}
T — N
3. [ f(t-r)e(r)ar F(s)G(s) |34 f(+T)=7(1) J &7 ()
1-e™"
B £() F(s)-£(0) |36 £7(7) S (5)-57(0)-1'(0)
37 1) S"F(5) =5 (0) =" (0)--— 57" (0)— U7 (0)

Example: Find the Laplace transform of 1+t

Solution:

L (1+t)=1/s + 1/s°

Example: Find £ [ sin(20)].

Solution: In this case. f(t) = sin(2¢)
F@i) = LIfD] = 55— = -
- T os2 422 52 +4
2
3r _ Y = =
E[e sm(2r)] = F(s —3) = G 3714
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__EXAWPLE I

{5 we{)
Evaluate (a) &£ {55 (b) ¥ e

SOLUTION (a) weidentifyrn+ 1 =25 oran = 4 and then multiply and divide by 4!:

|
8- bl e
s 4! 5 24

(b) we identify k> = 7and so k = V7.

33'{32 i 7} = \;7 gjl{sz-\i??} = \lﬁsin V1,

|_EXAVIPLES

—25 + 6
Evaluate £ ™! {,57}
s+ 4

SOLUTION §g—l{ﬂ} - gg—'{ —2s ,_6 }
s+ 4 sT+4 s+ 4

5 (§) 2
R AL ey
s>+ 4 2 s>+ 4

= —2cos 2r + 3sin 27.

Example 3 Compute the inverse Laplace transform of

Y(S) 2@.

. 2 1 3
Solution =~ - - _
Y 351 9 g4

Thus, by linearity,
1 3!

_y—1
y(t) = L [9.34

|

3!
— |

==L
-]
t3

Sl= |-
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