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Steady State Heat
Conduction in One Dimension

In general the heat conduction equation for one dimension is in
three form:

1. In Cartesian coordinates

9 (k aT) + g = 0 In this relation k is function of temperature

ok
k= k(T)
92T g . . . .
ez + == In this relation k is constant with change of
temperature.
d2T . i
—=0 It is with no heat generation.

dx?




Steady State Heat
Conduction in One Dimension

* This simple equation can be used to find the temperature
distribution in a wall steadily and with no heat generation if
we know the boundary condition.

The wall in figure is assumed
thatg =0 Hot

dr/dx | Cold

And T=T, at x=0, T=T, at x=L as shown

2 —_—

: : d?T :
By integrating i 0 two times
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* 2-In cylindrical (Polar) coordinates

. li(krg—:)+g' =0

r or
* In this relation k is function of

* temperature k=k(T)
10 ( 0T
ror (rﬁ
temperature k=k(T)

) +% = 0 In this relation k is functit
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~
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C,, and C, are constants of integrations
T, then C=T;, andatx =L, T, =C{L+T;

[
Q
S
=

|l
o
—]

I

This relation gives C; = TZ;Tl ,thenT = (T, — Tl)% + T, or

X X .
T=T, (1 — Z) + ZTZ It is the temperature

distribution in plane wall of steady state with no heat
generation.
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0 oT

e (r 5) = 0 Itis with no heat generation

* To solve this relation with of simple form with B.Cs that at r=r,
T=T,and atr=r, T=T,

* And by two integrations we get

Y SN _
r— = (Cy - = ,and T = Cylnr + C,

* By substituting the B.Cs we get:

* Ty =Cylnry + C,,and T, = Cylnr, + G,

¢ T2 — T1 = Cl(lnrz — ln‘l‘l) = Clln (:_2) —> Cl = Ll

n

1
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And by substituting this in one of the upper relations we get:

T, =Cinry +C, » T, = (Tz—Tl)l r1 + C5 , this gives
(T —T ) ln(?‘l)
Cz = T1 —2 Inr 1
ln(rl)
Substituting the value of C;, and C, in the following relation

_ - (I2—T1)
T=Clnr+C, > T ln(_)l +T; — ln( )ln1
1 1

)
)

T—-T, = L (Inr — Inry)

ln(

rh_ " ( , this is the T.D.E
T in(2
ln(L)

Tl

:|N

*m:h
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3- In spherical coordinates

19 (kr2 a—T) + g = 0 In this relation k is function of

r2 or or

temperature k=k(T)
109 ( 20T\, d
r2 or ( ar) =0

In this relation k is function of
temperature k=k(T)

G, oT L :
(r2 —) = 0 Itis with no heat generation
or or

The solution of this equation gives
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-ty _ G7)
(T,-Ty) = or

r1 12
(1 1)
T'1 T

T=T;+ (T, — Tl)( 1) It is a T.D.E for spherical shell with no

r1 T2

heat generation.
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* Heat conduction through a composite wall

* At the beginning we toke the relation for heat conduction in a
wall of single layer as below

: (T1—T)
* Qcona = kA 1Ax2

T,
\\‘ T2

AT A

f— Ax —

Ex.1. find the rate of heat conduction from a wall of thickness
30cm and its area is 4m2. The temperature at one surface of the
wall is 0°C, and the other surface temperature is 100°C, and the
thermal conductivity of the wall material is 177W/m.°C. Find also
the heat flux.
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* Solution: A Plane wall Ax=30cm=0.3m, A=4m?, T,=100°C,
T,=0°C, k=17W/m.°C

* Requirements: heat transfer by conduction through the wall
Qcona, and the heat flux from the wall g.

* Analysis: the heat transfer by conduction is calculated by
Fourier Law

Qcona = kAT = 17 x 4 x 1820
22666.667W=22.667kW
© The heat fluxis ¢ = < = 2222220 = 5666.667W /m?

(1)
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In heat conduction we can assume
The wall as a wire that pass through it a current due to different
in voltage EXAMPLE: THERMAL RESISTANCE

AV ‘
I = — Where: |
_ _ _ h=8 q_| q h=15
R is the resistance of the wire. s it | oo

In this analogy, the current is
the heat transfer; AN

the voltage difference is the temperature difference. The relation

of Fourier law becomes:
_ (T1-Ty) _ (T1—T)

Q cond Ax
= R
A th
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* In general the walls are made of many layers in series and in
parallel like that of building walls that are known composite

walls.

* To determine the heat conduction from wall of many layers
such three layers we can drive the relation for this wall as

below.
* The heat flow in each layer is equal.
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. 1 .

Q= Rona (Ty — Tz) - QRth,A = (T, — Tz)
o 1 .

Q= Ren 5 (T, —T3) » QRth,B = (T, —T3)

o 1 .
Q= R—(T3 —T,) - QRth,C = (T3 —T,)
th,C

* Adding these three equations together gives

hn | - — Interfac es
e = | &
N | _Temperature
A profile
= N
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° QRth,A T QRth,B + QRth,c =T, —T,)+ (T, —Tz) +
(T3 — Ty)

: Q(Rth,A + Repp + Rth,C) = (T, —Ty)

Rth A+tRetn,B+Rth,C

: Qcond —
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Ex.2. An oven wall is constructed of three layers. The internal
layer is of fire brick of thickness 15cm and thermal conductivity
0.55W/m.°C. The mid layer is of glass wool of thickness 5cm
and thermal conductivity 0.03W/m.°C. The outer layer is of Iron
of thickness 0.2cm and thermal conductivity 80W/m.°C. The
temperature of internal surface of the fire brick is 1000°C, and
the temperature of the external surface of the iron is 50°C. If
the surface area of the oven is 2m?, find the rate of heat
transfer and the interface temperature between fire brick and
glass wool and between glass wool and iron.

Solution: An oven Wall, Three layers Ax,=15cm=0.15m,
k,=0.55W/m°C, Axz=5cm=0.05cm, k;=0.03/m.°C,
Ax=0.2cm=0.002m, kz=80W/m.°C, A=2m?, T,=1000°C, T,=50°C.

Requirements: heat transfer rate Q, T,, and T.

6]
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W
A ()}\j\/c
Ax 4 0.15 S
Ripa == = 0.136°C/W,
thA ™ . A~ 055x2 /W, B g\%
Ax 0.05 N
Renp = £ — = 0.833°C/W, W
’ kgA  0.03x2 i
1 2
Ax 0.002
RthC — C=—= = OOOOO].ZSOC/W’ Rina Rins Renc
’ fcd 80x2 = A== A==
1 2 3 4
0=— 10" - 1000-50 — 980.38W

" Repa+Renp+Renc  0.136+0.833+0.0000125
No to find T,, and T,

. 1 1
Q = — (T, = T;) > 980.38 = —— (1000 — T;)

Rth A
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T, = 1000 —980.38 x 0.136=866.668°C
T, —T; 1000—T;

Q= — 980.38 = - T3 = 1000 —
Rtha+Rth B 0.136+0.833

980.38 x 0.969

T,=5.012°C
. 1 1

Or Q = o (T, = T5) — 980.38 = ——(866.668 — T)

T3 = 866.668 — 980.38 X 0.833 = 50.012°C

1 (T3—50)

0.0000125

Or Q = ——(Ts —T,) —980.38 =
th,C
980.38 x 0.0000125 = 50.012
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*  Conduction-Convection Systems

In general the outer surfaces of any wall from the two sides are exposed to
convection. So these convection effects shell effect the heat transfer

through the wall.
Consider a wall is made of two layers and exposed to convec’ '

two outer surfaces. r, S
The rate of heat transfer in convection T_, is N
T~
: (Too1=T1) _ (Teo1—T1) - \_ .
Q — hoolA(Tool - Tl) — 1 — R
Noo1A conv,1 hmz
. (TS_Tooz) (TS_Tooz)
Q= hoozA(Ts - Tooz) = 1 — R Byl O W 0, B
n A conv,2 T Ta
002
1 : .
Roonv1 = ,and R ony 2 are convection thermal resistances.
heo14 0024

Too1—Too2
Reonv1tR1+R2+Rcony,2
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* Ex.3. A room wall of dimension 3mx4m is constructed of
brick with thickness 20cm, and thermal conductivity of
0.8W/m.°C. the wall is covered with concrete layer of
thickness 2cm, with thermal conductivity of 2.0W/m.°C on
both sides of the brick. The outside surface is exposed to air
temperature of 50°C and convection heat transfer coefficient
of 25W/m?2.°C. The inner surface of the wall is exposed to
inner air of temperature 20°C with coefficient of convection
heat transfer of 15W/m2.°C. Find the rate of heat transfer to
the room through the wall and find inner and outer surface
temperature.
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* Solution: a room wall of L=3m, W=4m, A=L X W =3 X 4 =
12m?

* Wall construction: Brick Axz=20cm=0.2m, k;=0.8W/m.°C,

* Concrete on inside and outside Ax_,=Ax_,=2cm=0.02m,
k.=k,=2W/m.°C

* Outside surface is exposed to air T, ,=50°C, h__=25W/m?.°C
* Inside surface is exposed to air T_=20°C, h_=15W/m?.°C

* Requirements: heat transfer rate Q, inside surface temp. Ty,
and outside surface temp. T,.
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in One Dimension

= (0.003333°C/W

= 0.005555°C/W

= (0.0008333°C/W

= 0.020833°C/W

50-20

* Analysis:
1 1
c R = =
COMV,0 " hwoA  25x12
. R 11
convt = p A 15x12
Ax.  0.02
° R =R = =
c1 €2 7 kA 2x12
. p. = lxp _ 020
B ™ kpa T 0.8x12
. Q': Tooo—T ooi
1136.

* To find T, the temperature of outer surface

. Q — Tooo—T1

conv,o

— 1136.867 =

50T,
0.00333

* To find T, the temperature of inner surface

. Q — T4 —Toi

conv,i

— 1136.867 =

T, —20
0.005555

Reonvo+tRc1+Rp+Rcz+Roo;  0.003333+0.0008333+0.020833+0.0008333+0.005555

T1
WA——\Wy

R

conv,o

- T; =5U—3./9 = 4b.21°C

> T, =20+ 26.315°C
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* The Overall Heat-Transfer Coefficient

* The overall heat transfer Coefficient is combined coefficient
that total coefficients of the wall and it is denoted as U

s _ (Tooo—T o0i) _ (Tooo—T o0i) _
.Q—AU(Tooo_Tooi)—R YR, +R 1 IAx_l_l —
conv,0 ThwTRconw,i hod kA A
A(Tooo_Tooi)
Ax 1
E+ K Th
1 1
‘ThenU =g =|—+7 +—] W/m?.°C
— =t ho

ho k'R
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Heat conduction through cylindrical wall

To determine heat flow through a cylindrical wall like tube and
pipe and cylinders that assume the heat flow radially we will
begin with the Fourier’s law of conduction.

0 = —kA% the flow is radially, the we dr instead of dx and
A=2mrlL
Q0 = —kQ2nrlL) % to integrate this we separate the variables

Q J[°= = —k(2nlL) [,° aT
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The integration gives

an:—j = —2nLk(T, — T})

: T;—T, T;—T, 1 r
Q=(‘ o) _ izTo) Where: Ry, = — In—
L nte Ren L 2nLk Ty
2Lk T !

If the pipe is made of many layers as in the figure

Q’ . Towi—Twoo
Rconv,i"'Rcyl.A"'Rcyl.B+Rcyl.C+Rconv,o
1 1
Reonv,i = — ’
’ hiA; 2rtLrih;
1 &) 1
R =——-In—=,R =——1In
CylA ZnLkA ,rl ’ CylA ZnLkB To
1 T 1
R In—= =

— — R —
cyl.A 2mLk e’ conv,o hoA,
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in One Dimension
* A; =2nr;L =nD;L, A, = 2nr,L = D, L
Q = AU(TOOL' - Tooo) — To0i~To0o

Rconv,i+Rcyl.A+Rcyl.B+Rcyl.C+Rconv,o
* As the outer surface area in not equal ton inner surface area

© AU = AU; = A,U, =

2nLr;h; 2mLk, 1rq1 2mLkp 12 2mLkg 13 2mLrohg
1
« U; = : : . — QOverall heat transfer
1 r T T T
R L AP A L W A PO SR

hi kA 1 I kB T2 I kC r3 roho
coefficient based on inner area

1
* Up = w5575 70 73 7o a1 Overall heat transfer
+—=In—=+—In—=+—Iln—+—
rihj kg 11 kp T2 kg T3 ho

coefficient based on outer area
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* Ex.4. A tube of inner diameter 10cm and outer diameter
20cm and 2m has thermal conductivity of 20W/m.°C. The
temperature at outer surface is 30°C and the temperature at
inner surface is 120°C. Find the heat transfer from this tube.

¢ Solution: tube with D,=10cm,r=5cm, D_=20cm, r_,=10cm
k=20W/m °C, T.=120°C, T,=30°C

* Requirement: heat transfer from the tube wall

@ =il _ _U20530) _ 39633W
ZnLklnr_i 2mx2x20 ' 5
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Ex.5. Hot air at a temperature of 60°C is flowing through a steel pipe
of inner diameter 110 mm and outer diameter 120mm, with
k=40W/m.°C. The pipe is covered with two layers of different
insulating materials of thickness 60mm and 40mm, and their
corresponding thermal conductivity 0.24W/m.°C and 0.4W/m.°C. The
inside and outside heat transfer coefficients are 60W/m2.°C and
12W/m?2.°C respectively. The atmospheric temperature is 20°C. Find (i)
overall heat transfer coefficient based of the inner surface area, (ii)
the total thermal resistance, (iii) rate of heat losses from 60m length
tube.

Solution: D.=110mm=0.110m, r=0.05m, D;=120mm=0.12m, r,=.06m,
Ky 40W/m °C Ar;=60mm=0. 06m r,=r; +Ar =0.06+0.06=0. 12m

k =0.24W/m.°C. Ar =40mm-= 004m rs -r +Ar =0.12+0.04=0.16m,

k =0.4W/m.°C, h. 60W/m2 °C, h, 12W/m2 °C T..=65°C, T_,=20°C.
L 60m, T, 60°C

Requirements: (i) overall heat transfer coefficient based on inner area,
(ii) total thermal resistance, (iii) heat losses from the tube

[2¢)
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Analysis: to find overall heat transfer coefficient based of inner area

1

U; = T i, T T

! }: k;ln 1+k‘ln 3+kCl r?%

1
U=+ , 005, 006 005 012 005 016 _ 0.05 -
60 " 80 0.05 7024006 " 04 ‘012 " 016x 12
448W/m2.°c
(||)R = = A;U; = 2nLr)U; = 2mr X 60 X 0.5) X 4.48 =
tota

84.456WW /°C

R 11
tatal = 4.y, ~ 84.456

0 = AUy(Teo; — Tunp) = 84.456(60 — 20) = 3378.24W \*» iRy

= 0.01184°C/W

Reoni ‘ RMA Rcvla Rcylc i
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Heat conduction through spherical wall

Also we shall begin from Fourier’s law to drive the relation for heat
conduction in a spherical shell

0 = —kA% A=4rr? for spherical shell
- _ 2 ﬂ
Q = —k(4nr )dr

And by separation of variables and integrating:

Ty dr T
Q f F— = —Amk lez dT Heat Conduction in Spherical Shell
- =1\ |72 Axk(Ty - Tz) oS
o[ = —tmkcr, -1y o-rn) ||
r &1 T I l. Lo "'}
. dT S ‘B
¢ (i B _) = 4mk(T; — T,) =M gV
1 &) Fourier's law of Heat Conduction CHEMEMCECALE COM
Q‘ _ (T1 T2)

=)
4mtk\rq1 712
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The spherical thermal resistance is: R, =

L (L_1) - o
41tk &1 &) o 27‘[k1‘11‘2
When there is convection inside and outside the sphere the relation

becomes
Q‘ — Tooi_Tooo Tooi_Tooo

Rcomnv,i+Rsph+R T o OO
conv, sph conv,o Aihi+47l'k r1 12 +A0h0
— 2 — Z
Ai — 47Tri ’ AO - 4-7TT0

AU = AUy = — . 1(1 1)| 1
AihiT47Tk r1 T2 TAOhO
1 1

Ui = 2= T T T Overall heat transfer

(55
Ajh;amk\ry 12/ Aoho R k (r1 r2)+r02h0
coefficient based on inside area

1

1 1
Up = =3 Ao (i 1) Ay = o2 +ﬁ(i_i) iOveraII heat transfer
Ajhi 4mk\rq1 v2/ Aoho ri2h; k \r1 12/ ho

coefficient based on outside area
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* Ex.6. spherical tank containing water at 90°C and the heat
transfer coefficient is 27W/m?2.°C. The inner diameter of the
tank is 1m, and the thickness of the wall 0.01m. Thermal
conductivity of tank material is 0.8W/m.K. The atmospheric
air temperature is 20°C and the heat transfer coefficient of
the outside air is 8W/m2.°C. Find the overall heat transfer
area based on outside area and the rate of heat losses from
the tank.

* Solution: spherical tank T_,=90°C, h=27W/m?.°C, D.=1.0m,
r=0.5m, Ar=0.01m, r_,=0.51m, k=0.8W/m.°C, T,,=20°C,
h,=8W/m2.°C

* Requirements: UO,Q,
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1 1
— — — 20
ri?h; Kk ho  (0.5)2x27 0.8 \0.5 0.51

r1 T2
A, = 4mr,? = 41 % (0.51)% = 3.268m?
Q = AyUy(Tooi — Tonp) = 3.268 X 5.673(90 — 20) = 1297.7555W

1

(ri ) ho (()(.(;.)521>)<227+(0;:;)2(05 0;1)"_

U, = = 5.673W /m2.°C

nt y:
A, = 4-7'[7"02 = 41 x (0.51)? = 3.268m?
0 = AU, (Top; — Topy) = 3.268 X 5.673(90 — 20) = 1297.7555W




