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General Conduction equation

The general equations of heat conduction in three dimensions in
different type of coordinates are:

1. Cartesian coordinates

Fourier-Biot equation

Where: a = % the thermal diffusivity

a) For steady state

°T  9*T  d°T
2 + 2 + 2
dx ay 0z
b) Transient, and with no heat generation

92T 92T = 92T 10T
— ——  Diffusion equation
dx? H dy? + 9z2 aodt q

c) Steady, and with no heat generation
d°T , 9*T  9°T

dx2 T dy? T 9z2 0

+ % = 0 Poisson equation




General Conduction equation

Note: All these equation can be written in two dimensions and
one dimension by omitting one or two terms of differentiations

of x, y, z.
2. Cylindrical Coordinates

14 oT 1 2T 9%T ¢ 10T
S (r )+ gt =2

r or ar r2 902 = 9z2 a 0t

3. Spherical Coordinates

19 ( ZaT) 1 a°T 1 T
r2 or ar r2sin? @ 902 = 1r? sin? 0 062

g_1oT
+k_a6t




General Conduction equation

The temperature distribution equation in three dimensions and
two dimensions are difficult to solve by hand so it is leave for

post graduations. The equation of one-dimensional temperature
distribution can be solved in this level of study.

1.
As it is taken in the first week

Differential equation of heat conduction in a slab in steady state
with no heat generation is:

d (, dT

~ (k) =0

dx dx

For k=constant, the equation becomes




General Conduction equation

* For k=constant, the equation becomes ot

dT %

axz = U
Boundary conditions 1ol

dT T,
B.C.1 At x=x, T=T,, B.C.2 at x=x, T=T, 1 T2
. . . ﬂ . q=_k%

By first integration = C1 —— .

By second integration T = Cyx + C, (B.C.E)
C,, C, are the integration constants

By applyingthe B.C.1 T; = Cyx{ + C, (1)
By applyingthe B.C.2 T, = C;x, + C5 (2)




General Conduction equation

By abstract eq.(2) fromeq.(1) (T; — T,) = C;(x; — x5),
Cl _ (Tl_TZ)

B (x1—x2)
e . _ (11-Ty)
By substitutingineq.(1) T; = Cixqy +C, = x1 + Cy
(x1—x2)
. (1 -T3)
Then, C;, = T; i) X1
By substituting C; and C, in the (T.D.E)
. _ (T1—-Ty) ~ (1-Tp)
T = Clx + Cz — (X1—x2)x + Tl (1) 1
o _ (h-Tp) _ . (x—x1)
T Tl — (xl_xZ) (x xl) - (TZ Tl) (xz—x1)

(T-T1) _ (x—x1) _ (x—x1)
(To-T1)  (x2—x1) Ax




General Conduction equation

Ex.1. A slab is of thickness 5cm. The temperature at one side is
80°C and the temperature at the other side is 20°C. Find the
temperature distribution equation and find the temperature at
the midpoint of the slab.

Solution: a slab Ax=5cm, x; = 0 T,=80°C, and x,=5cm=0.05cm,
T,=20°C

Requirements: T.D.E, Temperature of midpoint of the slab
Analysis: The boundary conditions are:




General Conduction equation

B.C.1x; =0 T,=80°C, and B.C.2 x,=5cm=0.05cm, T,=20°C

2

: : R L
The differential equation is: = 0

After double integrations of this relation T = Cix + C,
And applying the B.Cs we find the T.D.E

(T-Ty) _ (x=x1) or (T-80) _ (x-0)
(TZ_Tl) Ax (20—80) 5
T =80 -2

5
T =80—12x
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General Conduction equation

2. Plane wall with heat source.

The heat source or heat generation is a uniform heat is
generating in body its unit W/m?3

The differential equation of temperature with heat generation
and study state is to be as below

% (k %) +g=0 g : The heat generation or heat

source. W/m?3

If the thermal conductivity is constant (k=constant) the relation
becomes

d’T = ¢
— + % =0, Or

dx?

d’T g

dx2 k




General Conduction equation

To solve relation we need description of the case of the body and its
boundary conditions.

We will take a slab of thickness L, its temperature of its two ends are T,
and T,. There is heat generation of g W/m3. The slab has constant
thermal conductivity k. The slab is shown in the figure.

T _ _ g
dx2 k
The boundary conditions are

B.C.1 at x=0 T=T,

B.C.2 at x=L T=T2 Temperature ax
By integration the equation ol
a’t g
dx2 k
dT g Ta
—=—=x+4+7C
d PRI




General Conduction equation

And by second integration

a2
T = —% +Cix+C,  (T.D.E)
By applying the boundary conditions we get:
T1:O+O+C2—)C2 :T]_

T— ——+C1x-|-T1
2 .
T2 — gL +C1L+T1—)C1 — LT1+§£
_ _9x gL
Then T = - ( T +2k)x+T1

| 2
T=g—Lx—£+£(T2—T1)+T1

T=2(x- —) +2(T,—T)+T;  (TDE)




General Conduction equation

The heat flux at any surface can be calculated as below

. dT
="

The heat flux at x=0

Groog = — %)xzo = —k— (gL ( ) +7 (T = Tq) + T1) o

. 2X0
Qx=0:—( (1—T)+ (T, —
* The heat flux at x=L

Gyo = —k %)x=L = —k— (‘Z—II; (x — xL—Z) +%(Tz —Ty+ T1)

. gL
Ax=1 = —k (E (1 - T) T = (T, — T1))x:L

1L 2 XL k 1Lk
5Ix=L:—<g7<1— 2( >+Z(T2—T1)):<g7—z(Tz—T1))

(?+ﬁn—nﬂ

x=L




General Conduction equation

Ex.2. Take a wall of constant thermal conductivity and uniform heat
generation of g. The wall surfaces temperature is the same and equal
T, Find the equation of the temperature distribution and the heat
flux at its surfaces.

Solution: assume the thickness of the wall is 2L,
* The boundary conditions are:

© B.C1 T=T,atx=FL, and B.C2 > =0 atx=0
@r_ g

dx?2  k
* By first integration we get
. ar _ _gx

- kT C1

* From B.C.2 we find C;=0
* The equation becomes H ) X
dr _  gx
dx ~ k




General Conduction equation

By second integration

2 A2
T = —% +C, (T.D.E)
By applying the first boundary condition

2
C,=T, +gL

2
Then T———+T +gL

o= )

jL? .
T, — T, = gz—k at the midline of the wall

e = (1-())

To find the heat flux at x=-L




. . dr _ d gL x)?
qx=—L - a)x=—L o _ka(TW + E(l - (Z) ))xz—L
_ _(_9 = —

— k( - (Zx))xz_L = —gL




General Conduction equation

Cylinder without heat source
take a hollow cylinder
Boundary conditions: atr=r; T=T,, at r=r, T=T,

(k) =0

If k=constant / T____.*-.
.-._-I"-
d daT 7 N
(T' _) ) O s _:-I.l- -.-II !

; dr [ - |
By first integration | |

e I"\:;n_._;z:{/; ;

dar dr  r
By second integration

T — CllnT ~+ Cz
By applying the B.Cs




General Conduction equation

* T =Cilnr + C,

* By applying the B.Cs
* Ty, = Cilnry + G,
T, = Cylnry, + C,

* The solution is

1o _ )




General Conduction equation

Solid Cylinder with heat source

We can take solid cylinder of constant thermal conductivity k and
uniform heat generation g as shown in the figure.

The B.Cs are B.C.1 r=0, % =0,B.C.2r=r, T=T,

Differential equation with heat generation




General Conduction equation

%(rk%) +gr=0

Where k=constant

d(?"dT)— gr
dr \' dr/)  k

By the first integration

(rd—T) = —g—rz+C1

dr 2k
By applying the first B.C, 0 =—-0+4+C; - C; =0
(rd_T) _ _gr* _dr _ _Jgr
dar 2k dr 2k

By second integration we get

2l
T = —%+ C, (T.D.E)




General Conduction equation

By applying second B.C.2

TO=_gr0 +C2 _)Cz—T +gr0

T=-L- + T, + gro
T—T, =9 (1—ﬁ)
W4k T2
2
T, — T, — 90" At the center line of the cylinder

4k
T-Ty (1 rz)

' :_kd_T) :_k(_ﬂ) _ 9%
Qr=r, ar) ,— 2k/ — 2
=T, =T,




General Conduction equation

Ex.3. A plane wall of 10cm thick one surface of the wall is at %,
temperature of 100°C and the other surface is at 20°C. Thermal
conductivity of the wall material is 30W/m.°C and the heat
generation in the wall is 6x10°W/m3. Find the temperature
distribution equation and the location and magnitude of
maximum temperature in the wall and the heat flux from its
two surfaces.

Solution: A plane wall L=10cm=0.1m, at x=0 T=100°C, and at
x=0.1m T=20°C, k=30W/m.°C, g = 6 X 10°W /m3




General Conduction equation

Requirements: temperature distribution equation

The magnitude and location

of maximum temperature

Heat flux at each surfaces of s
the wall. oo
Analysis: to solve this problem,

we can put the boundary condition

as below

x=0,T =T; =100°C, and x=L, T=T,=20°C

The differential of temperature distribution is
d*T g

dx2~  k

20C

0.1




The first integrating gives a_ _gx + (4
dx k
2 an 2
The second integration gives T = —% + C1x + G,

(0)2

By applyingB.C.1 T, = +C;(0)+C,—> C, =T, =100°C

_gw?
2k

From B.C.2 TZ — + C]_L + T1

5
(Tz ) e S, _ 202100 | 6x10°X01 _ _aq4 1 10900 = 200

L 0.1 2X30
agx gL
et [5) e
5
T = — 810 L 1400]x + 100 = —10000x2 + 200x + 100 T.D.E.

2X30




General Conduction equation

* To find the location and magnitude of the maximum
temperature

. ? — _20000x +200=0 - x = 0.01m

X

* Trax = —10000(0.01)2 + 200 x 0.01 + 100 = 100

0.01 0.08
Tmax
100 101 100 92 76 52 20




General Conduction equation

The heat flux at the two surfaces

d0=—k), o = a5 [T + Sl

o =~k [= 55+ (572) + 5, = k[ (5) + 5

20—100 6x10°x0.1] _
—30 [( ) e ] — —30(=800 + 1000)
—6000W/m?2




General Conduction equation

), - ) o e

[ () ] - [(2) -4

= —30 [(22%0) - 1001 _ 54000 W/m?

g XL =q,+ q.in magnitude




General Conduction equation

Ex.4. Long solid cylinder of diameter 100cm is of thermal
conductivity 20W/m.°C, and heat generation 3x10*W/m3. If the
temperature of the out surface is 30°C. Find the temperature
distribution equation and heat flux.

Solution: long solid cylinder D=100cm=1m, r_,=0.5m,
k=20W/m.°C, g = 3 X 10*W/m3. T=T_=30°C at r=r_=0.5
Requirements: Temperature distribution equation and heat flux
at the surface.

Analysis: The boundary condition

* Atr=0 Z—T =0 andatr=r, T=T,

r




General Conduction equation

: 4 (4T _ _gdr
The differential equation = (r dr) = -
* First integrating gives rZ—: = —=— + C; fromB.C.1 (C;=0.0
o 2 o
- Thenr&=_90 4 _ _I7
dr 2k dr 2k
* Second integrating gives T = —— + C,, from B.C.2

T, = g’”" +C,

_ gro?
C, =T, + "




General Conduction equation

_ gro®  gr® g 2
Then T—TO+4k 4k—T+ (r,2 —1r?)

T=T, +f¥k(ro r2) = 30+4 20[(05)2 r2]
T.D.E.
T = 30 + 125[0.25 — r2]

61 25 60 937 60 58 437 56.25 53 437 50 45.9 412 359 30
375 375




General Conduction equation

* The heat flux at outer surface is
. _ _ar __ 4 9 .2 _ .2 D
Grar, = —K dr)r:,-o =k [TO T =77

=~k 2n])

Jgro _ 10*x0.5

¢ qr':ro — > — > — ZSOOW/mZ

r=r,




