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This section introduces a few rules that allow us to differentiate a great variety of
functions. By proving these rules here, we can differentiate functions without having to

apply the definition of the derivative each time.

Powers, Multiples, Sums, and Differences

The first rule of differentiation is that the derivative of every constant function is zero.

RULE 1 Derivative of a Constant Function
If f has the constant value f(x) = c, then

a _da . _
P E[C) = 0.
EXAMPLE 1
If f has the constant value f(x) = 8, then
/A
ax E(B} =
Similarly,

Proof of Rule 1 We apply the definition of derivative to f(x) = ¢, the function whose
outputs have the constant value ¢ (Figure 3.8). At every value of x, we find that

) = tim fet W20 e

h—0 h

= im0 = 0. [ |
h—0
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The second rule tells how to differentiate x” if n is a positive integer.

RULE 2 Power Rule for Positive Integers
If n is a positive integer, then

Second Proof of Rule 2 If f(x) = x", then f(x + h) = (x + h)". Since n is a positive
integer, we can expand (x + /)" by the Binomial Theorem to get

. fx+h)—flx)  (x+ h)"—x"
lim m————

&) = h—0 h T a0 h
— l R
{x” " h o+ n(n2 )x"_'hz + -+ nxh™ !+ h"] — x"
fr— ll
nino h
nin — 1 5 _
nx""'h ( 3 )x”_-hz + 4 nxh" !+ A"
fr— ll
nino h
nln — 1) 5
= r‘limﬂ {mc”_' - ( 5 x" 2+ e+ xh™E 4 h"_l}
:—7-
= Hx”_] .

The third rule says that when a differentiable function is multiplied by a constant, its
derivative is multiplied by the same constant.

RULE 3 Constant Multiple Rule
If u is a differentiable function of x, and ¢ is a constant, then

d’ — PR
g lauw) = e
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EXAMPLE 3

(a) The derivative formula

Proof of Rule 3

icu = lim culx + h) — culx) Derivative definition
dx h—0 h with f(x) = culx)
ulx + h) — ulx) o
= ¢clim Limit property
h—0 h
c du is diffi iabl [ |
=c—H u is differentiable.
dx cre £

The next rule says that the derivative of the sum of two differentiable functions is the
sum of their derivatives.

RULE 4 Derivative Sum Rule

If  and v are differentiable functions of x, then their sum u + wv is differentiable
at every point where # and v are both differentiable. At such points,
du  dv

d —_——
dx{“+”)_dx+dx'
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EXAMPLE 4 Derivative of a Sum

y=x*+12x

dy  d .. d
E —a(‘{ ) +a(12x)

= 4x7 + 12 |

Proof of Rule 4 We apply the definition of derivative to f(x) = u(x) + v(x):

o [ulx + h) + vix + )] — [u(x) + v(x)]
lim

L fu(x) + v(x)]

h—0 h

o fulx + h) —ulx)  vix + ) — vix)
= lim +

h—0 h h
B u(x-l—h)—u(x)_l, u(x—h)—u(x)_d_qu@
T A

EXAMPLE 5  Derivative of a Polynomial

y=x3+%x3—5x+]

dv d 5  d(4 , d d
a—ax +£ i‘{ —a(s,‘{)—l—a(l)
— 32+ 3 -5 40
= 3x —%x—ﬁ ]

Products and Quotients

The derivative of a product of two functions is the sum of fwo products, as we now explain.

RULE 5 Derivative Product Rule
If # and v are differentiable at x, then so is their product #v, and

d . dv,  du
a(uu) = U + U
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Proof of Rule 5

d _ulx + hulx + h) — ulx)u(x)
ax ) = pimy h

To change this fraction into an equivalent one that contains difference quotients for the de-
rivatives of # and v, we subtract and add u(x + /)uv(x) in the numerator:

d Coulx +F hulx + h) — ulx + hu(x) + wlx + h)o(x) — ulx)v(x)
—(uv) = lim
dx B0 h

= i vlx + h) — vlx) ulx + h) — u(x)

— h“—IPD [u{x + h) P + wv(x) -

+ h) — v +h) —

~ limu(x + h)- lim 2 ) —vlx) | o(x) - lim 2 ) — ulx)

h=0 h—0 h h—0 h

As happroaches zero, u(x + h)approaches u(x) because u, being differentiable at x, is con-
tinuous at x. The two fractions approach the values of dv/dx at x and du/dx at x. In short,

i[uu} = ud—v ;34

dx dx Vdx u

EXAMPLE 7 Using the Product Rule
Find the derivative of
y = % (xz - %)

Solution ~ We apply the Product Rule withu = 1/xand v = x* + (1/x):

d du du
d|l1[ -, 1 1 1 2, 1 1 —(uv) = u— + v—, and
E lf (x N I) ‘| - E (zv - x_2> + (x N I) (_ F) p ’ “-]ll -

£(1)- 1w

1 . ’ o ~
=2 - — 1 — — Example 3, Section 2.7.
X X
2
=1-=.
X
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EXAMPLE 8  Derivative from Numerical Values
Let y = wv be the product of the functions «# and v. Find y'(2) if
u(2) = 3, u'(2) = —4, v(2) =1, and v'(2) = 2.

Solution  From the Product Rule, in the form

y' = (uv) = u' + vu',

EXAMPLE 9  Differentiating a Product in Two Ways

Find the derivative of y = (x* + 1)(x> + 3).

Solution
(a) From the Product Rule withu = x> + 1and v = x* + 3, we find
d i .
L@+ 1)(F +3)] = 2+ DG + P+ 3)(2w)
= 3x* + 3x? + x* + 6x
= 5x* + 3x* + 6.

RULE 6 Derivative Quotient Rule
If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiable at x, and

du du

iﬁ _Ua—ua
de \v /) 2 )

EXAMPLE 10  Using the Quotient Rule

Find the derivative of

Email: firas.thair.almaliky@uomus.edu.iq



mailto:firas.thair.almaliky@uomus.edu.iq

Al-Mustaqgbal University / College of Engineering & Technology
Department (Prosthetics and Orthotics Engineering)
Class (1%)
Subject (Mathematics I) / Code (UOMUO013013)
Lecturer (Assist Prof Dr. Firas Thair Al-Maliky)
1stterm — Lecture No. 4.5&6 Lecture Name: Derivative

Solution
We apply the Quotient Rule withu = t> — landv = t* + 1:
dy @+ D20 (P-1D-2 [x”) _ ldujdr) — uldv/dt)
dt {IE a 1)2 dr \v 2
2+ 2t —208+ 2
- (2 + 17
B 4t
)

Proof of Rule 6
ulx + h)  ulx)

d (u i v(x-i-h)_v(xl
ax \v ) — 1 h

v(x)ulx + h) — ulx)v(x + h)
P hv(x + h)v(x)

Negative Integer Powers of x

The Power Rule for negative integers is the same as the rule for positive integers.

RULE 7 Power Rule for Negative Integers
If n is a negative integer and x # 0, then

%(x”)znx‘.

EXAMPLE 11

(a) % (%) = % ()c‘_l) = {—] x T = 3 Agrees with Example 3, Section 2.7

(b) L (i) — a4 () — (3t - L2 0

13
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Second- and Higher-Order Derivatives

If y = f(x) is a differentiable function, then its derivative f'(x) is also a function. If f’ is
also differentiable, then we can differentiate f' to get a new function of x denoted by f".

So f" = (f')". The function f" is called the second derivative of f because it is the deriv-
ative of the first derivative. Notationally,

, dy g (v @ )
f"(x) —E—a(a> =4y =V =D = Dy flx).
EXAMPLE 12 Finding Higher Derivatives
The first four derivatives of y = x> — 3x? + 2 are

First derivative: yt =3y — Gy

Second derivative: y” = 6x — 6

Third derivative:  y” =6
Fourth derivative: y% = 0.

The function has derivatives of all orders, the fifth and later derivatives all being zero.

u
.o dy i .
EX- Fmdd‘ for the following functions :
X
a) y=(x"+1) b) y=[(5-x)4-2x)|
) -5 3
) y=(2x'=3x"+6x)”° a').].-'ZE—ij -
2 ? X ¥ X X
(x+x)(x—x+1) o ox -1
€)y= x? 7)) x'+x-2
Sol.-

r

a) ; =5(x"+1).2x=10x(x"+1)°
A%
b)) ay

L

d_zz[(_s_x}(4—2x}][—2(5—x}—(4—2-‘-';’]
X

=8(5—x)(2—-x)(2x-7)
¢) :—i =—5(2x° = 3x" +6x)°(6x" —6x+6)

=-30(2x° =3x" +6x)°(x" —x+1)
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d) y=I12x"-4x7+3x7" = g—-‘ =—12x7 +12x7 —12x7°

X
dy __12 12 _ 12
= dx - .\'_J + x«f xn’
2_
e) Jr‘=|".av:+J.',l(:c‘j x+1):}
X
dy _.r’[(xz—.r+1)+(x+1;(2x—1;]—3x2rx+1)rx3—x+1,1__ 3
dx x° x*
) dy  2x(x’+x-2)—(x"—1)(2x+1) x’-2x+1

dx (x’+x=2)° C(xPex=2)

Derivatives of Trigonometric Functions

The derivative of the sine function is the cosine function:

Aoy
e (sinx) = cosx.

EXAMPLE 1 Derivatives Involving the Sine

(a) y = x? — sinx:

dy d .
E = 2x — a (sm_r) Difference Rule
= 2X — CcOSX.
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(b) v = x*sinx:

dy d
— = x?= (sin x) + 2xsinx Product Rule
dx dx
> .
= x“cosx + 2xsinx.
sinx
() y=—7%":
. .r-—(sinx) — sinx-1
dv 7 dx -
— = 3 Quotient Rule
dx x-
Xcosxy — sinx
= 2 . |
X

The derivative of the cosine function is the negative of the sine function:

d -
I!ij'[{:fctms_w:) = —sinx

EXAMPLE 2  Derivatives Involving the Cosine

(a) y = 5x + cosx:

dy  4d d _
a = E{ﬁ\f) + E(CDSI) Sum Rule
= 5 — sinx.
(b) y = sinxcosx:
do . d d (.
E = SIDIE(CDS I) + cos .TE(SH'II) Product Rule

= sinx(—sinx) + cosx(cosx)

2 . 2
= CO5" X — sIn” X.
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. cosx
© Y =T Ginx’
dy (] — sinx)%(cosx] — cosx%(l — sinx)
- _ Juotient Rule
x (1 —sinx)z Quotient Rul
~ (1 — sinx)(—sinx) — cosx(0 — cosx)
(1 — sinx)?
=—l — sinx sin®x + cos’x = 1
(1 — sinx)? - o
= ; [ |
1 — sinx
Derivatives of the Other Trigonometric Functions
%(tanx} = sec’Xx
i<‘(se-.:;v4:) = sec x tan x
dx
%(cotx} = —csclx
i{a.':s.-.:x} = —cscxcotx
dx
EXAMPLE 3
Find d(tan x)/dx.
Solution
cosxi(sin x’) — Sinxi(cos x’)
d _d [(sinx '} dx i dx ) L
E (lan I) = a COS X cos? x (Juotient Rule
_ cosxcosx — sinx(—sinx)
cos® x
_ cos’x + sin’x
cos’ x
_ 1 _ 2
= S = SecTXx |
COS~ X
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EXAMPLE 4
Find y" if y = secx.

Solution
y = secx
y' = secxtanx
oo A
= (secxtanx)
d d .
= sec IE (tan I) + tanxa (SEC ‘{) Product Rule
— secx(sec’x) + tanx(sec x tan x)
= sec’x + secxtan’x |
EX- Find ~ for the following functions :
dx
a)y= mn(j’x'}) D) y=(cscx + coix)’
c) y= 25fn'—; - xCﬂ‘S'—; d) y=tan’(cosx)
e) x+tan(xy)=10 ¥/, y:mc"x—m.ﬂ”’x
Sol.-

a) :—i =sec’(3x’ ).6x=6x.sec’(3x7)

b) 2’; =2(cscx + cot x )(—cse x.cot X —esc’ X )=—2cse x.(csex + cot x )’

dy _ x 1 _ i X 1 X|_X ;. X
c) dx—i’casz.z [x( sm2).2+casz]—2.srn2

d) j’i = 2.tanfcosx ).sec (cosx ).(—sinx)=—=2.sinx.tan(cosx ).sec (cosx)

dy __ I+_}-'.$€f"(x}') :_ms}(x;r)t}'

dy
e) I+sec (xy)(x—2+y)=0= -
) (xp)(x -+¥) 0 v.5¢C (x7) .

f) :;'::453(5 x.secx.tanx —4.tart’ x.sec’ x=4tanx.sec’ x
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The Chain Rule and Parametric Equations

THEOREM 3 The Chain Rule

If f(u) is differentiable at the point u = g(x) and g(x) is differentiable at x, then
the composite function (f o g)(x) = f(g(x)) is differentiable at x, and

(f = g)'(x) = f(gx)g'(x).
In Leibniz’s notation, if y = f(u) and u = g(x), then
dy _dy du

dx  du dx’

where dy/du is evaluated at v = g(x).

EXAMPLE 1 Applying the Chain Rule

An object moves along the x-axis so that its position at any time = 0 is given by
x(t) = cos(t? + 1). Find the velocity of the object as a function of .

Solution ~ We know that the velocity is dx/dt. In this instance, x is a composite function:
x = cos(u)andu = t* + 1. We have

de . R
- sin(u) x = cos(u)
du o
dt = 2t. u=1r +1
By the Chain Rule,

dx _ dx du

dt du dt
= —sin(u)* 2t % evaluated at u
= —sin(t? + 1)-2¢
= —2tsin(t? + 1). -
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Parametric Formula for dy /dx

If all three derivatives exist and dx/dt # 0,
dy dy/dt
dx  dx/dt”

(2)

EXAMPLE 2  Differentiating with a Parameter
Ifx = 2t + 3and y = t* — 1, find the value of dy/dx att = 6.

Solution  Equation (2) gives dy/dx as a function of t:

dy _dyjdt oy x-—3
dx dx/dt 2 '

EX-3 — Use the chain rule to express dy /dx in terms of x and y :

2
a) y= ; and f(=+2x+1
" +1
b) y= 21 and x=+4t+1
" +1
) -1y d L 1 at t=2
c = —— an X=—-— a =
Tt t’
d) y= -1 and = 1 at x=2
t 1-x
Sol.-
¢’ dy 2t(t° +1)-211’ 2t
a y= ] == 7 ] = 7
t+1 dt (t"+1) (t"+1)
1 1
di 1 - 1
I=(2x+1) =>—==.(2x+1) °.2=
dx 2 V2x+1
dy dy dt 2t r 2N2x+1 1 1

dx dt dx (P+1) J2x+1 ((2x+D)+1) J2x+1 2x+1)
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- dy 2 -2 2t
b) y=(t'+1)"=> —=-2(t"+1)" =-
dx (t°+1)°
I I
ax 1 - 2
X=(4t+1)? = —="(4t+1) 2. 4=
dt 2 N4t + 1
dy _f{r ) n'x_ 21 ] 2 _ f+4f+ 1
dv dt  dt (P +1)°  Jat+1 (P +1)°
x? -1 1 xyi(x?-1)
= - Xd—g ==
4 ¥y 4
2
where X=+41+1=1t= x -1
1 1
where y=— =tly1==
" +1 y
2 _
t—1 dy t—1\t+1—(t—-1) 4(t-1)
c) ry= = -——=2 ;= 3
t+1 dt t+1 (t+1) (t+1)
dy 4(2-1 4
S[o] -1 4
tl, (2+1)° 27
1 dx 2 dx 2 1
t dt t dt |,_, 2 4

1 _ 1 _ _
d) r_I—x_I—Z_ 1 ar x=2
g 1 _dy _ 1 _ |dy 1 _
YRS a Ty [df]f=_1 (-1)
= I—I_Ijﬂ—_ I_ - _I = 1 7
( ) o= ) )(1_”
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Implicit Differentiation

Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a differ-
entiable function of x.

2. Collect the terms with dy/dx on one side of the equation.
3. Solve for dy/dx.

EXAMPLE 1
Find dy/dx if y*> = x*> + sinxy

Differentiating Implicitly

Solution

y? = x? + sinxy

d d
109 -£()

Differentiate both sides with

+ % (sin xy)

respecttox...

dy d . treating y as a function of
2)’E = 2x + (cos xy) E(ﬂ) x and using the Chain Rule.
dy dy
2ya = 2x + (COSX)") y + XE Ireat xy as a product.

dy

) dy
2_)?5 — (cos xy)( E)
dy
2y — xcosxy)E

dy
dx

Email: firas.thair.almaliky@uomus.edu.iq

= 2x + (cosxy)y

= 2x + ycosxy

2x + ycosxy
2y — xcosxy

Collect terms with dy/dx. ..

. and factor out dy/dx.

Solve for dy/dx by dividing.
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¥

EX-6- Find for the following functions:
dx
a)x’.y?=x 4y’ b)(x+ ) w(x—y) ax'+y’
x- y
c) Yo 2 at P(3,1) d)xy+2x -5y =2 at P(3,2)
x—2y
Sol.

2 a o, L dy dy _ x =y
a)x (2 dx’H'} (2x)-21+2}-dx:>dx_ P
X“y—y

‘rf‘}! 2 d:}_l 3 3(1"?

b)3(x+y)7(1 x—y)(1-)=4x 14y
)(\+J)(+dx)+ (x=y)( a’x” X7+ 4y =
1) 3_ ' ] ‘2_ - y') 0 .3_ .2_ ?-}

dy 4x" —3(x+y) —3(x—y) nf}:;’.\ 3x° =3y

W 3xry)-3x-y) -4 B bxp-2)°
dy dy
(x-z.":}(l- )—(x—y)(l—;’ _) dv \ dv 1
¢) dx } dx :9:}):}:{)] _
(x—=2y) dx x dx (3,1) 3
dy dy dy y+2 dy 2+ 2
d) x Py yr2-5P g0 I 19 _ S
dx dx dx 5§5-x dx (3.2) -3

The Exponential Function

If u is any differentiable function of x, then

i el = eu@
dx dx’
Ifa = 0 and u is a differentiable function of x, then ¢" is a differentiable function
of x and
_(I" iz In @
d dx’
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a
EX- -Find ;}—) for the following functions :
&3

a) J' — 23\ b) ). —— 2'\...?'\.
o y=(2%) d) y=x2"
. o S
e) y= ‘,(-\‘*’e ) f) y= e\l1+o.\
Sol.-
@) y=2* :ﬂ=23"' *3In2
dx
X X X d}’ RN
h) y=2"3" = p=6"=>—"—=6".In6
dx
c) y=2") =>y=2"> Z—J =2"m22=2""1m2
X
d)y=x2" = [Eh_ = x 2" 2.9+ 2% =37 (2P InZ+ 1)
X

. X (l' EPWEL 5 .
e) y=e™") =X - o)1 4 50%)
dx
1 \ 1
) yp=e™0 = by

5 1 1 o= ' 2 X
=e™* ) (14 5x%) 2.10x = 'Y —=
dx 2

\/1+5x"4

Natural Logarithms
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THEOREM Properties of Logarithms
For any numbers @ = 0 and x > 0, the natural logarithm satisfies the following
rules:
1. Product Rule: Inax = Ina + Inx
2. Quotient Rule: ln% = Ina — Inx
3. Reciprocal Rule: ln% = —Inx Rule 2 witha = 1
4. Power Rule: Inx" = rinx r rational
Logarithms with Base a
i{lo u) = L l@
dx - 08a Ina udx

d
EX- —Find L for the following functions :

dx
a) y=log,e" b) y=log,(x+1)°
c) y=1log,(3x’ +1)° d) _)—[In(\ +2) ]3
(2x° -4)3 (2x° +e)3
r+in(xy)=1
¢) y+inty) Dy= (756 43
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x dy Ine 1
a) yv=log.,e" = yv=xlog,, e =>—=log, e= =
) y=logye” = y=xlogye= - =108 e = 10 = n1o
> dy 2
b) v=1 x+1) =21 X+1l)—=——"""
) y=logs(x+ 1) =2logs(x+ )= = ins
2 dy 3 6x 18x
c =3lo Ix +1)=> = R . = 5
)y 8:( ) dx 3x"+1 In2 (3x"+1)In2
\ . . .2 2
dx x°+2 X’ +2
e) y+inx+iny=1= v 1,14 =0 @ _ Y

. =0= =

dc x y dx dx x(y+1)
5

r) Injf:§I11(2x3—4)+Efn(2x2+3)—2m(7x3+4x—3)

1dy_2 6x° LI o4x 2Ix" + 4
ydx 32x°—4 2°2x°+3 7 +4x-3
Qﬁ{ 2x? 5x 2Ix° +4 ]

= 7 + - -0
dx 2x"—4 2x°+3 X" +4x-3

Inverse Trigonometric Functions

TABLE Derivatives of the inverse trigonometric functions
d(sin' u) du/dx .
5 =——, |u| <1
% Wl -—uf
d(cos™" u) du/dx prcsdn s
e TS . B e
% V1 =~
3 d(tan ' u) - du/dx
o dx 1 + u?
d(cot ' u) - du/dx
dx 1+
d(sec” ' u) du/dx o
5: o = — , |ul >1
X lu| Vu* — 1
d(csc™ u) —du/dx o
et g > 1
dx lu| Vu? — 1
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.

EX-1 - Find ol in each of the following functions :

dx
12 “1.X . 1 X—1
=cot™ = + tan™ =- b) y=
a) y=co e an 2 ) y=sin <11
c) y=x.cos'12x—%\/1—4x" d) y=sec'5x
e) y=xlIn(sec’x) of )i 393
Sol. —
dy 1 1 1 7z 4
a) ‘J=—*—5'2 G S e 3
dx (oY X xY 2 4+x°
I A — 14| —
\ X
dy 1 (x+1)1-(x-1).1 1
b) —= ; : =
dx / Fed Y (x+1) (x+1)x
o
\ \—\‘+1J
c) Q=.\'—~i+cos"2x—l.——,8—x=cos"2x
dx 1-4x? 4 J1-4x?
el GNP
dx |5x%\!25x2—1 [x|\/25x2—1
d|
e) Y _ x_l I} + In(sec™ x )= = 1 ; +In(sec™ x)
dx sec™ x x\/x-—j \/x‘—l’.sec*_ X
AW _ g gy 2

1) T VI—4x’
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EX- 2- Prove that:

' 1 du d - 1 du
& B an b)) -2 ¢ L
a) - sin~u _1_"1 0 ) i an— u= 1+u =
Proof: a)
1
u
3
NI-u’
Let y=sin"u=u=siny= L =Ccos y. \/1— u L.id
dx d dx
- dJ. X i W . A Wi

I—u’ Ox dx 1/ —u’ dx

b)

u

Let y=tan"u=u= ran_}:d_”_sgc.} du (’\f1+ )d.}

dx dx
dy 1 du d -1,_ 1 du
P ganldx a7
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Hyperbolic Functions

TABLE Derivatives of
hyperbolic functions

i(sinh u) = cosh uﬂ

dx dx
d . du
— (coshu#) = sinhu—
dx ( ) dx
d > du
— (tanh u) = sech”“u—
dx ( ) dx
d ; > du
— (cothu) = —csch™ u—
dx ( ) dx
d du
— (sechu) = —sechutanhu—
dx ( ) dx
d du
— (cschu) = —cschucothu——
dx ( ) dx
TABLE Derivatives of inverse hyperbolic functions
d(sinh™' u) 1 du
dx o \/1 3 u2 dx
d(cosh™' u) 1 du =~
dx a \/u? — 1 4%’ s
dtanh™'u) 1 adu 3
& 11—l 4l =1
dlcoth™ u) 1 adu | > 1
T T |u]| =
d(sech™ u) —du/dx
5 = ; ; 0<u<1
u\V1 — u?
d h! —du/dx
e ) = ,,_/ 5 u 0
dx lu] V1 + u?
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A

for the following functions :

EX-__-Find

dx
a) y=cosh'1 (secx) b) y= tanh’ (cosx)
C) y= coth™ (sec x ) d) y= sech™ (sin2x)
Sol.-
dx  \[sec’ x—1 Ntan® x
d . T . T -
b) - Y _ SIfE:  NK . SR
dx J—cos"x sin x
c) dy - _S_t’,(‘f??.-!(’_,’,’r\_' pe .5‘,’(',:‘.‘.".!(5’..’_"1\_‘ i PGP
dx ]-—sec” x —tan” x
d) o 2“"052"‘ ——=-2csc2x  where cos2x>(
dx sin2xA1—sin” 2x
EX- _— Verify the following formulas :
a) d cosh™ u=— )1 : d”
X Nul—1 %
s, . 1 O
b) tanh™u=——" 5. u|<1
Proo
a) Let y=cosh?u=> u=coshy
du _ _. dy _ dy 1 du
=sinhy.— = = .
dx d dx dx sinhy dx
cosh’ y — sinh’ y=1=> u’ — sinh’ y = 1= sinh y =u’ — 1
dy 1 du _ d -1 1 du
—=———.—=>——cosh u= .
dx Nu' -1 dx dx Vul -1 dx

b) Let y= tanh™ u= u=tanh ¥y
du 2 dy _dy ] du
dx =sech J'n‘x = dx _gg(*ﬁ}y “dx
sech’y +tanh’ y=1=> sech’y+u’ =1= sech’y=1-u’
dy 1 du_. d 1 1 du
G I _dn_, dpppty-_1 du
dx -y’ dx  dx anit— o I1—-u’ dx
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Problems

1. Find ((:J for the following functions :

X
1) y=(x-3)(1-x) (ans.:4—2x)
2) y—_-ﬂ-"_‘”l (ans.:— b,)
X 2
,_3x+4 . 1
3) _1——2\_+3 ((111.s..7(2x+3))
5 2 1 10
4 W IX e =
) (ans.:9x P
’ 3(xf -1
5) Jz(\/?—/l_*) (ans.:»-(t\.g ))
VX :
2 1 2 3
6) y=(2x-1)'(3x+2) +——  (ams.:(2x-1)(3x+2)’ (30x—1)~ )
i (x-2) (x=0)
) 1
7 r=1In(in:

) y=In(lnx) (ans x.mx)
8) y=In(Cosx) (ans.:—fanx)
9) y=Sinx’ (ans.:3x’.Cosx’ )

: 30x.Sin(5x°
10) y=Cos™(5x’+2) (ans. : S0XSMOX" +4)
Cos' (5x +4)
11) y=tanx.sinx (ans.: Sinx + fan x.Secx )
12) y=tan( Secx) (ans.: Sec’ ( Secx ).Secx.tan x )
x+1 . 6 o x+1 x+1
13) y= Cm(x 1) (ans..(x_”}.for(x_j)(“f[ —I))
14) J,:Ct;:sx mm”,_x.Sinxj—Casx)
.
S e Sec’\2x+7
15) y:\,mn\/Zx+7 (ans.: )
2\2x+ 7 \Jtan\/2x +7
16) y=x’.Sinx (ans. : x’ .Cosx + 2x.Sinx )
7
- 5 «.H
17) J~:C503J5x (ans.: N Cotv5x
IV3x Csc"*\/‘ix
18) y = x|[Sin(inx)+ Cos(inx)| (ans. : 2.Cos(Inx))
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. - 2 10x
19) y=Sin'(5x7) (ans.: —)
VI-25x7
L i 1+ x N |
20) y=Cot (I_X) (ans.: 1+x-’}
— .2
21)  y=tan\4x’ -2 (ans.: 6"| )
(4x° —IN4x° =2
22) y=Sec'(3x’+1) (ans.: ,j’gx
3413 +1)° -1
.2 . 2
23) J?:.Sffi_l X +.1'2.S£’(’_11 { ans. : 4::1'—.\- + r2.\‘ +3.\‘..5‘er_1 "",
2—x 2 | 2 4 ".'I‘l.'} —d 2
(2—xNf2=-x) —-x :
19 @19,
24) y=8in""2x.Cos™ 2x (ans.: 2(Cos ,21 Sin 21)}
NI-4x?
' 1 2 : .
25) X(x+1)(x-2) r_‘m;s.:JI:I+ ! + 1 _ 22" — :|J
‘\I(\. +I1)(2x+3) x x+41 x-2 +7 2x+3
- 1
26 r=tan" (Inx ans.: 5
) ¥ .( ) ( :c(1+(mx)‘))
4 | x . 3y i 3
3 _ NSINX.COSX oY L colf x _fanx 2
7)Y = ainx (ans.: =75 2 " x(1+2inx)”
3 =1
28) Jy=—X_fan X ans.:2 1 42
) I (3-2x)3x ( '}(3x (1+x" ).tan™ x 3-2x"
29) y=secl e’ (ans.:— 2 )
dx
Ve —1
30) y=(cosx)"™ (ans.: ": (Incos x — 2x.tanx ))
2N X
31) y=(sinx)™"" (ans.: y(1+ sec’ x.Insinx))
, 5 5 5
32) y:xr'Ex‘jers!rJ(Sx) (ans.: 2x+ Scosh(3x).sinh( 1’])
x«fh +cosh’(5x)
33) y=sini(cos2x) (ans.:—2sin2x.cosh(cos2x))
34) J'=¢f‘$i‘ffi (ans.: 1,. L comd)
r . X’ X X
35) y=x".tanh’Jx (ans.: x.mnhﬁ#'x(«u-'fx sech’Jx + 2tanh+/x )
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[

. Verify the following derivatives :

d . 1 2 1
| Sx+(Jx +——=) |=6——+
a) dx[ X+ (VX *\-"'x)} s

b) r;i[mf'rx(nx‘}+bx+c)]= 2{__(501“] +3bx+c)

X

3. Find the derivative of y with respect to x in the following functions :

2 18x°y°
a) y= f‘ and uw=3x" -2 (ans.: ;CJ )
u +1 (3x” —2)
b) ,}':x-"'lu +2u and w=x-3 ((ms.:;i;+4x)
NxT =3
4. Find the second derivative for the following functions :
a) _}*:(x+%)3 (mis.:6x+i3+ I‘E)
X X
=
b) [f(x)=+2x +2?£ ar x=2 (ans..'%)
A X
dy

Find i for the following implicit functions :

5472 3xi 5y
a) x° +4x\,"l1_'— Yoo 3 (ans.: - > N
x 10x7Ty— =X
V¥
I'— I"
b)) Jxy+1I=y (ans.: ———
2y xy —x
F} 22 3 2 2
IX X+ y 2y
c) 3xy=(x’+y7)? (ans.: . F L)
2x — 3‘1'2-\.-' X+’
_ I+ v’ ) 3x  +tan" y
d) x7 + x.tan IJ‘IJ' (ans.: ( ¥ J ))

I+ J'g — X

NI—(x—v) (1—(+v)?
e) sinT'(xy)=cos'(x—y) (ﬂns.:‘“‘ (x—¥) ++ (xy)

NI=(xp) —x\1-(x-p)’
sec’ x — y’.cos( xy)

) 3'2 .sinf xy )= tan x (ans.:
2y.sin( xy )+ xy° .cos( xy)
2
g) sinhy= tan’ x (ans.: 2.lan x.sec” X )
cosh y
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