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1. Limits

Limit is the value that a function or sequence "approaches" as
the input or index approaches some value.

We say that the limit of (x) is L as x approaches a and write this
as

lim £(x)=L

1. Properties of the limits

1. If a and c are constants then LEI; c=cC

28 )l(l_:}}lx =a

Let f,(x) =L, and f,(x) =L, then
3. im(f,(0) + £,(0) =Ly + Ly

4. 1im(f,(0) = () =L, ~ L,

5. )lcl_,n}l(ﬂ(x)fz(x)) =Ly.L,

N ACIANR )
> :‘ci"c‘z(fz(x))‘i F L0

7.1f lim g(x) = L then lim f(g(x)) = (L)

2. Evaluating Limits

There are several methods to evaluate limits:
1. Direct Substitution:

If f(X) is continuous at x=a, substitute a directly into f(x).
. Example:

lim (3x+1) =3(2) +1=7

xX—2
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2. Factoring:

If direct substitution results in an indeterminate form (%), factor
and simplify the expression.

e Example:

X

. r—1,
lim,._.; —

Factorz® — 1 = (@ — 1)(x + 1):

@D+
lim
r—1 r—1

— _lini{:r +1)=2

3. Rationalization:

Use this technique if the function involves square roots.

s Example:

Vi-2,
r—i4

Multiply numerator and denominator by the conjugate:

Vi —2 \/:E-I-Q_ xr—4 B 1
z-4 V2 (e-4)(Vr+2) Jr+2

lim,_.4

Mow, substitute & — 4:

1
lim —

1
T—d \/.E + 2 4
4. Limits at Infinity:

For limits as x—o0, analyze the growth of numerator and denominator.

e Example:

da=+2x

Frf—4
Divide numerator and denominator by x*:

lm, .
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» Examples: Evaluate

b i 22
x—>-2x2+5x+6
.2 -2
lim L fraction undefined at x = —2

x—>-2 x2 4+5x+6 -
Factor numerator and denominator.

(See Section P.6.)

) 2)(x —1

= lim (x +2)(x ) Cancel common factors.
x—=2 (x + 2)(x + 3)

x—1

= lim L Evaluate this limit by

x—=—2x+3 o
substituting x = —2.

—2-1

= = —3.
-24+3

Jx =2

2' .
oS 1e

x—=2
Iim ﬁ

x—4 x2 — 16

fraction undefined at x = 4

Multiply numerator and denominator

(X=X +2) by the conjugate of the expression
= )gﬂ (x2 — 16)(V/x + 2) in the numerator.
= lim x4
x4 (x —4)(x + (/X +2)
1 | |

Jimy C+dH(J/r+2) (@G+H2+2 32

3 limM—]im Vx -2 lim— 1

ez x=2 w2 (Vi —V2) (Ve +V2)  =2(Ve+v2) V2
. 3x%+5

4. lim

x—=o Jx2 +2x—3
Divide top and bottom by xZ, then we get
3x%+5 . 3+ (5/x%) 3

bt 7x?+2x—3 xl—lﬂa? +(2/x)—(3/x%) 7
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(2x + 1* (  (2x +1)? )2 (‘ 4x24—4x4—1)2
=| lim——— | = lim

11m
ir—ox?+3x—1

5. li
xl—tnul (Iz + 3x — 1)2

[ A @AV
‘(m1+(3fx) (uxz)) S

= lim —

6.. im —— = lin = lim —
¥oma1px2 +1 x— '1.-*11.‘5:3:E X—oo /16x2+1 Kby '16+—

. | (VX2 +x+1+x)
7. limyx2+x+1—x=lim(Jx?+x+1-
1 + X X X xLTI;( X X ) (m+x)

o x*4x+1-x x+1
= lim = lim
x=eyx?+x+1+x Vx4 x+1+x
x+1 1
ks 14—
= lim X = lim X =—
oo yxi+x+1+x X0 1,1 2
= 1+?+F+l

| o (VxZ +2x +x)
8. lim (v’xz + 2?‘7_17) _J!Lrﬂ(”xz +2x—x) (Va2 +2x +x)

x% + 2x — x* _ 2x
= lim = lim
xoeyx2 4+ 2x +x e Vx? 4+ 2x 4 x
2 2
= lim £ = lim =1
X2 \fy2 4 2x +x  X—ow 2
= 14+=+1
X
o i 30201
xl—z{}ox3+3x2+x
o3t 2241 32+ % 03
litn ; — ._ T =-=3
| Fete ]
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x +4)°
10. lim ( )
x—o (4x2 + 4x + 1)3

. (z + 4}ﬁ
lim - -
r—oo (422 + 4z + 1)%

:;:ﬁ_l

64z 64

11. - —
;Lrglo\fx2+x Jx2 —x

lim (1;‘ 2+ — 22— .r)

I
B 2x
Vel +z 4+ Ve — o

B 2
\/1+§+\/1—§
2

- =1

B3 |
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