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Lec. 1
Number systems /a ¥ dakisi]

/ NS

Decimal Binary Octal Hexadecimal
Number‘s Number‘s MNumbers MNumbers

[ ) [Bama»] [] ()

1. The Binary Number System: has the base 2 and uses only 2
symbols or digits (0, 1) to form other numbers. &bl o8,V ol

2. The Octal Number System has the base-8 and uses only 8
symbols or digits (0, 1, 2, 3, 4, 5, 6, 7) used to form other
numbers. ilail o6,V oUAj

3. The Decimal Number System : The most commonly used
number, which has base 10 and uses only 10 symbols or digits (0,
1,2,3,4,5,6, 7,8, 9) to form other numbers.cs asl o8,V pUAj

4. The Hexadecimal Number System: has base 16 and uses only

16 symbols or digits (0, 1, 2, 3,4, 5,6,7,8,9, A, B, C,D,EF)to

form other numbers. s pirc Sl o8,V ol

The main advantage of using the_Binary and octal number
system are that it uses fewer digits than the decimal and
hexadecimal number system. So, it has fewer calculations and
thereby less calculation errors.

e 13t il & (iladlly il ol8)Y1 el plasiwY duugiyll Sjsall

e Ggiz gs il e Cully sl plsy Ul el o Jsi 161
Js1 dulius clbsl Wby Slbwsdl o Jsl sac.
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Table to compare number systems

[ 103] 10?7 101] 107 || 83] 82] 81] 8°] | 2] 28] 27| 26[ 25] 2*| 23] 22| 21[ 2°|[ 16?] 16] 16"
Decimal octal Binary hexadecimal
0000 0000 O 000 O OOTOTUOTP O 000
0001 0001 O 000 O OOTUO0OT O1 001
0002 0002 O 000 O O0OOOTZ1I10O0 002
0003 0003 O 000 O0OO0OO0OTUO0OT11 003
0004 0004 O 000 O0OO0OO0OT1TGO0TPO0 004
0005 0005 O 000 O0OO0OO0OT1TGO0T1 005
0006 0006 O 0O00O0OO0OO0OT1TT1O0 006
0007 0007 O 000 O0OOO0OTI1T11 007
0008 0010 O 000 O O1O0O0TPO0 008
0009 0011 O 000 O0OOT1TUO0TCO01 009
0010 0012 O 0O000O0OO0OT1O0T10O0 00A
0011 0013 O 0O00OO0OT1O011 00B
0012 0014 O 0O00OO0OT11O0O0 00C
0013 0015 O 000 O0OOT1T1OQ01 00D
0014 0016 0O 000 O0OO111110 00E
0015 0017 O 000 O0OOTI1T1T11 00F
0016 0020 O 0O0O0O0O1O0O0O0TO0 010
0017 0021 O 000 O 1 0 O0O01 011
0018 0022 O 000 O0O1O0O0T11O0 012
0019 0023 O 000 O1 0011 013
0020 0024 O 000 O0O1O01O00DO0 014
0021 0025 O 000 O1O0101 015
0022 0026 O 0O00O0O1O0T1T10O0 016
0023 0027 O 000 O1 0111 017
0024 0030 O 0O00O11O0O00O0 018
0025 0031 O 000 O 11001 019
0026 0032 O 0000110110 01A
0027 0033 O 000 O1 1011 01B
0028 0034 O 000011100 01C
0029 0035 O 000011101 01D
0030 0036 O 000011110 01E
0031 0037 O 00O0OT11111 01F
0032 0040 O 0O001O0O0O0O0OTO0 020
0266 0412 O 1 00O0O0OT1ITUO0T1TDO0 10A
0267 0413 O 1 00O0O0OT1TUO0T11 10B
1022 1776 1111111110 3FE
1023 1777 1111111111 3FF
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Frequently Asked Questions on Binary Number System ....

Q1) What is a binary number system?

A number system where a number is represented by using
only two digits (0 and 1) with a base 2 is called a binary
number system. For example, 1001: is a binary number.

Q2) What is a bit?

A bit is a single digit in the binary number. For example, 101
is three-bit binary numbers, where 1, 0 and 1 are the bits.

Q3) How to convert a decimal number into a binary number?
Give an example.

To convert a decimal number into its equivalent binary
number, we divide the decimal nhumber by 2 each time, till
we get 0 as a dividend. Let us take an example to convert
1310 into a binary number.

13 - 2: 6 and remainder 1
6 = 2: 3 and remainder 0
3 = 2: 1 and remainder 1
1 = 2: 0 and remainder 1

Now we take the bits from the last remainder to first
remainder, i.e.(MSB to LSB). Hence, 1310 = 1101

3|P ;2
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Q4) What is the use of binary numbers?

Binary numbers are commonly used in computer
architecture. Since the computer understands only the
language of two digits 0's and 1's, therefore the
programming is done using a binary number system.

Q5) What is the value of 163 in binary?
The value of 163 in binary is 10100011.
Q6) How is 200 represented in binary?

200 is the decimal number. The binary form of 200 is
11001000..

alp .
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Lec. 2

Binary Arithmetic Operations

Like we perform the arithmetic operations in numerals, in the
same way, we can perform addition, subtraction, multiplication
and division operations on Binary numbers. Let us learn them
one by one.

Binary Addition

Adding two binary numbers will give us a binary number itself. It
IS the simplest method. Addition of two single-digit binary
number is given in the table below.

Binary Numbers Addition

0 0 0

0 1 1

1 0 1

1 1 0; Carry —1

Let us take an example of two binary numbers and add them.

5 P ’ 4
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For example: Add 1101, and 1001..
Solution:

1101
+1001

10110

Binary Subtraction

Subtracting two binary numbers will give us a binary number
itself. It is also a straightforward method. Subtraction of two
single-digit binary number is given in the table below.

Binary Numbers Subtraction
0 0 0
0 1 1; Borrow 1
1 0 1
1 1 0

Let us take an example of two binary numbers and subtract
them: Subtract 1101, and 1010..

Solution: 1101,—-1010, = 0011,

6|P ,
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Binary Multiplication

The multiplication process is the same for the binary numbers as
it is for numerals. Let us understand it with example.

Example: Multiply 1101, and 1010..

13 O1
> O O

O O O O
41O
Oy O
i e I e I

A OO i A O

Binary Division

The binary division is similar to the decimal number division
method. We will learn with an example here.

Example: Divide 1010, by 10,

10)1010(101
10
010
10

Uses of Binary Number System

Binary numbers are commonly used in computer applications. All
the coding and languages in computers such as C, C++, Java,
etc. use binary digits 0 and 1 to write a program or encode any

7 P ’ 4
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digital data. The computer understands only the coded language.
Therefore these 2-digit number system is used to represent a set
of data or information in discrete bits of information.

Problems and Solutions

Let us practice some of the problems for better understanding:
Question 1: What is binary number 1.1 in decimal?
Solution:

Step 1: 1 on the left-hand side is on the one’s position, so it's 1.
Step 2: The one on the right-hand side is in halves, so it's
1x%

Step 3: s0, 1.1 = 1.5 in decimal.

Question 2: Write 10.11, in Decimal?

Solution:

10.11= 1x (2 +0(2)°+ 1 (*2)! + 1(*~)?

=2+0+%+%

=2.75

So, 10.11is 2.75 in Decimal.

Next >>> let us understand how the interconversions
between these systems are done. S pgai lged <<< ool
dolaiVl 03 G duidl O\ g2l a5
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Lec. 3

Convert Between Number Systems / alé ¥ dalail S Jagadll
For example: (4)10 in binary is (100)..

Here, 4 is represented in the decimal number system, where
we can represent the number using the digits from 0-9.
However, in a binary number system, we use only two digits,

such as 0 and 1.

Now, let’s discuss how to convert 4 in binary number
system. Suill alail) 1 4 o8 ) Ja st 4 (385 Uise

The following steps help to convert 4 in binary divide the number
4 by 2. Use the integer quotient obtained in this step as the
dividend for the next step.

Continue this step, until the quotient becomes 0.

Dividend Remﬁunde Rank
42 = 2 0 20  Least Significant Bit (LSB)
212 =1 0 21
1/2 = 0 1 2% Most Significant Bit (MSB)
(100)2. = (4)10 <A

9]p : s
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For example: (61)10 How to convert in binary number system (?)2.

Dividend | Remainder
61/2 = 30 1 20
30/2 = 15 0 2
152 =7 1 2
712 =3 1 23
32 =1 1 24
1/2=0 1 25
(111101)2. = (61)10 U

Rank

(LSB)

(MSB)

Tocheck |

Convert binary to decimal

1X1
0X2
1X4

1X8
1X16
1X32

Sum all =61

Octal and hexadecimal Number System — Conversions, Examples

Octal Every digit has to be converted to a 3-bit binary number. Thus, we get the
binary equivalent of the number.

hexadecimal Every digit has to be converted to a 4-bit binary number. Thus, we

get the binary equivalent of the number.

Let's understand this with the help of an example.

Example: Convert (16)s into a binary number. Then to hexadecimal

Solution: (16)s is an octal number.

With the above conversion, we can write

16=001, and 6s=110>

Thus, (16)s=(001110)2

So (16)s=(0E)16

10| Page
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Example: Convert (16)16 into a binary number. Then to octal
Solution: (16)16 is an hexadecimal number.

With the above conversion, we can write

116=00012 and 616=01102

Thus, (16)16=(00010110)2

So (16)16=(26)s

Convert each hex digit to 4 binary digits and then convert each 3 binary digits
to octal digits

Pyl Wl &ilis pl5)i 3 JS a9y 08 oF dwilis pl6)l 4 Wl Spine Gwliuw a8y JS Jug=iy o8

Conversion of Octal to Decimal Numbers
Converting octal to decimal is a simple process!

A number in the octal system is expanded with the base of eight, where each digit is
multiplied with the power of 8, based on its position.

After the octal is converted to decimal, it has a base of 10.
Example: Convert (321)s to decimal form.
(321)8=(3x8%)+(2x8"+(1x8°)

=(3x64)+(2x8)+(1x1)

=192+16+1 =20910

Thus, (321)=(209)10

11 p : s
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Conversion of Decimal to Octal Number
In this conversion, the decimal number is divided by 8 each time a reminder is
obtained from the previous digit. Let us understand this conversion with the help of

an example.

Example: Convert 41610 to octal.

Divide 416 by the octal base number, 8.

Division by 8 Quotient Remainder
416+8 52 0
52+8 6 4
6+8 0 6

We stop when the quotient value becomes 0. By writing the remainders in reverse
order, we get the equivalent octal number. Thus, the octal representation of 4161 is
640s.

Conversion of Octal to Hexadecimal Numbers

The simplest way is to first convert the octal number to a decimal, and then the
decimal to a hexadecimal number.

Let us understand octal to hexadecimal conversion with the help of an example.
Example: Convert (70)s to hexadecimal.

Step 1: Octal to Decimal

(70)s=(7x8")+(0x8°

(70)8=(56)10

12| P , s
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Step 2: Decimal to hexadecimal

Now, we need to convert (56)10 to a hexadecimal number.

Divide the number 56 by 16 until the number in the quotient value becomes 0.
Write remainders in reverse order.

Therefore, (70)s=(38)16

Octal Multiplication Table

You can multiply octal numbers in two ways. One way is to convert octal to decimal:
perform the decimal multiplication to get the product and convert the result back to
octal. The second way is simply using the octal multiplication table. Example:

13| P : s
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Facts about the Octal Number System

« In 1801, James Anderson criticized the French for basing the metric system on
decimal arithmetic. He suggested the base 8 and he coined the term octal.

« The main advantage of using octal numbers is that it uses fewer digits than the
decimal and hexadecimal number system. So, it has fewer computations and
less computational errors.

o The octal number system is widely used in computer application sectors and
digital numbering systems. The octal number is also used in the aviation sector
in the form of a code.

« The octal system is similar to the hexadecimal system because they are both
easily converted to binary, where octal is equal to three-digit binary and
hexadecimal is equal to four-digit binary.

14 p .
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8382 |81 |g0|[[10%]10%]10"[10°]|| 162|161 16°
octal Decimal hexadecimal
0412 0266 10A
0413 0267 10B
1776 1022 3FE
1777 1023 3FF
83(82|81(80 | 222827 26|25 |24(23/22|21/20]/162|16|16°
octal Binary hexadecimal
0412 O 1 0 0 0 O 1 0 1 O 10A
0413 o 1 0 0O 0 O 1 0 1 1 10B
1776 1 1 1 1 1 1 1 1 1 0O 3FE
1777 17 1 1 1 1 1 1 1 1 1 3FF

15|Page
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3x16%+ Fx 16+ Ex 16° < = hexadecimal Ux .2
= 14x1+ 15x16 + 3 x 256

= 1022 Uil decimal.

16| P , s
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Lec. 5

Logic gates (AND, OR, NOT, NAND, NOR, XOR, XNOR)

A OR gate b AND gate

( INPUT  INPUT OUTPUT\[ INPUT  INPUT OUTPUD
W |
0, 1° o
o 9
1 g, o
o W

J
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YES NOT
INPUT INPUT
ouTPUT QUTPUT

A A

(1] o 0

1 1 1 0

AND OR XOR
INPUT INPUT INPUT
QUTPUT QUTPUT OuUTPUT
Al B Al B A B
0 0 0 0| 0 0 0 0 0
10 0 1|0 1 1 0 1
01 0 0|1 1 0 1 1
1 1 1 1 1 1 1 1 0
NAND NOR XNOR
INPUT INPUT INPUT
OUTPUT QUTPUT OUTPUT
Al B 8 A| B
0,0 1 0] 0 1 0 1
1|0 1 10 0 1|0 0
01 1 0|1 0 0|1 0
1|1 0 1 (1 0 111 1
18| Page
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Making other logic gates from NAND gates

The circuits below show you how to make a NOT, OR, NOR and AND gate using NAND gates.

NOT

AND

9P , 2
|Page Dlgital Fundamentals DY, mohammed Rahwma
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Lec. 6

Logic simplification (Boolean theorem) & (Demorgan’s theorem):
Boolean theorem

Name AND form OR form
Identity law 1A=A O+A=A
Null law OA=0 1+A=1
ldempotent law AA = A A+A=A
Inverse law AA =0 A+A=1
Commutative law | AB = BA A+B=B+A
Associative law (AB)C = A(BC) (A+B)+C=A+ (B +C)
Distributive law A+BC=(A+B)A+C) |A(B+C)=AB+ AC
Absorption law AA+B)=A A+AB=A
De Morgan's law AB=A+B A+ B=AB

Demorgan’s theorem

Name AND form OR form

De Morgan'slaw |AB=A+B A+B=AB

Boolean Algebra simplification is not that difficult to understand if you realise that the

use of the symbols or signs of: “+” and “.” represent the operation of logical functions.

e Logical functions test whether a condition or state is either TRUE or FALSE
but not both at the same time. So depending on the result of that test, a digital circuit
can then decide to do one thing or another.

As we saw in the Laws of Boolean Algebra tutorial, that Boolean algebra is the
mathematics of logic and that the application of various switching theory rules can be
applied to simplify long or complex switching algebra notation, and which can also be
applied to logic gates and basic digital circuits.

let’s first remind ourselves of a few basic symbols, meanings and laws relating to the
three main functions of: AND, OR, and NOT.

21]p : s
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The Logic AND Operation
The Boolean expression of A and B is equivalent to A*B. The AND operator is

commonly denoted by a single dot or full stop symbol, ( . ). This gives us the Boolean
expression of: A.B, or simple AB.

2-input Logic AND Gate

o) -
B o—

Then it is clear that the logical AND function is used to compare two or more input
conditions and returns TRUE only if all of the conditions occur together. The logical
AND operation and Boolean expression of A.B.C can be shown in switching algebra
as being:

Series (AND) Switching Representation

WT WA \B iC
o o+ o+ O0=ABC

(Series Switches)

The Logic OR Operation
the Boolean expression of A or B is equivalent to A+B. The OR operator is commonly
denoted by a plus sign, ( +) giving us the Boolean expression of: A+B.

The 2-input Logic OR Gate

S

Then it is clear that the logical OR function is used to compare two or more input
conditions and returns TRUE only if either one of the conditions occurs. The logical
OR operation of addition represents a parallel connection with the order in which the
switches are connected in parallel being unimportant as it can extend to any number
of parallel-connected switches. So our Boolean expression of A+B+C can be shown
in switching algebra as being:

Parallel (OR) Switching Representation

22|p ;2
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NO—t— o o+ © 0= A+B-+C

(Parallel Switches)

The Logic NOT Operation
The logical NOT operation is simply an inversion or complementation function of a
Boolean value and is not considered as a separate variable. The NOT function is so
called because its output state is “NOT” the same as its input state,
(hence its name as an inverter).

This means that if switch A is open, A means that the switch is closed. In other
words, the Boolean expression for a NOT function is the output is “0” if the input is
“1” and the output is “1” if the input is “0”.

NOT Representation

AMND Function OR Function
+A
+\ A A +\
-~ —eo—»—00=1 . +ﬁ +—00Q=0
(Series Switches) ~—n

(Parallel Switches)

23|p : s
|Page Dlgital Fundamentals DY, mohammed Rahwma



dnaigl) CLE  Auaigl) A8
@ gailald) cluias ?"‘é
4aad ) ¢ gl Bala
Ja¥) ussl) - (A g3 Alda sl

Engineering and Engineering Technologies College
Computer Techniques Engineering Department
Digital Fundamentals
first Stage - First Course

Lec. 7

Number systems (excess-3, gray code, conversions, operations, complements)

BCD:

BCD or Binary Coded Decimal is a coding scheme used to represent decimal number
(0 to 9) in the form of binary digits of a group of 4-bits. Binary coded decimal is the
simplest form to convert decimal numbers into their equivalent binary format. Although,
binary coded decimal or BCD is not the same as the normal binary representation.

In binary coded decimal (BCD) coding scheme, each decimal digit is represented as a
group of 4-bit binary number. For a multi-digit decimal number, each digit of the decimal
number is encoded separately in the BCD.

As we know, a 4-bit binary number can represent 16 decimal digits, but in binary coded
decimal, BCD codes 1010, 1011, 1100, 1101, 1110, and 1111 equivalent to decimal 10,
11, 12, 13, 14, and 15 are considered illegal combinations.

D500 OS5 G il (g il oUaill 3 oS15 sl U5 16 i 4 (e 0sSal) U W81 Jiay o Sy cplai LS

BCD codes 1010, 1011, 1100, 1101, 1110, and 1111 (s x&al &0 oUaill D aéss 10, 11,
12,13,14 and 15 ((Aesl e Cle sane i) ),

The following is the truth table representing binary coded decimal (BCD) equivalent of
decimal digits from 0 to 9 —

Decimal Digit Binary Coded Decimal
0 0000
1 0001
2 0010
3 0011
4 0100
5 0101
6 0110
7 0111
8 1000
9 1001
24|Page
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Example: Decimal to Binary Coded Decimal Conversion

The following example shows how a decimal number is converted to a BCD code —

Convert (125)10 into its equivalent binary coded decimal (BCD) code.

Decimal number 1 2 5
BCD Weights 8 (4 |2 1 |8 |4 |2 1 |8 |4 |2 1
BCD Code 0O |0 |0 1 |0 |0 1 |0 |0 1 0 1

Hence, the binary coded decimal for (125)10 is (0001 0010 0101),.

Excess-3 code:

The excess-3 code (or XS3) is a non-weighted code used to express code used
to express decimal numbers. It is a self-complementary binary coded decimal
(BCD) code and numerical system which has biased representation. It is
particularly significant for arithmetic operations as it overcomes shortcoming
encountered while using 8421 BCD code to add two decimal digits whose sum
exceeds 9.

Excess-3 arithmetic uses different algorithm than normal non-biased BCD or
binary positional number system.

Representation of Excess-3 Code

Excess-3 codes are unweighted and can be obtained by adding 3 to each decimal
digit then it can be represented by using 4 bit binary number for each digit. An
Excess-3 equivalent of a given binary binary number is obtained using the
following steps:

. Find the decimal equivalent of the given binary number.
. Add +3 to each digit of decimal number.

. Convert the newly obtained decimal number back to binary number to get
required excess-3 equivalent.
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You can add 0011 to each four-bit group in binary coded decimal number (BCD)
to get desired excess-3 equivalent.

These are following excess-3 codes for decimal digits —

Decimal Digit BCD Code Excess-3 Code
0 0000 0011
1 0001 0100
2 0010 0101
3 0011 0110
4 0100 0111
5 0101 1000
6 0110 1001
7 0111 1010
8 1000 1011
9 1001 1100

The codes 0000 and 1111 are not used for any digit.
Example-1 —Convert decimal number 23 to Excess-3 code.

So, according to excess-3 code we need to add 3 to both digit in the decimal
number then convert into 4-bit binary number for result of each digit.
Therefore,
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= 23+33=56 =0101 0110 which is required excess-3 code for given decimal
number 23.

Example-2 —Convert decimal number 15.46 into Excess-3 code.

According to excess-3 code we need to add 3 to both digit in the decimal number
then convert into 4-bit binary number for result of each digit. Therefore,

= 15.46+33.33=48.79 =0100 1000.0111 1001 which is required excess-3 code
for given decimal number 15.46.

Advantages of Excess-3 Codes
These are following advantages of Excess-3 codes,

. These are unweighted binary decimal codes.
. These are self-complementary codes.
. These use biased representation.

. The codes 0000 and 1111 are not used for any digit which is an advantage
for memory organization as these codes can cause fault in transmission
line.

. It has no limitation, and it considerably simplifies arithmetic operations.

. It is particularly significant for arithmetic operations as it overcomes
shortcoming encountered while using 8421 BCD code to add two decimal
digits whose sum exceeds 9.

Gray Codes:

Gray code is a form of binary and the most popular absolute encoder output type.
This lecture will explain Gray Code, discuss converting Gray Code to Binary,
explain how to use software to convert to gray code, and converting Gray Code
to Binary using logic (XOR).

Gray Code uses a different method of incrementing from one number to the next.
With Gray Code, only one bit changes state from one position to another. This
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feature allows a system designer to perform some error checking (i.e., if more
than one bit changes, the data must be incorrect).

In table below, explain the difference between Binary and Gray Code.

Gray Code is the most popular absolute encoder output type because its use
prevents certain data errors that can occur with Binary during state changes.

For example, in a highly capacitive circuit (or sluggish system response), a
Binary state change from 0011 to 0100 could cause the counter/PLC to see 0111.
This sort of error is not possible with Gray Code, so the data is more reliable.

Gray Code Binary

2° 2 2" |2°]| Position

0O 0 O I © o o o
o o oK} 1 o o o KR
o o EBERI 2 o oEB o
o o KBO 3 o o KRR
N 1 1 ) 4 0 0 O
N 101 1] 5 0 o K}
okl o K 6 0 0
okl o o] 7 -

1| 1 Y B JEl 0 0o o
Jﬁ o KB 9 Kl o o KR
b M bl B W 10 1 Om
11711 11 1 K

1 G 1 12 1 1 IO
Rl o KBE 13 1 101
LN O O i . AERERE O
1 R 15 1 1+1 1

Note that even from position 7 to 8, Gray Code only changes one bit state.

Binary to Gray conversion :

1. The Most Significant Bit (MSB) of the gray code is always equal to the MSB of the
given binary code.

2. Other bits of the output gray code can be obtained by XORing binary code bit at
that index and previous index.

28 | P , 2
|Page Dlgital Fundamentals DY, mohammed Rahwma



dnaigl) CLE  Auaigl) A8
@ gailald) cluias ?"‘3
4aad ) ¢ gl Bala

Ja¥) ussl) - (A g3 Alda sl

Engineering and Engineering Technologies College
Computer Techniques Engineering Department
Digital Fundamentals
first Stage - First Course

Binary Code
1 0 0 1 1 o

" HOR XOR

| 1 o 1 o0 1
Gray Code

Gray to binary conversion :

1. The Most Significant Bit (MSB) of the binary code is always equal to the MSB of the
given gray code.

2. Other bits of the output binary code can be obtained by checking the gray code bit
at that index. If the current gray code bit is 0, then copy the previous binary code
bit, else copy the invert of the previous binary code bit.

Gray Code
1 1 o 1 o 1
1 0 O 1 1 0
Binary Code
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Methods To Minimize Boolean Expressions

|

By Using

Laws of Boolean Algebra

1. By using laws of Boolean Algebra

2. By using Karnaugh Maps also called as K Maps

Karnaugh Map-

|

By Using
Karnaugh Maps

also called as K Maps

The Karnaugh Map also called as K Map is a graphical representation

that provides a systematic method for simplifying the boolean expressions.

For a boolean expression consisting of n-variables, number of cells required in K Map = 2" cells.

Two Variable K Map-

Two variable K Map is drawn for a boolean expression consisting of two variables.

The number of cells present in two variable K Map = 22 = 4 cells.

So, for a boolean function consisting of two variables, we draw a 2 x 2 K Map.
Two variable K Map may be represented as-
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Here, A and B are the two variables of the given boolean function.

Three Variable K Map-

e Three variable K Map is drawn for a boolean expression consisting of three variables.
e The number of cells present in three variable K Map = 23 = 8 cells.
e So, for a boolean function consisting of three variables, we draw a 2 x 4 K Map.

Three variable K Map may be represented as-

BC
A BC BEC BC BC
E 0 1 3 2
A
4 5 7T 5]
OR
BC
A 00 01 11 10
0 0 1 3 2
1
4 5 ri G

Three Variable K Map

Here, A, B and C are the three variables of the given boolean function.

Four Variable K Map-

e Four variable K Map is drawn for a boolean expression consisting of four variables.

e The number of cells present in four variable K Map = 24 = 16 cells.

e So, for a boolean function consisting of four variables, we draw a 4 x 4 K Map.
Four variable K Map may be represented as-
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CcD
AB 00

01

11

10

00

01

1
12

13

14

10

10

Four Variable K Map
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CD ©¢Cb CD cD
0 1 3 2
4 5 7 6
12 13 15 14
8 9 11 10
OR

Here, A, B, C and D are the four variables of the given boolean function.

Karnaugh Map Simplification Rules-

To minimize the given boolean function,

e We draw a K Map according to the number of variables it contains.
o Wefill the K Map with 0’s and 1’s according to its function.
e Then, we minimize the function in accordance with the following rules.

Rule-01:

e We can either group 0’s with O’s or 1’s with 1’s but we can not group 0’s and 1’s together.
o Xrepresenting don’t care can be grouped with 0’s as well as 1’s.

NOTE

There is no need of separately grouping X’s i.e. they can be ignored if all 0’s and 1’s are already
grouped.

Rule-02:

e Groups may overlap each other.

Rule-03:

e We can only create a group whose number of cells can be represented in the power of 2.
e In other words, a group can only contain 2"i.e. 1, 2, 4, 8, 16 and so on number of cells.

Example-
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Incorrect Correct

Rule-04:

e Groups can be only either horizontal or vertical.
e We can not create groups of diagonal or any other shape.

< @
~ ©)

Incorrect Correct
) _ 4 ~
Example-
1 1 1 1 1 1 1 1
1 1 1 1 1 1
Incorrect Correct
Rule-05:

e Each group should be as large as possible.
Rule-06:

e Opposite grouping and corner grouping are allowed.
e The example of opposite grouping is shown illustrated in Rule-05.
e The example of corner grouping is shown below.

L

33|P ;2
|Page Bigital Fundamentals Dy, mohammed Rahwma



dnaigl) CLE  Auaigl) A8
@ gailald) cluias ?"“3
4aad ) ¢ gl Bala

Ja¥) ussl) - (A g3 Alda sl

Engineering and Engineering Technologies College
Computer Techniques Engineering Department
Digital Fundamentals
first Stage - First Course

Example-
™ ™ : :
™ ™ 1 1
Incorrect Correct
X v
Rule-07:

e There should be as few groups as possible.

PROBLEMS BASED ON KARNAUGH MAP-

Problem-01:

Minimize the following boolean function-
F(A,B,C,D)=2m(0,1,2,5,7,8,9, 10, 13, 15)

Solution-

e Since the given boolean expression has 4 variables, so we draw a 4 x 4 K Map.
o Wefill the cells of K Map in accordance with the given boolean function.
e Then, we form the groups in accordance with the above rules.

Then, we have-

cD
AB €D, €D <D cD
EE| 1 | 1
0 1 3 =
AB | 1
4 5 7 6
AB ] 1
12 3 15 14
AE | 1 ] ]
8 9 11 10

Now,

F(A, B, C, D)
= (AB + AB)(C'D + CD) + (AB’ + AB + AB + AB')C'D + (A'B’ + AB’)(C'D’ + CD’)

34|p .
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=BD+C'D +BD’
Thus, minimized boolean expression is-
F(A, B, C,D)=BD + C’D + B’'D’
Problem-02:
Minimize the following boolean function-
F(A,B,C,D)=2m(0,1,3,5,7,8,9, 11, 13, 15)
Solution-

e Since the given boolean expression has 4 variables, so we draw a 4 x 4 K Map.
e Wefill the cells of K Map in accordance with the given boolean function.
e Then, we form the groups in accordance with the above rules.

Then, we have-

cD
AB TD ©TbD cD cD
AB || 1 1 1
— 1 3 2
AB | |
4 5 7 6
AB 1 1
12 13 5 14
2B | | 1 | |
8 L 1 10

Now,

F(A, B, C, D)

=(AB'+ AB +AB + AB’)(C'D + CD) + (A'B’ + AB’)(C'D’ + C'D)
=D +BC

Thus, minimized boolean expression is-

F(A,B,C,D)=B’C’ +D

Problem-03:

Minimize the following boolean function-
F(A, B, C,D)=%m(1, 3, 4,6, 8,9, 11, 13, 15) + £d(0, 2, 14)
Solution-

e Since the given boolean expression has 4 variables, so we draw a 4 x 4 K Map.
o Wefill the cells of K Map in accordance with the given boolean function.
e Then, we form the groups in accordance with the above rules.

Then, we have-
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cD
AB TD ,CD cD cD
2B |l x 1 1 X
- 1 3 2
AB 1 1
4 5 7 [
AB 1 1 X
12 13 H5 14
AE | | 1 1 1
8 9 1 10

Now,
F(A, B, C, D)
= (AB + AB')(C'D + CD) + (A'B’' + AB’)(C'D + CD) + (A'B’ + AB’)(C'D’ + C'D) + (A'B’ + AB)(C'D’ + CD’)
=AD +BD +BC + AD’
Thus, minimized boolean expression is-

F(A, B, C,D)=AD + B'D + B'C’ + A’D’
Problem-04:
Minimize the following boolean function-

F(A, B, C) = £m(0, 1, 6, 7) + =d(3, 5)

Solution-

e Since the given boolean expression has 3 variables, so we draw a 2 x 4 K Map.
o Wefill the cells of K Map in accordance with the given boolean function.
e Then, we form the groups in accordance with the above rules.

Then, we have-

BC
A BC BC BC BC
— 11 1 1 X
A & 1 3 2
A X 1 1
4 5 — 6

Now,
F(A, B, C)
=A'(B'C' +B'C) + A(BC + BC’)
=AB’ + AB
Thus, minimized boolean expression is-
F(A, B,C)= AB + A’'B’
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NOTE-

e |t may be noted that there is no need of considering the quad group.
e This is because even if we consider that group, we will have to consider the other two duets.
e So, there is no use of considering that quad group.

Problem-05:

Minimize the following boolean function-
F(A, B,C)=2m(1, 2,5, 7) + £d(0, 4, 6)
Solution-

e Since the given boolean expression has 3 variables, so we draw a 2 x 4 K Map.
o Wefill the cells of K Map in accordance with the given boolean function.
e Then, we form the groups in accordance with the above rules.

Then, we have-

BC
A BC BC BC BC
. X 1 1
A 0 1 3 2
A X 1 1 X |
4 5 7 -
Now,
F(A, B, C)
= (A+A)(B'C’' +B'C)+A(B'C +B'C+BC+BC)+(A+A)BC +BC)
=B'+A+C

Thus, minimized boolean expression is-
F(A,B,C)=A+B’ +C’
Problem-06:
Minimize the following boolean function-
F(A, B,C)=2m(0, 1, 6, 7) + Zd(3, 4, 5)
Solution-

e Since the given boolean expression has 3 variables, so we draw a 2 x 4 K Map.
o Wefill the cells of K Map in accordance with the given boolean function.
e Then, we form the groups in accordance with the above rules.

Then, we have-
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BC
A BCT BC BC BT
- 1 1 X
0 1 3 2

X X 1| 1,
Now,
F(A, B, C)
= (A + A)(B'C' + B'C) + A(B'C’ + B'C + BC + BC')
=B +A

Thus, minimized boolean expression is-
F(A,B,C)=A+PB’
Problem-07:
Minimize the following boolean function-
F(A, B, C,D)=2m(0, 2, 8, 10, 14) + Zd(5, 15)

Solution-

Since the given boolean expression has 4 variables, so we draw a 4 x 4 K Map.
We fill the cells of K Map in accordance with the given boolean function.
Then, we form the groups in accordance with the above rules.

Then, we have-

Now,
F(A, B, C, D)
= (AB + AB')CD’ + (A'B' + AB')(C'D’ + CD’)
=ACD +BD’
Thus, minimized boolean expression is-
F(A, B, C, D) = ACD’ + B'D’

Problem-08:
Minimize the following boolean function-

F(A,B,C,D)=5m(3,4,5,7,9, 13, 14, 15)
Solution-

e Since the given boolean expression has 4 variables, so we draw a 4 x 4 K Map.
e Wefill the cells of K Map in accordance with the given boolean function.
e Then, we form the groups in accordance with the above rules.
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Then, we have-

CcD
AB

ol
ol
0
o
o)
o
0
o

>
ol
—

Now,
F(A, B, C, D)
= AB(C'D’ + C'D) + (A'B’ + A'B)(CD) + (AB + AB’)(C'D) + AB(CD + CD’)
=A'BC’+ A’CD + ACD + ABC
Thus, minimized boolean expression is-
F(A,B,C,D)=A’BC’+ A’CD + AC'D + ABC

It is important to note that we are not considering the quad group because we have to consider the duets
anyhow.

Problem-09:

Consider the following boolean function-
FW, X,Y,Z)=2m(1, 3,4,6,9, 11,12, 14)
This function is independent number of variables. Fill in the blank.

Solution-

Since the given boolean expression has 4 variables, so we draw a 4 x 4 K Map.
We fill the cells of K Map in accordance with the given boolean function.
Then, we form the groups in accordance with the above rules.

Then, we have-

YZ
WX

S|
|
—
—

WX 1 1
4 5 7 6
WX 1 1
12 13 15 14
WX 1 1
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Now,
F(W, X, Y, 2)
= (WX+WX)Y'Z +YZ)+ (WX +WX)YZ+YZ)
=XZ'+XZ
=Xdz
Thus, minimized boolean expression is-
FW,X,Y,2)=X®Z
Clearly, the given boolean function depends on only two variables X and Z.
Hence, it is independent of other two variables W and Y.

"Don't Care" Conditions
Sometimes a situation arises in which some input variable combinations are not allowed.

For example, recall that in the BCD code there are six invalid combinations: 1010, 1011,
1100,1101,1110,and 1111. Since these unallowed states will never occur in an application
involving the BCD code, they can be treated as "don't care" terms with respect to their
effect on the output. That is, for these "don't care" terms either a 1 or a 0 may be assigned
to the output: it really does not matter since they will never occur. The "don't care" terms
can be used to advantage on the Karnaugh map. Fig.(4-9) shows that for each "don't care"
term, an X is placed in the cell. When grouping the 1 s, the Xs can be treated as 1s to make
a larger grouping or as Os if they cannot be used to advantage. The larger a group, the

simpler the resulting term will be.

00O O o
000 1 o
oco1o0 o
CO1 1 o
0100 o
0101 o o
00 o1 1 10

o110 o AB
o111 1 ©o
1 00O 1 _
1 01 1 01 ‘/(l\)" A
1010 575 | B e
1011 x < LJ j

> 1 x 3 x x
I 100 x Don’t cares r =
1 101 571
1110 x = IC' D) 2 X)
oo Bk B | x

(a) Truth able (b) Without "don’t cares™ ¥ = ABC + ABCD
With “"don"tcares™ ¥ = A + BCD

The truth table in above: (a) describes a logic function that has a 1 output only when the
BCD code for 7,8, or 9 is present on the inputs. If the "don't cares" are used as 1s, the
resulting expression for the function is A + BCD, as indicated in part (b). If the "don't cares"
are not used as 1s, the resulting expression is ABC + ABCD: so you can see the advantage

of using "don't care" terms to get the simplest expression.
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Lec. 9
K-map forms:

In many digital circuits and practical problems, we need to find expressions with
minimum variables. We can minimize Boolean expressions of 3, 4 variables very easily
using K-map without using any Boolean algebra theorems.
K-map can take two forms:

1. Sum of product (SOP)

2. Product of Sum (POS)
According to the need of problem. K-map is a table-like representation, but it gives
more information than the TABLE. We fill a grid of the K-map with 0’s and 1’s then
solve it by making groups.

Steps to Solve Expression using K-map

Select the K-map according to the number of variables.

Identify minterms or maxterms as given in the problem.

For SOP put 1’s in blocks of K-map respective to the minterms (0’s elsewhere).
For POS put O’s in blocks of K-map respective to the max terms (1’s elsewhere).
Make rectangular groups containing total terms in power of two like 2,4,8 ..(except
1) and try to cover as many elements as you can in one group.

From the groups made in step 5 find the product terms and sum them up for SOP
form.

akhwbPE

»

SOP FORM
1. K-map of 3 variables
. 8¢ B8'C’ B'C BC BC'
00 01 11 10
A' O A'8'C A'B'C A'BC A'BC'
L] 1 3 2
A 1 AB'C' AB'C ABC ABC
4 5 7 6

SOP{MINTERMS)

8 Blocks = }

4 Blocks = 1 variable term
2 Blocks = 2 variable term
1 Block =3 variable term

K-map SOP form for 3 variables

a1]p .
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Z=?A,B,C(1,3,6,7)

BC

no need of this group as
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we've already covered those 1's
01 11 A

L~ =

o
m/_.

R

Groups of two elements

in one group

From red group we get product term— A’C
From green group we get product term— AB
Summing these product terms we get- Final expression (A’C+AB)

2. K-map for 4 variables

cD

AB

00
o1

AR 11

AB

|
= 1 variable term

2 variable term

2 Blocks = 3 variable term

= & variable term

co’ Loy » co cD

00 01 i1 10
A'B'C'D A'S8CD A'B'CD B'CD

BC'D A'S8CD ABCD A'BCD

) 5 i

BC'C ABCD ABCD ABCD

AB'C'D ABR'CD AB'CD AB'CD
SOP{MINTERMS)

K-map 4 variable SOP form

F(P,Q,R,S)=?(0,2,5,7,8,10,13,15)

From red group we get product term— QS
From green group we get product term— Q’s’
Summing these product terms we get- Final expression (QS+Q’S’).

POS FORM

1. K-map of 3 variables
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BC
B+C BeC’ B'+C’' B'+C

oo o1 11 10

o A+B+C A+B+C' A+B'+C A+B'sC

A 1 A'+B+C A'+B+C' A'+B'+C" A'+B'+C

4 S 7 6

POS (MAXTERMS)

8 Blocks =0

4 Blocks = 1 variable term
2 Blocks = 2 variable term
1 Block =3 variable term

K-map 3 variable POS form

F(AJBJC)=?(9)3J6J7)

BC ., o1 1 10

A

(0 |1 |[0]] 1}
/11|00

From red group we find terms

A B

Taking complement of these two

A B'

Now sum up them

(A" + B")

From brown group we find terms

B C

Taking complement of these two terms
B> C’°

Now sum up them

(B’+C’)

From yellow group we find terms
A' B' C’

Taking complement of these two
ABC

Now sum up them

(A + B + Q)

We will take product of these three terms : Final expression —
(A" +B’) (B> +C’) (A+B+ ()
2. K-map of 4 variables
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o0 [A+BiCHD] A+BeCD” |AsBeL +0| AvBCsD

g1 [AHEHCHT ARBT D" Laaerstan’ |AsB 4D
AsE
11 g " i
AR B A D" |arenran JAHB e 04D
i i i§ i
A'sB o | AuBecen’ [avspicsn | A4B+CsD

L MY,
1

POS[MANTERMS)

16 Blocks =D

8 Blocks = 1 variable term
4 Blocks = 2 variable terem
2 Blocks = 3 variable tarm

1 Black = & varisbla term

K-map 4 variable POS form

F(A,B,C,D)=?(3,5,7,8,10,11,12,13)

CcD
AB 00 01 11 10
00| 1 1 0 1
0 1 3 2
01 1 0 0 1
4 5 7 ]
11 0 0 1 1
12 13 15| 144
10l | © 1 0 0
8 g 1 104
From green group we find terms
C’ D B
Taking their complement and summing them
(C+D’+B”)
From red group we find terms
C D A
Taking their complement and summing them
(C’+D’+A)
From blue group we find terms
A C D
Taking their complement and summing them
(A’ +C+D)
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From brown group we find terms

A B’ C

Taking their complement and summing them

(A’ +B+C’)

Finally we express these as product — (C+D’+B”).(C’+D’+A).(A’+C+D). (A’ +B+C’)

PITEALL- *Always remember POS ? (SOP)’
*The correct form is (POS of F)=(SOP of F’)’
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Lec. 10
Arithmetic operations (half adder, full adder circuit)

Half Adder and Full Adder

A
>
A—> —S B 7,
>
(b)

Half
Adder

B— —C

(a)
)a Jiai il Ahaiall 554 ( Half Adder) b Atish khis ((Block diagram) 98 Half Adder.

Half Adder

Full
B Adder

cout

(b) (@)

.Full Adder 3,44 (Block diagram) 4Lisli hbia (b) Full Adder Jid (Al 4dhial) 504 (a)

JsxaHalf Adder
A B S C
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1
Js<aFull adder
A B Cin S Cout
0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 1 0
1 1 0 0 1
1 1 1 1 1
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Lec. 11
Arithmetic operations (Half subtractor, Full subtractor circuit)

Half Subtractor and Full Subtractor

) > D=A-B
B 7
A — D=A-B
Half
Subtractor *DO*
B —> Bp Bo
(a) (b)
JSa 1 ya Jiai Al dgdhial) 3l ( Half Subtractor) b 4uish khia ((Block diagram) 3#a Half
Subtractor.
Bin (s g4 N |
D
|

A | :
B I :
| |
| |

(@)

A— — D
Full
B — >
Subtractor

Bin — — Bo

(b)
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Lec. 12
(decoder, encoder)

Do
D1
D2
D3
D4
D5

De
D7

3to8 2 2
Decoder v,

Truth Table Decoder:

XY Z DO D1 D2 D3 D4 D5 D6 D7 Ve

0O 0 0 1 0 0 0 0 0 0 0 fff —P oo

0O 01 0 1 0 0 0 0 0 O

010 0 0 1 0 0O 0 0 O 4*-101
011 0 0 0 1 0 0 0 O o2
1000 0 O O 1 0 0 O 1-23
101 0 0 0 0 0 1 0 O E—
1100 0 0 0 0 0 1 o0 =
111 0 0 0 0 0 0 0 1 ———— o
Truth Table Encoder:

|D7[D6|D5[D4[D3[D2[D1|DO[X][Y[Z]
olo|lo|lo]olo|o] 10|00 Y e — X=D4+D5+D6+D7
olo|o|olo|o|[1]o0]o]o]1 0 ] '
ololo|lo|o|1]o]olo]z1]0 0
0]0|0|0|1]0]O0|O0]|O0]1]1 D4 Y=D2+03+06+D7
ololo|1]o]o]o]ol1]o0]lo0 05
olo|l1lolo]o]o]ol1]ol1 "
ol1]|o]olo]lolo]ol1]1]o0 o7 7014034 D5 407
1]ololo]lololo]o1]2]1 |
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Multiplexer

S0 §1

P
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Y
Output N
§1
Inputs Outputs
St | So Y
0 O I0
0 |1 I1
1 |0 12
1 |1 I3
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Lec. 14

Demultiplexer

I

S1

So I Y3

> Y3 el

1x4

—> Y>

De-Multiplexer

(N

S1 So

Y2
—> Yy

—> Yo

Y1

Yo

TTTT

Inputs Outputs

- 000X

== 0 0
= Ok 0y
ol—olo|X
oo —-0X
ooo—-
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Lec. 15
Comparators
A w—DC ﬁ - A<B
>
e A>B
B A—DC
ﬁ% } C=AB = A<B
@LFD = AB+AB => A=B
N : ) E=AB =>A=-B
OR

)Gate D DA=B
B O y

Inputs \ Outputs

B A A>B A=B|A<B
0 0 0 1 0
0 1 1 0 0
1 0 0 0 1

1 1 0 1 0
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