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Derivatives of Trigopnometric Functions

The derivative of the sine function is the cosine function:

‘—I{f.in.:} = CcOsxX
e o

The derivative of the cosine function iz the negative of the sine function:

L (cosx) = —si
dx Cis X = SN x.

The derivatives of the other trigonometric functions:

o o 2 o — 2

- (tan x) "ECT X e (oot x ) CRC™ X
i(qr_‘c.ﬂ = ¢ X tan x i(u:su:.nrjl = —g8c ¥ cotx
v - - x ’

EXAMPLE 1 Derivative of the Sine Function

To calculate the derivative of flx)= sinx, for ¥ measured in radians, we combine the
limits with the angle sum identity for the sine function:

If fix) = sinx, then gin(x + k) = sinxcosk + cosxsin k.
+ k) — gim (x + A) — sin
Frix) = ;mw = lim el H' S Derivative definition
. Isinxcosh + cosxsinfk) — sinx . sinx{cosh — 1) + cosxsink
= lim = lim
h—=0 & h—el h
= lim (sinx-m) + lim (cns.‘:-ﬁi“‘&)
k—i} h h—sd} M
= ginx- lim S228 — L . cosx- lim 3 = ginv.0 + cosx-1 = cosx.
h—s i w—sn M
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EXAMPLE 2 Derivative of the Cosine Function

With the help of the angle sum formula for the cosine function,
cosl{x + k) = cosxcosh — sinxsinf,

we can compute the limit of the difference guotient:

o . coslx + k) — cosx
E{cm.ﬂ = ’!m}, . Dierivative definition
—
i (cosxcosfr — sinxsinfi) — cosx Cosine angle sunm
= lim
h—=0 R
i cosxlcosh — 1) — ginx=sink
= lir
—=) R
= lim 1:-::.15;.'\;-M — lim sinx LSink
L i h—e0h i
= gcoax = lim cosh — 1 sinx - lim 3 h
h—s} i h—sD

= gcoax=-0 — sinx-1

= —sginx.

EXAMPLE 3 We find derivatives of the function involving differences, products, and

quoticnts.
B ey B
(a) v = x% — ginx: = = 2x - %[sun.r} Difference Ruls
= 2x — CO8Xx
o .
i x dy x - oo (sina) — sin - 1
(b » = —_ e = v Ouotient Bule
. Xcosx — sinx
x
(c) v = ginx cosx:
ay o e d ) )
e — sinx = (cos x) cos x —= (sin x) Product Rule -
= ginx{—sinx) + cosx{cosx)
= cos®x — =min’x
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. COS X
© »=T _—Ginx-
> o o p
ila‘.: . (1 sm.\)z"(gos_\:) COS X -‘K(l sin x) N N
d\‘ = (l - sin_‘/): Juotient Kule
(1l — sinx)(—sinx) — cosx(0 — cosx)
(1 — sinx)?
or 1 — sinx |
T TR T 7 mo o [ v
(1 — sinx)~
e 1
T 1 — sinx -

EXAMPLE 4 Find d(tan x)/dx.

Solution We use the Derivative Quotient Rule to calculate the derivative:

dx

Sin x
COs X

Quotient Rule

7 coex—(mn.\) — sin Yi(coﬁ x)
“= (tanx) = ) =
dx cos” x

~ cosxcosx — sinx(—sinx)

2
COs” x
2 . 2
- COs8” x + sin” x
e e R
COS™ X

EXAMPLE 5 Find »” if y» = secx.
Solution Finding the second derivative involves a combination of trigonometric
derivatives.

» = secx
» = secxtanx Derivative rule for secant function
o (sec x tan x)

¥ dx

— ‘z“ti(tan ) + tan t—d—(‘tc‘\' D Prod R

sSccC dx B X dx S C X) crivative roduct ule
2 )
= gec x(sec” x) + tanx(sec xtanx) Derivative rules
2
= sec’x + secxtan®x =
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Exercises 3.5

Derivatives § 5. y=oacx avc + 7 L = cotx L\
In Exercises 1-18, fmllc.l'_r.-"rir. x=
7. fix) = ginxanx B wrir) = e xcolx
1. y = =10r + 3¢osx L y= 3 + Sginx f “
e 9. y = (secx + lanrhlsecx tan x)
3.y = x cosx 4. ¥y = Vrsecs + 3 1. y = (sinx + cosx)secx
lin Exercizes 1922 find zit.-"a'.r.
11, p = —tutr 12, 4o 0BT ) .
T 1 + colx il 1 + sinx 19, ¥ = tanr 2 x =t s F
-1 1 CO& X x R T | - L‘r
13. = cosx Lan .o 14. r= I " SRS 2. # 1 (=1 2z, & 1 [{5
15. ¥ = risinx + 2rcosx — 2sinx
16, v = ricosx — 2rsinx — 2cosx
17. jEJ] = yIginr cosx 18. g!lr] = 2 x) tan® x
In Exercises 23-26, find dr/df Tangent Lines
13, r=4— @ sing 24, F = Bsind + cosd In Exercises 35-18, graph the curves over the given intervals, together
B B . with their tangents at the given values of x. Label cach curve and
I8 r=secHosch 6. r= (1 + secd)siné tangent with its equation.
In Exercises 27-32, find dp/ dy. 3By =siny, —Imf2sx=dw
1 ¥ =—u0 Im2
ITl.p=5+ _-:-:m.' 28. p=1Il+ cscqloosyg 36, ¥ =tanx, —m/2<x< @l
sing + cosg tan g x=—m3 0, a3
W p= cosg 3. p= T+mng it y=secx, —m/2<x< w2
zin 3g + tan x=—m3, a/4
3L p="r,—"r 3:_,,:"'T4 8. V
-1 geecy ¥=1+cosx, —3mf2=x=71n
33. Find y"if x=—m3, 3xf2
& V= @sCK. b ¥ = secx.
M. Find v = g /v if
a y= —2sinx. b v = 9cosx.
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