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Chapter three
Derivatives

Let y=f(x) bea function of x . If the limit :

dy ., f(x+dAx)=-f(x)_ . Ay

e =)= i, Ax =40 A
exists and is finite , we call this limif the derivative of f at.x and say
that f is differentiable atx .

EX-1 — Find the derivative of the function: f(x)= !
u2x+i'
Sol.:
1 _ 1
o f(x+Ac)=f(x) . 2Ax+A0)+3 2x+3
frxj—ﬂm Av _ﬂﬂ Av

N2x+3 =2 x+Ac)+3 V2x+342(x+Ax)+3
4""’:11' 'Jr’x+::lxj+ 3J2x+3 ﬂ.f}x+i+4,'.'2r’x+drj+i
i (2x+3)—(2(x+Ax)+3)

A0 Ax [ 2( x4+ Av)+ 32+ 3(V 2x+ 3+ 2(x+ Ax )+ 3 )
=2 !

C(2x43)(N2x4342x43)  (2x+3)

Rules of derivatives : Let ¢ and n are constants, u , v and w are
differentiable functions of x :

L. ‘fxc 0

2. (fru =nu"“*f§=}‘fr(‘j=-ugg

s e cf,_;f

N O
5. A (uy)=u t‘j"wﬁ

§-|
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dw o v du
and dx(uvw) uy- g oUW VW
Pdu dv
d (u)_ _dx " dx
n!r(v) >; where v#0

EX-2- Find % for the following functions :

a) y=(x'+1) b) y= [E er4;sz]’

) y=(2x"=3x"+6x)" ‘“'F_?_%“-F
(X +x)(xt=x+1) o ox'=1

¢)y= x? ij_x"+x—2

Sol.-
a) Yas 1) 2x=10x(x+1)
ix

%) %=2[[’5—.!:)[’4-2.:)][—2(5-.5:)—(4—23:)]
=8(5—x)(2=x)(2x=7)

c) %=—5r2:¢j—3.r3+ﬁ.r}'“(ﬁ.x3—ﬁ.x+ﬁ}

==30(2x" =3x"+6x) " (x'=x+1)
d) y=DI2x"—4x7 +3x7" > L =—I12x" +12x~ = 12x"

ix
N
e) y= (x+ I,J(xj —x+1)
ﬁ= x“[{xl‘ix+ I)4(x+1)(2x- H]—jxlr‘x+ I x'=x+1) __
dx +

) dy _ 2x(x +x=2)—(x'=1)(2x+1) _ x"-2x+1
dx (x' +x=2) i ex=2)
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The Chain Rule:

1. Suppose that h = g, [ is the composite of the differentiable
functions y=g(f) and x=f(t) ,then h is adifferentiable
functions of x whose derivative at each value of x is:

dy _dy , dx

dx dt dt

2. If y is a differentiable function of 7 and ¢ is differentiable
function of x , then yp is a differentiable function of x:

dy _dy, dt
y=g(1) and t=f(x)= ="

EX-3 — Use the chain rule to express dy /dx in terms of x and y:

a) _;.r=r_,‘l+.‘r and t=+2x+1
!
b) y-13+1 and x=-dt+1
=1y !
c) 'F_(H.-I] and x—ﬁ—l‘ at t=2
d) _p=.*'—i and J=L at x=2
t I-x
Sol.-
r n'_r 2t +1)=2t1° 2t
ﬂ = : ¥ ¥ = ¥ ¥
) Y (C+1f (I
.f !
n'r I - I
t=(2x+1) =>—=—.(2x+1) 2=
dax 2 1‘2x+1'
dy dy dt _ 2 I 22x+1 I !

de dt dx (£ +1) 2x+] (2x+D+17 J2x4l  2Ax+1)
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2t
(t°+1)°
2

.f _J'
=—f4dt+1)°.4=

2'( ) Nt + 1
2 A+ 1

+ == f Fl
Var+1 (¢ +1)

1 __xwix=1)
4

b) y=fﬁ+H"=>%=—2:rri+n‘3

!

dx

=fdt+1)" = —
x={ )

dy _dv dv_
de ~ dt dt (t°+1)°

x'=1
4 _r"

x=Jdt+lit="

2

where

_ I
.r_";

=:H3+I=i
+ 1/ ¥
F]
) - 2(:—1
dy
:, —_
[‘#];-,’

r+1)
dx 2 [
==

where
t+1—(t=1) 4(t=1)
(t+1)°  (t+1)°

dy _

t=1
dt

¢ '}'=(r+1

_4(2-1) _ 4
C(241) 27
et __ 2 __1
al_, 2 4
4 ( 16

+ =10

)
27 27

4

al.l

=1
=

ot

dy
dt

).

rm]

dx

-1

dr _ _

dt

dx

l.

at x=2
dy

dr [
(1-x)7(=1)=

1

]

!

= 3 =]
(=1)
I
(1-x)'

|

]Ju-.!

[n'r
, Ldx

=1*1=1

Higher derivatives : If a function y = f{ x ) possesses a derivative at every
point of some interval , we may form the function f (x) and talk
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about its derivate , if it has one . The procedure is formally identical
with that used before , that is :

diy _d(ay_d ., . f'(x+A4Ax)-f'(x)
ax’ 'dx(dr]‘:irf (x)=1%, Ax
if the limit exists .

This derivative is called the second derivative of y with respect to x .
It is written in a number of wayvs , for example,

rr rr dl‘f(‘rj
yJU'X) o —
U ) I
In the same manner we may define third and higher derivatives ,
using similar notations . The nth derivative may be written :

(n) gpin} d”y
, x), i
yoLrti(x) o

EX-4- Find all derivatives of the following function :
y=3r -4 +7x + 10

Sol.-
ﬁ_ r dz.r_ _
.rix_y'x Sx+7 = =/8x-8
i 4 ST
‘f-}’=;3 , d':'=ﬂ=d':=
dx dx dx-

Ex-5 — Find the third derivative of the following function :

_}=i+ x’
X
Sol.-

dy 1 3 4
" JE_J+E.1.r
d'y 2 .3 -
tir"_x‘i+4x

k) k] 3
dy__6 3, _dy__6 __ 3
dx?’ x' 8 dx’ x' gx’
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Implicit Differentiation: 1f the formula for f is an algebraic combination
of powers of x and y . To calculate the derivatives of these implicitly

defined functions , we simply differentiate both sides of the defining
equation with respect to x.

d
EX-6- Find (L':_ for the following functions:

a)x’ i =x+ )’ b+ s(x—yp)y x4y’
)XY 22w PBY d)xy+2x - Sy =2 at P(3,2)
x=2y
Sol
\ I
ﬂjx (2),! j+y (2x)= 2x+2yd— %="":2i
x‘y=y

G2ea ey s 3y
bh)3x+y (I+‘b:j+3(x y)(I dx} 4x7 + 4y i

Sy 4= 3(x+y) -3(x-y)®  dy_2x7-3x"-3y’
B 3xryP=3x-y) -4y’ 6y-2y°

dy dy
S20(1- " )=(x=y)I1=2
g (x - 20)( dx) (x=y)( irj=g=,ﬁ=i=,‘f_l 1
(x=2y) de x o ldxlo;,, 3
dy dy _y+2 dy 242
d}x +_}+2 de ﬂ:dx-j—xﬁ ‘f-’f](_g,gj_—5—3_

Exponential functions ; 1f u is any differentiable function of x, then :

A g — gt ma. d yu_ g du
7) dxﬂ a".Ina. e and ‘bce =¢ i
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d
EX-7 -Find e for the following functions :

dx
a) y=2" b) y=2%3"
¢) y=(2") d) y=x2"
g y=el+e™) f) ymelns
Sol.-
@) y=2""=:-d—P=2'“*3!n2
dx

b) y=z”.3"=:y=ﬁ”=-%=ﬁ”.mﬁ

) y=(2”ﬁ=y=2“=-%=2“m2.2=2*’”‘m2
d)y=x2"= L—Fﬂ.zfmz.zﬁz”" =2" (22 + 1)
e) y=e”"‘":"=:b£=e“*":"{.'+5e’”}

d - Jmeed Sx
f) }_Emsr': = Y y _ .rmx"J H+5x5')-..'ﬂx=e i .
de NI+ 5x

Logarithm functions : If u is any differentiable function of x , then :

1 du and f Idu

u.dna dx de udx

d
8) Efag,, "=
o dy : ,
EX-8 -Find — for the following functions :

a) y=log,e" b) y=log . fx+1)
c) y=log,(3x’+1) d) y:ln‘nfx}+2)"']r
] ¥
(2x'=4) (2x° +3)°
(7x'+4x=3)

e) y+infxy)=1 f y=

Sol. -
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. . ay _ _Ine _ |
a) y=log,e" = y=xlog,e= —=log,e=- =1
1= di #

b) y=log.(x+1) —EMH{(I"'Ij::"ix (x+1)in5
dy _ 3 6x I8x
c) v=3log,(3x" +1)= — . =
) y=3log,( )= =3 a1 In2 (3x*+1)in2
. ) 2 48xim(x*+2)f
@) =32+ 2)f 220 AT
TN (SN A L. P TN (N
e) y+1nx+!n_p-!=}it+x+y-i‘—ﬂ='*dx— x(y+1)

f)iny= 2!nf’2x"—4}+ ;!nf'2f+3}— 2in(7x' +4x-3)

."d’y 2 6 NEEC S 20x +4
yde 3 2x'=4 27 2x°43 T7x'4+4x-3

=}_ 24 2x? . Sx x4
N o —g T 20743 7 4403

Trigonometric functions : If u is any differentiable function of x . then :

du
dx

10) Ecﬂsu— sin u. g

11) (f tanu = sec’ u. ﬁ

12) cm‘u =—csclu. i’;

13) ixse::u = secu.tanu.

dx

14 ) —ca-cu = —cscu.cotu. A1
dx

9) —smu cosu.

d
EX-9- Find & for the following functions :

dx
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a) y=tan(3x’ ) b) y=(cscx + corx)’
c) y= ESME—.ECHSE d) y=tan’(cosx)
e) x+tan(xy=0 ) y=sec’x —tan’ x

Sol.-
d.}’ et 2 _ 2 2
a) gy = See (3x° Jbx=bx.5ec’(Ix")

b) %=zfcscx+mrx}f—cscx-mfx—ca‘c"x}= —~2cscx.(escx + cot x )
__ X l_ _ X X X
c) 2{.'052 2 [If szjz"'f‘“z] R
d) I{_Ill’ﬂﬂfi‘ﬂﬂr ).sec’ (cosx ). (—~sinx )==2sinx.tan(cosc ).sec (cosx )
dy dy  I+y.sec’(xy)  cos’(xy)+y
I+ sec’(xyp). +y)=0=>""=- . ==
e) I+sec’(xp) rxlitf y) dlx x.5ec (xy) X
f) % =4sec’ x.secx.tanx —4.tan’ x.se x=4tanx.sec’ x

EX-10- Prove that:

A yunu= see? u. 1 d du
i) dxmﬂu sec u'n‘x b) dxserﬂ '.wrumﬂudr
Proof :
du . - du
. COSU.COSU. =, —Sinu. (—sinu )
_d d_sinu _ dx dx
a) LHS.= dxrﬂnu— dx cosu cas"u
cos u+sin u du 1 du
- .—=—.——sec“’u U_RHS.
cos u dx cos’u dx dx
d oy d 1 1 du
h) LH.S’_‘& cu—itmm fos”u( smu)dx
=1 LS —"=secu.rﬂnu.@=RH.S.
cosu cosu dx dax

The inverse triconometric functions : 1f u is any differentiable function



