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Limits: Graphical Solutions

Graphical Limits
Let fi{x) be a function defined on the interval [-6,11] whose graph is given as:

(2.4

(-6, =3)

18, -2}

The limits are defined as the value that the function approaches as it goes to an x value, Using this
definition, it is possible to find the value of the limits given a graph. A few examples are below:

lim, 1) =0

lim f(x) =4

lim f(x) = -2

In general, you can see that these limits are equal to the value of the function. This is troe if the function

is continuous,
Continuity

Continuity of a graph is loosely defined as the ability to draw a graph without having to lift your pencil,
To better understand this, see the graph below:

Let's investigate at the flowing points:

x=12
r=10 ) ) : :
r= =3 Discontinuous at this point
Discontin hi in
Discontinuous at this point scontinuous at this point The limit from the left is equal to
) , The limit of the left is not equal ) ,
The value is not defined ot -3 C : the right, but is not equal to the
" , o to the limit from the right .
Removable discontinuity’ ; ) L vilie af the function
Jump discontinuity . ; o
Removable discontinuity
x=h

x=4
Continuous at this point
The limit fram the left is equal to
the limit from the right and equal
to the value of the function

x=25
Continuous at this point
The limit from the left s equal to
the limit from the right and equal
to the value of the function

Discontinuous at this point
The value of the limit is equal to
negative infinity and therefore
not defined
“Infinite discontinuity”
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One-Sided Limits: General Definition
One-sided limits are differentiated as right-hond limits (when the limit approaches from the right) and
ieft-hand imits (when the limit approaches from the left) whereas ordinary limits are sometimes
referred to as two-sided limits. Right-hand limits approach the specified point from positive infinity. Left-
hand limits approach this point from ne gative infinity.
The right-handed limit:

Jim fox)=1

The left-handed limit;
Jim f(0) =L

A More Formal Definition of Continuity
From this information, a more formal definition can be found . Continuity, at a point g, is defined
when the limit of the function from the left equals the limit from the right and this value is also

equal to the value of the function. Using notation, for all points o where

lim, o+ Flx) = limg_p- fx) = f(a),
the function is said to be continuous.

A. Now you try some!

4__
Ao
:I|| T4
S -+ =
HA
-7 =i | = 1I"-_"-Q- 7
-4 4 xi

Determine if the following limits exists:
Jim_f(x) lim f(x) lim £ (x) lim £ (x) lim f(x) lim £ (x)
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Summary: When does a limit not exist?
«  Ageneral limit does not exist if the left-and right-hand limits aren’t equal (resulting ina
discontinuity in the function).
« Ageneral limit does not exist wherever a function increases or decreases infinitely ("without
bound”) as it approaches a given x-value,
= Ageneral limit does not exist in the cases of infinite oscillation when approaching a fixed point,

Limits: Numeric Solutions

Mow that you know how to solve a limit graphically, you may be asking yourself: That's great, but what
about when there isn't a graph in the problem? That is a good question, and that is what this next
section is about, There are a many better (and more accurate) ways to find the value of the limit than
graphing or plugging in numbers that get closer and closerto the value of interest, These solution
methods fall under three categories: substitution, factoring, and the conjugate method. But first things
first, let's discuss some of the general rules for limits,

Limit Rules
Here are some of the general limit rules (with lim,._ . f(x) =L and lim,_, g(x) = M):
1. Sum Rule: The limit of the sum of two functions is the sum of their limits
1 =i li =L+ M
lim(f () +g()) = lim f(x) + lim g(x) = L+
2. Difference Rule: The limit of the difference of two functions is the difference of their limits
I - = [i = i =L-M
lim(f () = g(x)) = lim f(x) — lim g(x)
3. Product Rule: The limit of a product of two functions is the product of their limits
li =i li =L« M
lim(f )+ g(0) = lim f(x) « img(x) =L+
4. Constant Multiple Rule: The limits of a constant times a function is the constant times the limit
of the function
Lln:_{k “f(x)) =k lim f(x) = k= L
5. Quotient Rule: The limit of a quotient of two functions is the guotient of their limits, provided
the limit of the denominator is not zero
l
(f{xj) Climf)

= A =—, M=10
alx) Jlrlqu‘gyl&c] M

lim

s

Limit Rule Examples Find the following limits using the above limit rules;
1 im0 +4x® — 3) = limg o () + lim, (4x%) — lim, ()

= +4e2-3
. laxi-1  lmg[xt4xT=1]
2. limy, 1#45 limg (x4 5)

limix®) + lim{x?) — lim(1)
=I"'f- " S P

lim{x*) + lim(5)
=R =i

_r‘*+c2—1
¢t 45
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wlaxio1 _ limg, (xt4x®=1)
45 Mg 545)
lim (%) + lim (x*) — lim (1)
_ X1 r—+1 =1
limi{x?*) + lim(5)
z-+1 x—+1
B 1" +1%7 -1 1
1245 6

B. Now you try some!
1. lim, . (2x + 5)
2. I.I.n'lt_,,ﬁ H{E - E:HLE - ?_:I

3. lim L
' -2 2T iextE

Limits of Rational Functions: Substitution Method

A rational function is a function that can be written as the ratio of two algebraic expressions, If a
function is considered rational and the denominator is not zero, the limit can be found by substitution,
This can be seenin the example below (which is similar to the example #3 above, but now done inone

quick, convenient step):
rdrt—3 (1P +4-1-3 0

x+-1 x245 (=13 +5 6
This can be defined more formally as: If P{x) and Q(x) are algebraic expressions and Q(c) = 0, then:
P(x)  Plc)

00~ 0@
C. MNow you try some!

1 lim 4ax-5
' F5 T gy

2. limg_; =2
' 1=l T ie

Factoring Method
z
Consider the function (x) = J;T_: . How would you find the limit of f as x approaches -37 If you try to
use substitution to find the limit, world-ending paradoxes ensue:
-9 (-3*-9 0
lim = ==
re=3x+3 (=3)+3 0
But fear not, this answer just tells us that we must use a different method to find the limit, because the
function likely has a "hole” at the given x value, Therefore, the factoring method can be tried. To start
this method, the numerator and denominator must be factored (in this case the denominator is

"factored” already).

- (x+ 3ix —13)
X=+=1 r+3
The factor (x + 3) can be canceled to get the much simpler limit expression of lim,._, .5 (x = 3) that can

easily be evaluated via substitution:
Jflln_13:;:t:— I=-3-3=-6
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Therefare, the result of the limit can be found, with the understanding that there is a "hole” in the graph

- . FLE
at x = =3, Hence, llmr_._gm = =0,

D. Now you try some!
2xt-7x-15%

a) lim, s———

3
5 xt=1
by lim,_,——
) =1y

Conjugate Method

The conjugate of a binomial expression (e, an expression with two terms, you can tell this becouse of
the Latin root bi- meaning two) is the same expression with opposite middle signs. For example, the
conjugate of (yx = 5) is (+/x + 5). This is really useful if you have a radical in your limit. This is because
the product of two conjugate s containing radicals will, itself, contain no radical expressions, See below:

(VE-5)(¥X +5) = V2 + 5% - 5V% —25=x — 25

You should use the conjugate method whenever you have a limit problem containing radicals for which
substitution does not work,

Example:
VEFIL =4
-5

Evaluate lim, g

Firsttry the substitution method:

CoAx+1T-4 454+11-4 0
lim = =—
=5 x-=5 5-5 0

Well, another hole in the universe, or at least the graph. Indicating that you'll need another
method to find the limit since the function probably has a hole at x = 5. To start, multiply both
the numerator and denominator by the conjugate of the radical expression I:\l'x +11+ 4}:

lim*."x+11—4*{1."x+11+4}
=5 x=5 (vVx+ 11 +4)

linn (x+11)-16
x5 —Ej{m+4}

x—5

lim
55y —5)(Vx +11 +4)
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Cancel the x = 5 factor in the numerator and denominator,

1 1
lim

1
x93 (Yx+11+4) (v5+11+4) B

E. MNow you trysome!

Formal Definition; Limits
Limits are more formally defined as

“L is the limit of f{x) as x approaches a if for every number € = (0, there is a corresponding number
& = 0 such that for allx. Using notation we write

limg o flx)=L IFF 0 <|x—al<d — |flx)-L]<E
From the formal definition, right-handed limit can be defined as:

l=x-a=4d = |fix)=L|l =<
And written as:

lim fCo =1L

Whereas the left-handed limit can be defined as:
—f=x—a=0 = |fix)-L]<e
And written as:
I =L
Jim £ ()

Example 1: Testing the Definition
Show: lim, ., (5x —3) =2
We haveto find a suitable & > 0 sothatifx = 1 and x is within distance 4, that is iF:

D<|x=1] <4
Then f(x]) is within distance € of L = 2, that is
Iflx) = 2] <€
[(5x=3) = 2| <€
|5x = 5| <€
5lx - 1] <€
=
lx —1] ‘:E

Thus, we can take & :E dueto the fact that 0 < |x = 1| < &, then:
Ifilx)— 2] <€
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S0,if |(5x ~3) - 2| = |5x~ 5| =5l - 1| <5(8) =5(5) =€
therefore, 0 < |x — 1| {%_ — |f(x) — 2| <€ and lim,_,(5x —3) = 2.

Limits: Advanced Topics

Previously, when we found that the result of a limit deing straight substitution yleldedf—_we used
factoring or conjugation to be able to solve the problem. What happens when neither of those methods
prove useful? You become very grateful for the 1 7th-century French mathematician Guillaume de
L'Hbpital. L'Hopital was the man that derived a method of solving these types of equations, known as
indeterminate forms. This method, known as L'Hopital's Rule, is formally defined below.

Formal Definition: L'Hépital’s Rule
If the limit lim,_. % results in one of the following forms:

—E, 2, 0= 4o, 0, 1%, oo

= m]
And limg_. T2 o its and g'(x) = 0, then;

grix)
flx) i f(x)
= lim

im gt = Myt

Example 1: indeterminate form of —3

-1
Find the |irr|'rtlln'l_¢_.aT
. e.l.‘ _-l D . x
=g = LT
Using L'Hépital's Rule:
Coet=1 et 1
lim = lim—===1
-0 X | 1
Example 2: indeterminate form of E
F 4
Find the limit lim,_, ., 7=
¥
M=
Using L'HGpital's Rule:
’ xz_l_ 2::_2[_ x ®
i 2% w2l MmZiew2*  w
Using L'HGpital's Rule again:
2 X 2 1 2 1 2

w22~ Wz ATz T WA e @m2p
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Example 3: indeterminate form of w= — w
Find the limit lim,._., (—=— - ——)

ri-g4 x-2

}
: -_— o — oD
=g .2_4 I—:

Using L'"Hdpital's Rule:
( 4 1 )_, 4-(x+2) . 2Z=x -1 1

Mt =2 " Me—oa+n  Myr—s~ Mm%

Example 4: indeterminate form of 1™

1
Find the limit lim,_; x1-x
i
lim x1-x = 1™

x=]
1 1 nx
Let ¥ = X1-x . Then In}.- = lnxi-x =E
Using L'Hopital's Rule:
1
limlny = lim —— = lim X _ lim—= —1
TN T x a1 aix
Therefore
Loy = -1
_L 1
limxT=x = limy = g=l==
x=l x=+1

Example 5: indeterminate form of 0 = o
Find the limit lim,_,+(x = lnx)
lim x«lnmx =0 = oo

=+t
Using L'"Hdpital's Rule:
| 1
nx -
lim xsInx = lim — = lim —£—= lim —x =0
=it =l l =t 1 Xt
X xZ

F. Now you try some!

1. i Ein 3x
. lm:_.u?
3 Srt—gxi-1 Note the trick that is

1 i T —
Lk T ————

needed here - what
happens if you use
L Hépital's Rube without
miaking this initial change?

i
[
llm_.:._,mF

limy, o x* inx

1
limy ., p x>

Why does the lim,_,_, 20—

1
v not equal "'I;hn'??

oo s w
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7. Earlyintheir presentation of limits, most teachers present the following two limit facts as

sind oos §-1

special cases: llmﬂ_,ﬂ,T =1 and lln'l,ﬂ_'DT = (. Verify each by using L'Hbpital's

Fule,

Limits to Infinity (Horizontal Asymptotes)

What happens to a function as it goes further and further out to the left and right? Well, that depends
on the function. But half of the answer can be discovered by allowing the independent variable to take
onincreasingly large, positive values and keeping an eye on the out put (the graph) - this investigates
what is happening as we go further and further to the right. The other half is discovered by allowing the
independent variable to take on increasingly large, negative values and, again, keeping an eye on the
output— this investigates what is happening as we go further and further to the left.

Here are some basic facts and some generalizations that will be sufficient to evaluate most “limits to

infinity".

Consider the function as an algebraic fraction, and consider the ratio of the leading terms. Let the
algebraic expression in the numerator be expressed as nfx) and the algebraic expression found in the
denominator be expressed as dfx), then
® [|fthe degree of the numerators is lower than the degree of the denominator, then
llm;_.m% = [, In general, whenever the denominator grows faster than the numeratar, the

limit will go to zero. Thus, in these cases, as the graphextends far to both the left and the right,
the output [i.e., the graph) gets closer and closer to 2ero.

Here is a list of functions in order of their rate of growth — guickest to slowest:
xl, 4%, 3%, 25 xt ox? x? xlogx, x logy, L3, 2,1

Examples:
li 5xt-2x®47x-13 _ li st li 5 _ 0
& Moo et Mrow T = MMyae =
. fxlog x+5x-2 . Gxlogx
b. lim —_—=i —=10
EE axTax—14logx X=om gy

¢ [fthe degree of the numerator is higher than the degree of the denominator, then
nix)
dlx)
denominator, the limit will go to positive or negat ive infinity. Thus, in these cases, as the graph
extends far to both the left and the right, the owutput (i.e., the graph) increases or decreases

without bound. In these cases, each side needs to be considered separately.

[y g = oo or — oo, |n general, whenever the numerator grows faster than the
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Examples
. dx¥+xi-5 . ax -
. |lmx_,mm = |ll’I‘lj.:_,,;,.u F = |lIfI]j.:_,,;,.u ;I = 0o
whereas lim e lim 11‘3 = —
A= grx47x? X==om =
xl-logx+1 x!—logx+1

. . xl! .
b, limy g = Ilm-t"mz_.x = 4o [Note that lim,_, _g,

2*+3x%-Slogx X43x5=5logx
is meaningless since x1 is not defined for negative values.)

¢ limy, 2x* — 5x + 3= +co [Note that lim,_,_,, 2x* — Sx + 3 = +c0 as well [why?])

» |fthe degrees are equal, then lim,_,, % is equal to the leading coefficient of nfx) over the
leading coefficient of dfx).

Examples:
Ii Bxt-2xPax-4 _ li axt I i _ 3
d. Iml’—}l:-il 442x—Ex? - Im]:’—}l:-zl —Cy3 - 'mx—>-:-:| -5 - 5
1
. 2
b_ ||m .!1_:_ —_—
A IE-"-— log xed 3};4 3

G. Now you try somel

1 lim Z2xV=2x45
‘ A= 327 4B Bx4 13
2. lim _Gx+l
' IR T T T
, i
3. limy,_m—
. 2*
4 ll.rn;,_ﬂ.wx—z

5 lim,, m=3x? +2x* - 4x+5



