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Implicit Differentiation. Logarithmic Differentiation

Implicit functions. If a function can be expressed as ¢ = f(z) it is said to be in the explicit
form. However, in sone cases, the variables o oand ¥ can be related with an equation Filx, o) =
which camnot e solved for . The relation

Fix, 4=

is said to define an implicit function. If & function is given in the form fix,y) = gle,y) one can
always consider 1L in the Torm Fla gy = 0 when subteacting the right haml side from the whole
oopuation,

The graph of the relation Flz, g} =0 may fail the vertical lime and soo it may pot be a function
bt & collection of several pieces each of which passes the vertical line test and, for itself consti bobes
a funetion. Despite of this misnomer, the curve delined by F (e, o) = 005 still reler bo s an implicit

Sunetion,
The most famous example. One of the H0, a)
mnost widely used examples of an implicit function y=v {32_}:2}

i a circle. Recall that the equation of a civele of
radiug o centered at the origin is

f+1|'2=n2.

The cirele Fails the vertical line test so it is
not o function, When solving for vow, vou have
that 42 = o? = 22 awl =0y = :I:\.-"'m This y=-y [az-xz}
also indicates that the circle cannot be described (0, -a)
with a single explicit foetion. The upper hall

(2, w)

(-a, 0) (0,00 Jia 0]

is piven by & = a® — a2 ol the Llower half by xipyl=gl
= —yat — 22, The fact that the cirele cannot be Y
described by a single function greatly contritabes d
to introduction of parametric and polar coovdi- ¥
nates which vou will cover in Caleulus 2,
X

Other examples of implicit corves include:

. l"'“l[il"'iL o+ 5’ [0, b

o hvperboln j-} - 5 =1

o lemmiscate (27 + 5 P = a® (2% — 7). (3, ) (@, 0)

o astroid 249 4+ 425 = 2% and

o the folivm of Descartes 2% 44 = Jaxy, (0. -b)

Ellipee
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where a and & ave positive constants, Take alook at the Wikipedia page (ol wateh the animations)
to find out about the orvigin and relevance of these curves,

(Q.a)

s, O EEXCTE

(-a.00

Hyperhaola, lemniscate, agtrodd, ad the foliwmn of Descartes

Derivative of an implicit function. It is pmﬁihh! Lir fineel Lhe dlerivative of an i.[l][:ll.i.l'i.l. [nction
Fiz, y) = 0 cven without solving the equation for p to do that, one can

1. Differentiate the whole equation Flz,y) = 0
Eing the chain rule for differentiation of the terms containing .

2, Bolve for the derivative o

Lot s ilusteate this metlesl on [ineling dlevivalive of Lher civele centerad at the Crigin.

Example 1. Fid the dedabive o of the clecle a2y gz = h awl wse 10 b Tl an equation of the
tangent line at the point (2, 1),

Solation. Start by differentinting the equation 2® +3* = 5.

da ., a d . d . ., P -
-l T} = — — ") =iy =1 Ir 4 2y’ =10
fax I:J tu } ;.I'.'J"] = fr l:J }+ ol I:H } = sl

Note that we wsed the chain rule when dilferentiating °. Treat the function 4* as the composite of
the outer (_)° and the inmer i The derivative of the outer, keeping the inner undianged, is 2y and
Ll derivabive of Lhe inner is . So, the derbmbive s 204/

Finally, solwe the last equation for 3 to get

oty =0 = Wy =- = wi=-2 = 3"=_?$.

At the point (2, 1) the derivative has value o = “T' = 'Ti = —2 giving vou the slope of the tangent
line. So, the tangent line sy = 1 = =2(x = 2} = y = =2 4 5.
Example 2. Fiml the decivative of the lunetion (e + ‘Ey}3 = _._-;;:2‘ + 7 aml evaluate it at (0, 1)

Solution. Dilferentiabe botl side of the equation. Use the chain rule Dor Clee Lell stde with ionoer
function 32 + 2y, The devivative of this inner function s 3 + 2. Use the product rale for the right
bl siele with fl:.J]- = i atul HI:.'J']' = 27 g Lhal f’I:J]- = g’ aiwl _[;’I:J]- = 20 Tlais we lave

i d . . d ; ; .
—(3x o 2y)? = —(ge™) o o— 3A3x + 24034 2 ) = o e 4 2™
(b 2yt = (™) b =(T) = B 2034 20) = e 4 2
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In ordor tosolve for o, vou nesd to keep all the terms with g on the same side, Distribute the torms
on the left side so that it is clear that it consists of two terms, one with and one without

003z + 24)° + 61/ (3x + 2y)° = pe™ + Zye™
":;I.'IHI[] Lhee L Lertnns wil b {',r’ Liv Ll sanme side and the retnaining L Leries on Ll ol b sinle,
Gy (32 + 2y)° — o™ = 2ye™ — 9(3x +2y)°

Finally, factor o on the left side amld solwe for it
Mote that the left side consists of two tenms, the first

2ye™ — B{dr + 2y)*
Gldz + 2yP — ™

of (6032 + 2y — &) =29 — 03z + 2)® = o' =

When c =0 amd =1, ¢ = %ﬂ— = = = =148,

Example 3. Using implicit diferentiation and the fact that derivative of sinx is cos o, show that
the derivative of cos @ s — sinae,

Solution. Starl from the identity sin? x4 eos? r = 1 which relabes Lhe sine and cosine lunelion
el differentinte hoth sides,

i)

—|::~.m o J}——I: b= ‘Jmtu—(huu}+’311H~|J—(11|h1}_ﬂl =
l' 1'

i 1 d
‘.-E:-:'Lu.:umﬁa:+2mﬁa:ﬁ(mﬁa:} = = sinx + ﬁl:{‘ﬂﬁl} =0 = —I:fﬂﬁl} —sinz,

Logarithmic Differentiation.

Assume that the function has the form v = flz)™ where hoth f and g are non-constant
Munetions,  Althowgh this Tunetion is nob oplicit, b does nob Call wider sy of Che Gorms Toe whio
we developad differentiation formulas so far, This is because of the following,

o [norder to use the power tule, the exponent needs to be constant,
o In order to use the exponential hmetion differentiation formula, the hase needs to be constant,

Thue, no differentintion rule covers the case y = f{x P These functions sill can be diffeventiated
by wsing Lher metbosd known as Lhe logarithmic dilferentiation.

To differentiate a function of the form ¢ = f{2 P follow the steps of the logarithmic differenti-
ation below,

1. Take ln of hoth sides of the cquation & = f(a:}*'[":'.
2. Rewrite the vight side Lo fia)? as gia) - o f{2)).
3. Differentiate hoth sides,

4, Solve the resulting equation for '
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Example 4. Find the derivative of 3 = 2",
Solution. Follow the ships of Lhe lugariLhm'u.: lilferent inkion.

1. First take Lo of each side to gel g = lona®
2. Rewrite the right side as 2lne to et lngy = 2 In a2

3. Then diffcrentiate hoth sides, Use the chain rule for the left side noting that the derivative of
Lhe inneer Dot oo i i y" Lse Lhe [JnM[Lu:L il [or Ll r'LJ;_hL siale, Obain %y" = lnx 4 lr_:

4, Multiply botly sides with o to solve For o and get o = (luax 4+ Uy, Finally, recall that g = 2*
to mot the deriwmtive solely in terms of & as

o' =(lnz + 1L}x”,

Practice problems.

1. Find the deriwmtive :—'} af the following implicit functions,
(a) 22 4 xyt =6 (b} o2 4 120y = o (e} xe¥ + 2% =4
2, Find an equation of the line tangent to the graph of the given curves at the indicated point,
(a) 2+ =13 (3,2) (b} xlny = 22% — 2y (1,1) (e} 2 + 7 =e¥; (1,00

3. Find the derivative of the folleving functions,

(a)y = (da)™ (b) = o (c) w=(lnx}" (d} o= (o + 2)*7
Solutions.
Lo(a}) e +ay') = £(6) = L+ 1+ v a=0= sy = -2a—y' = o = 'i’; . =
appy?
- Ayt T

(b} (2% 4 122y) = £(y") =+ 322 4+ 12 J+‘f 122 = 3p o o = 327 4 12y = 3y = 122y
307 1 12y = (397 — 120}y o = LA = Dty
(c) u;':“y + %) = 1,:':1"' b= Lee¥ ¥y vx+ 20 = 2oy = &+ 20 = Dy — et = e 421 =
(29 el o = oz

2. (a) Fiwd the derivative first using implicit differentiation, ﬁl{m"’+3r"’} = ﬁ[lﬂ} =2+ =
= 2y = -2 =y = 'T‘ At point (3,2}, the derivative is o' = T"' So, the tangent line is
y—2== I[:r.—3}==ry— '3J:+¥.
(b) = (x lny} = (227 —2y) = lny+ 1-1#-.:1: =iz -2y = 'ty = Ga? — lny = (2+3) =
G = lny = ¢ = Ej—l'l_ik Al point (1,1}, the derdvative s ' = !_;'=ﬂ = 2. The Langenk line is
y—1=2c—1)=y=20-1
(e} £lx?+e?) = (e} = 2o+ Oyptf = ¥y = 2o = My -2y = 2x = ("Wl = ¥ =
AL point (1,0}, the derbmtive s ¢ = ]Ti.;. =2 The tangent lineis =0 =2{x =1} = y = 20 -2,

4
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. (o) Use logarithmic differentiation Iny = In(32)> = Szln(dz) = 24 = Sln(3x) + 20 =
{a) Use L | diff. 1 Lnf3x) Ln(3x) ;1." In(3x) + =
¥ = (5ln(3a) +5ly = ¢ = (5lu(Z} + 5) 3P,
(b} Use logarithmic differentiation ¥ = 2™* = Iny = na"* = lnzlnr = (lnx)* = %y’ =
2 ln_'r} =i =2 ln.‘r}]_'r]"".
¢} Use loganitlonic differentiation Iny = In(lnz}* = zlnflnx) = o = nlluz) + —=x =
(¢} Use logarithmic differentiation lny = In(lnz)* = zInflnz) = Ly = Infln) + =2
_g,r‘ = [l[ll:l[l.‘r} + ﬁ] o= y’ = |:ln|:lu :r} + ﬁ}[ln _'r}".
(d) Use logarithmic differentintion oy = ln(3e 4 271 = (20 = 1) In( 3 + 2) = ly‘f,r‘ = 2n 3z +

%)+ =y = (2n(32 +2) + 50y = i = (2In(3x +2) + L) (3o 20,




