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Limits:

When the values of a function f(x) approach the value L as X Approaches
C, we say that F(x)has limit L as X Approaches C.

OR:)l(l_rg f(x) =1L

*Notes:

1. For identify function (f(x)=x)

limx =0
X-C

2. For constant function (f(x)=Kk)

3. }(i_r}rék=k
7
L. 2 l
S B &
< .1‘ —> 4 »
C C
' 7?;3_1 . fig-2
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Properties of limits:
For
)1(1_r)ré FFx)=L, & X—1>1Cm F,(x) =1L,
1. )l(mé[ FF) K] =L £ L,

4, )lfiné[ Fi(x)xk] =k x L k: constant

o IfF(x)=a,x"+a,_x" 1+
e a, is any polynomial function:

. )1(11% fx)=f(c)=a,C™+a,_CV 1+ .. a,

Ex (1): find the limit of the function f(x)=x+1 as x
approaches 3?
Sol/

)l(l_r)réf(x) = )l(l_rgx +1

limx + lim 1
X—-3 X-3

3+1=4
Ex (2):
x3 =27
lim
X-3 x—3

03 —27 0
0-3 0
- (x—3)(x*+3x+9)
X-3 (x—3)
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: 2
)lg_rg(x +3x +9)

(324+3(3)+9) =27
Ex (3): Evaluate

o x*+x-2
llmz—
X-1 X —X
12+1—2_O
12—-1 0
(x+2)(x—1)
x-1  x(x—1)
(x4 2)
lim
X-1 X
1+2
=3

1
Ex (4) find the limits:

Ex (5) find the limits:

o x2=T7x-10
lim
X—2 x —2

y (x —2)(x —5)
X5 (x—2)

)1(1_1’2(9(—5):2—5:—3
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EX (6):

3—x x<2
—J)x
f(x)_{§+1 x> 2

a— flnd)l(l_rg f(x)and Xll)rzlzf(x)
b — dosexlirzl2 f(x) exist? why

Sol/

_ X 2
a—)l(l_l}%f(x)—)l(l_rgz+1 —§+1—2

b—)}ir{lzf(x) =Xlin_12(3—x) =3-2=1
lim f(x) # Jim f(x)
Limit does not exist
Ex (7):
lim ﬂ
x-1 (x — 1)?
o (x=D*+x+1)
)1(1—1311 x-—1Dx-1

. (x> +x+1)
X1 (x—1)

Limit does not exist
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H.W
Let:
3—x X< 2
f(x) = 2 y X =2
> X > 2

a- Find )l(i_rgf(x)and Xllrzlzf(x)

b — doseXlirzl2 f(x) exist? why

1.1
Ex:find lim =
X—->—-2x°+8
(x+2)
. 2X
|
P (x+2)(x2—-2x+4)

1
y
P 2x(x? —2x + 4)

1
T 2(-2)((—22—2(-2) + 4
_ -1
=8

Ex:
- 3—+x+5
lim ————

X-4 x—4

Y 3—vVx+5 3++Vx+5
1m *
X-4  x—4 3+Vx+5

y 9—-(x+5)
im
X-4x —4(3+Vx+5
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X—-4 x—4(3+Vx+5
—(x—4)

lim
X=4(x—4)B3+Vx+5

-1 -1 -1
lim = =
X>4(3++vVx+5 @B+V4+5 6

The sandwiches theorem

f(x).h(x).g(x)is function

if f(x) <h(x) <gk)
The sandwiches theorem is:

For all x # ¢ and limg(x) = limh(x) = L
X—-c X—-c
Then limf(x) =L
X-c

Ex (1): find limx*cos =
X-0 X

1
—1<cos—<1

X
1 4
—-1< cos; <1|=*x
1

—x* < x4cos; < x*
: 4 : 4 1 : 4
lim — x* < lim x*cos— < lim x
X-0 X-0 X X-0

lim — x* = (0)* = 0 g(x)

X-0

LA (VA —
)1(1_r)r(1)x = (0)* =0 h(x)

1
0<cos—<0
X
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h(x)=9(x)
Cross ponding to sandwiches theory

lim x* L 0

lim x cos;— f(x)
P 2. 1

Ex (2): find )l(l_I}%) (x“sin ﬁ)

Sol/

1
—1<sin—<1
X

1 5
—1<sin—<1|* x
X

1
—x2 < x%sin—< x?
X
. 2 . 2 . 1 . 2
lim — x© < lim x“sin— < lim x
X-0 X—0 Vx © X-0

o 2 — ()2 =
lim — x (0)*=0 gx)

2 ()2 —
)l(l_r)r(l)x = (0)* =0 h(x)

Sandwiches theory is:

: 2.1
)l(l_r)r(l)x sm\/;—Of(x)

COS X

Ex (3): find lim
X

So00 X2+1

Sol/
—1<cosx<1
[-1 <cosx <1]+ (x*+1)

-1 < COSX < 1
X2 4+17 x2+4+17 x%2+1
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_ -1 _ cosx _ 1
lim < lim < lim

X—c0 x2 +1 7 Xo0 x2+ 17 X-o x%2 41
. —1 —1 -1 .
im = = =0..

X-0 x2 +1 0?41 002 9(0)
. 1 1 1 0. h()
im = = =0..

X-o0 x24+1 0241 002 X

By sandwiches theory
CoOSXx

Jlim 2 7=0- /0
Ex (4):
Find lim 2= by using sandwiches theorm?

X—o0 X243
Sol/
—1<cosx<1

[-1<cosx <1]*-1
1> —cosx = -1
[1>—cosx>—-1]+2
1+2>2—-cosx =—-1+2
[3>2—cosx>+1]+ (x2+1)

3 2 — coSsx +1
= >
x2 +1 x2+1 x2+1
_ 3 . 2 —cosx _ +1
lim > lim ———— > lim
X—00 x2 41 X-o0 X241 X-0o x2 41
y 3 3 3 ) )
im = = =0....
X-o00 x24+1 00241 002 gix
+1 1
lim =0.... h(x)

X500 x2+1 02 +1 o002
By using sandwiches:
2 — cosx

lim ——— =0 ........ £

X-00 x2 41
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Ex (5): find )l(l_f)l}} g(x)for the function
lim|g(x) - 5] < 3(x — 4)*
Sol/
—3(x—4)2 < g(x) =5 < 3(x — 4)?
[-3(x —4)? < g(x) — 5 < 3(x — 4)?](+5)
5—3(x—4)2<g(x) <5+ 3(x —4)?

)l(irriS—B(x—AL)z =5-3(4—-4)*=5...... g(x)
)l(irréll5+3(x—4)2 =5+3(4—-4)*>=5...... h(x)
)l(l_rg gx)=5 ...... f(x)

H.W
1 lm 5x2+025(7x—2)
X—o00 x<+1
> lim COSX+2
X—oo X+3

. 1
3. lim x?sin—;
X-0 x

. 1
4. lim 3 — x?% cos=
X-0 X
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Exercises 1.2

Limit Caloculations
Find the limits in Exercises 1—16&.

1. lim_(2x 4 5) 2. lim {10 — 3x)
x—=—T Jar=—= 12
A lhim (—xt + Sx — ) ER ]im] (r® — 2% 4+ d4x + 85
S. limi Bi¢r — S)¥ier — T) B. lim 352 — 1)
= g—=2 %
X+ 3
r A 8.
:l—-m: X == (o J“:I;- x — 7
. ¥ . ¥4+ 2
o, 1 1. 1 —_—_—
J-—L~I-E!-5—_'|-' yoz ¥ 4 Sy + 6
1. lim 3(2x — 1)* 12, lim (x + 3)%%
13 Iirn} (5 — wp*? 1k, ]in'rnl 2z — #)432
= g—=
15. s = 16. L 5
- Im e ————— - 11T e —
A—0 V3R 4+ 1+ 1 =0 SR 4+ 4 4 2
Fimnd the limits in Exercises 1730,
. x —5 . x4+ 5
17 I =% 18 i, T ax a3
2 _ 2
19, lim St 3= — 10 0. lim . —'x+ 10
It ==, x5 I E xr =2
_ [ S . . £ o 3r - X
M = B bm 3
. —2y — 4 S 4 2y?
23. 1 — e — 24, ha e
Pl S R yd 3Iy* — 1GyE
i wt — 1 i vt — 8
B e 26- M e
27. lim ¥X—3 28, lim
r—2  x —4 a4 2 —
— 2 —
20, tim —~ " 30, lim Y TE2

2ol St 3—2 xe x4+ 1



