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Limits and continuity :
Limits : The limit of F(7) as r approaches C is the number L if:
Given any radius £ >0 about L there exists a radius J =0 about
C such that for allv, 0 <|f— C| <& implies |F(f) — I.| <& and we
can write it as :
limF(t)=L

t—=C

The limit of a function F(r7) as r—C never depend on what
happens when 7=C.

Right hand limift : lim F(r)=L
t=ct

The limit of the function F(7) as f —C from the right equals L if:
Given any £ > @0 (radius about L ) there exists a 6 > 0 ( radius to
the right of C ) such that for all 7 :

C<t<C+6=> |F(t)-Ll<e¢
Left hand limit : lim F(t)=1L
=C

The limit of the function F( 7) as f —C from the left equal L if:
Given any & > ) there exists a 6 = 0 such that for all 7 :
C-8<1<C> |F(1)-L<e¢

The limit combinations theorems :
1) lim[F,(t)F F,(t)|=&im F,(t)Flim F,(t)
2) lim[F,(t)* F,(t)|=1lim F,(t)* lim F,(t)
F.(t limF, (t
3) lim 1( ): (1)
F,(t) limF,(t)
4) timlk*F,(t)|=k*tlimF,(t) Yk

Sin@
5) lim
60 g

where [limF,(t)#0

=1

provided that 6 is measured in radius

The limits (in 7 — 4 ) are all to be taken as r—C and F;(f) and F( 1) are
to be real functions .
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Thm. -1 : The sandwich theorem : Suppose that (7)< g(t)< h(f) for all
f# C in some interval about C and that f{7) and &(f) approaches the

same limit L as7—C , then :
limg(t)=1L
t—C

Infinity as a limit :

1.The limit of the function f{ x ) as x approaches infinity is the number L:
lim f(x)=L . If, given any & =0 there exists a number M such that
e ]

forall x : M<x = |f(x)-L<e.

2. The limit of f{ x ) as x approaches negative infinity is the number L :
lim f(x)=L .If,given any &£ > (0 there exists a number N such that
X——m

forallx : x<N = |[f(x)-L|<e¢.
The following facts are some times abbreviated by saving :
a) As x approaches ¢ from the right, I/x tends to «=.
b) As x approaches ¢ from the left, I/x tends to -=.
c) As x tends to «o , I/x approaches 0.
d) As x tends to -« , I/x approaches 0.

Continuity :

Continuity at an interior point : A function y = f{ x ) is continuous at an
interior point C of its domain if : Hr.g f(x)=f(C) .
XN—

Continuity at an endpoint : A function y = f{ x ) is continuous at a left
endpoint ¢ of its domain if : ﬁni f(x)=f(a).
xT—a

A function y =f{ x ) is continuous at a right endpoint b of its domain
if: ﬁr;t_f(x):f(bj.
-

Confinuous function : A function is continuous if it is continuous at

each point of its domain .
Discontinuity at a point : If a function f is not continuous at a point C.
we say that f is discontinuous at ¢ , and call C a point of

discontinuity of f .
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The continuity test : The function y =jf(x ) is continuous at x=C if
and only if all three of the following statements are true :

1) f(C) exist (C isin the domain of /).

2) fﬂrg f(x) exists ( f has alimitas x—C).

3) Hng J(x)= f(C) ( the limit equals the function value ).
X=p

Thm.-2 : The limit combination theorem for continuous function :

If the function J and g are continuous at x = C, then all of the
following combinations are continuous at x=C :

1) f+g 2)f.g 3)kg Vk 4)g,f . [f,g 5)f/g

provided g(C)=0

Thm.-3 : A function is continuous at every point at which it has a
derivative . That is , if y =f(x ) has a derivative f'(C) at x=C,
then f is continuous at x=C.

Example: Find
5x7 + 8x7 x'—a’
1 lim—— 2 li
) -‘E::’ 3x'—16x’ ' / \ﬁnﬂ x'—a’
-y ‘
3) lim S{n * , 4) lim fan2)
=0 Sin3x =0 3y
Sin2x 1
5) lim———- , 0) If'm[l +Cos —J
=0 2y 4 x X—3® X
3x' +5x7 -7 3y+7
7) im0 . 8)  lim>
oo JOx” —11x+ 5 yom p? =2
N
9) lim }‘ ! , 10) lim
e 2x  —7x+5 v=-1" X+ ]

x> X x>

11) lim {_"05(1— 5’"”‘} . 12)  lim .s*m(% Cos(tan x)J
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S0l.-
5P +8xT . 5x+8  0+8 1
1) lim-— = lim—— = =—
=0 3xT —16x —03x  —16 0-16 2
3 3 2 2 2 2 2
2) .Fime anmn (x—a)(x +rrxjrr1 ,: __a +a ;{-ﬂ } :i
= X — m(x—a)(x+a)(x +a ) (a+a)(a +a ) 4a
Sindx . SinSx
© 5x 5 ﬁ'gﬂ Sx 5
3) lim——— =2 ==
) O Sin3x 3 Sindx 3
3 lim
3x Ixal I x
fan2y 2 i ) 1 2
4) 1im™ Y 2 g Y lim -
=0 3y 3 =0 2y =0 Cos2y 3
Sin2x Sin2x 1
5) lim————=21Iim Aim =2
=0 2x° + X Ixs8 2x o0 Qx4+ ]

1
6) Hm(l+(‘as J=I+Cc}s£ﬂ:2

X = X
L 57
Coaxiasxior o YT LT
7) lim F =lim -
oo J0x° —IIx+35 e 11 5 Ig
10—+,
X X
3 7
3y+7 T 0
8) tim2T —im? Y Ty
yow T — 2y 2 1
-
1
3 1-
x -1 .3 1
9) fim—— — lim xt
yowm T —Tx 45 w2 7 5 0
X X X
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10) lim - _
X+l 141

11) lim Cas[z - S’""‘J = Cas[f — lim Sf”xJ = Cos0 =1

X x>0 X

—o0

12) lim an(i Cos(tan x )J - an{i Cos(tan 0 )J - an(i Casﬂ} —sinZ =1
x—=l 2 2 2 2

EX-  Test continuity for the following function :
[ x? 0 —d< x<l]
2x 0<x<l1
J(x)=1 1 x=1
-2x+4 1I<x<2
0 2<x<3 |
Sol.- We test the continuity at midpoints x =0, 1, 2 and endpoints x =-1, 3.
At x=0=> J(0)=2*0=0

lim f(x)=lim(x’—-1)=-1
=0 x=0 ‘
AT =g 35=0= 1oy J(%)
Since Il_l)lz f(x) doesn't exist

Hence the function discontinuous at x=10

Ar x=1= [f(1)=1
lim f(x)=Ilim2x=2
x—=1" x—=1
ﬁfn+ flx)=lim(-2x+4)=2=1Iim f(x)=1Iim f(x)
x—»1 x—=1 x—=I" R
Since ffﬂi f(x)= f(1)
N
Hence the jfunction is discontinnous ar x=1
At x=2=  f(2)=-2%2+4=0
lim f(x)=lim(-2x+4)=0
=7 =
h'm+ f(x)=lim0=0=1Iim f(x)=lim f(x)
x—7 x—7 =2 x =2
Sirnce Iﬂrgf(x):fm‘):ﬂ

Hence the function is continuous at x=2
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At x=-1=> f(-1)=(-1)’-1=0
tim, f(x)=lim(x*~1)=0=f(~1)

Hence the function is continuous at x =-1

Af x=3=% [f(3)=0
lim f(x)=1lim0=0=f(3)

Hence the function is continuous at x=23

EX-  What value should be assigned to « to make the function :
f(x)=

x =] x<3

2ax x=>3

continuous atx=37?

Sol. -

lim f(x)=1lim f(x)= lim(x’-1)=lim2ax=> 8=6a> a=
x—=3 =3t x—3 =3

W |

H.W

1. Discuss the continuity of :

r 3

xX+— for x<0
X

-x* for 0<x<lI
M _g g tewcal
1 Jor x=2
0 JSor x>2
(ans.: discontinuous at x=0,2 ; confinuous at x=1)
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2. Evaluate the following limits :

a) lim =0 b) tim 1+ Snx
—‘ ,‘.AS" —‘
) lim— d)
o oo (x4 Sinx )
1_ [—. /"+1_ 2'-
e) lim—>% r) tim3EE J2x
x=»1 J—x x—>1 X’ —-x
g) lim(\Nn’ +1-n)
n—w
(ans.:a)1/2, b)0, ¢)1/3, d)0, e)1/2, f)-1/2\2, g)0)
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