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Limits of functions     
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Layth E. P. 

Limit of a Function:. 

If f is a function, then we say: 

A is the limit of f (x) as x approaches a if the value of f (x) gets arbitrarily 

close to A as x approaches a. This is written in mathematical notation as: 

𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) = 𝑨 

For example: 

lim
𝑥→3

𝑥2 = 9

lim
𝑥→0

𝑥 = 0 

lim
𝑥→2

4 = 4 

The limit law:. 
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Example:. 

Indeterminate quantities :. 

0

0
      ,  

∞

∞
       ,   0*∞   ,  ∞ - ∞  ,  ∞0  ,   00

Example:.    lim
𝑥→−2

−2𝑥−4

 𝑥3+2 𝑥2

 Solution: 
−2∗−2 −4

 (−2)3+2 (−2)2 = 
0

0
  = ∞   , then the solution 

lim
𝑥→−2

−2(𝑥+2)

 𝑥2(𝑥+2)
  = lim

𝑥→−2

−2

 𝑥2  = 
−2

 (−2)2 = 
−2

4
= 

−1

2

Example:.  lim
𝑥→2

 𝑥2−4

𝑥−2

0

0
  = ∞ 

Solution:    lim
𝑥→2

(𝑥−2)(𝑥+2)

𝑥−2
  =    lim

𝑥→2
 (𝑥 + 2) = 2 + 2 = 4 
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Example:.  lim
𝑥→0

 
𝑥

1−√1−𝑥

0

0
  = ∞ 

Solution:  lim
𝑥→0

 
𝑥 (1+√1−𝑥 )

(1−√1−𝑥)( 1+√1−𝑥  )
 =  lim

𝑥→0
 

𝑥 (1+√1−𝑥 )

1−( 1−𝑥 )

=    lim
𝑥→0

 
𝑥 (1+√1−𝑥 )

1− 1+𝑥 
 =    lim

𝑥→0
 

𝑥 (1+√1−𝑥 )

𝑥 
 =    lim

𝑥→0
  (1 + √1 − 𝑥 ) = 2 

Example:.  lim
𝑥→0

 
√𝑥2 + 100 − 10

𝑥2

0

0
  = ∞ 

Solution:  lim
𝑥→0

 
(√𝑥2 + 100 – 10)( √𝑥2 + 100+10)

𝑥2 ( √𝑥2 + 100+ 10)

=   lim
𝑥→0

 
𝑥2+ 100−100

𝑥2 ( √𝑥2 + 100+ 10)
 =  lim

𝑥→0
 

𝑥2

𝑥2 ( √𝑥2 + 100+ 10)

=   lim
𝑥→0

 
1

√𝑥2 + 100+ 10
 = 

1

√0 + 100+ 10
 = 

1

 10+ 10
= 

1

 20

Limits of  trigonometric functions:. 

If a is constant. 

 lim
𝑥→0

 sin 𝑥 = 0  lim
𝑥→0

 cos 𝑥 = 1  lim
𝑥→0

 tan 𝑥 = 0 

 lim
𝑥→0

 
sin 𝑥

𝑥
 = 1  lim

𝑥→0
 

sin 𝑎𝑥

𝑎𝑥
 = 1  lim

𝑥→0
 

tan 𝑥

𝑥
 = 1 

 lim
𝑥→0

 
tan 𝑎𝑥

𝑎𝑥
 = 1  lim

𝑥→0
 

1−cos 𝑥

𝑥
 = 0 

 Example:. Find 

1. lim
𝑥→0

sin 2𝑥

5𝑥
= 

1

5
 lim
𝑥→0

 
sin 2𝑥

𝑥
= 

1

5
 lim
𝑥→0

 
sin 2𝑥

𝑥
  * 

2

2

= 
2

5
 lim
𝑥→0

 
sin 2𝑥

2𝑥
=  

2

5
* 1 = 

2

5

2. lim
x→0

sin 2x

sin 3x
 =  lim

x→0
 

sin 2x  
2𝑥

2𝑥

sin 3x  
3𝑥

3𝑥

  =  lim
x→0

 
2x   

sin 2𝑥

2𝑥

3x  
sin 3𝑥

3𝑥

= 
2

3
 lim
x→0

 
 sin 2𝑥

2𝑥
sin 3𝑥

3𝑥

= 
2

3

 lim
𝑥→0

 
sin 2𝑥

2𝑥

 lim
𝑥→0

 
sin 3𝑥

3𝑥

= 
2

3
 * 

1

1
= 

2

3
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3. lim
θ→0

θ

sin θ
  =  lim

θ→0
 

1
sin θ

θ

 = 
1

 lim
θ→0

 
sin θ

θ

= 
1

1
 = 1 

4. lim
θ→0

sin2θ

θ2  = (  lim
θ→0

 
sin θ

θ
 )2 = (1)2 = 1 

or     lim
θ→0

 
sin θ

θ
* lim

θ→0

sin θ

θ
 = 1* 1 = 1 

5. lim
ℎ→0

cos ℎ−1

ℎ
 =  lim

ℎ→0

−2 sin2(
h

2
)

h

 because [ sin2h = 
1−cos 2h

2
, sin2(

ℎ

2
) = 

1−cos h

2
] 

= - lim
ℎ→0

sin2(
h

2
)

h

2

 = -  lim
ℎ→0

sin(
h

2
)

h

2

* lim
ℎ→0

sin(
h

2
) = -1 * 0 = 0 

6. lim
t→0

tan t    sec 2t

3t
 =  lim

t→0
 

sin t

cos t
∗ 

1

cos 2t

3t

= 
1

3
 lim(

t→0

sin t

t

1

cos t

1

cos 2t
) = 

1

3
 lim 
t→0

sin t

t
  . lim 

t→0

1

cos t
 . lim 

t→0

1

cos 2t

= 
1

3
* 1 * 1 * 1 = 

1

3

7. lim
x→0

x sin x

2−2 cos x
= lim 

x→0

(x sin x)( 2+2 cos x )

(2−2 cos x ) ( 2+2 cos x )

 =  lim
x→0

(x sin x)( 2+2 cos x )

4−4  cos2x
=  lim

x→0

(x sin x)( 2+2 cos x )

4( 1 −  cos2x )

=  lim
x→0

(x sin x)( 2+2 cos x )

4  sin2x 
 lim
x→0

x( 2+2 cos x )

4 sin x 

=  lim
x→0

2+2 cos x 

4 
sin x

x

 = 
2+2

4∗1
= 

4

4
 = 1 
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8. lim
x→

π

4

tan x   − 1 

x − 
π

4

[ let     y = x - 
𝜋

4
,  x → 

𝜋

4
 ,   y → 0 

]

  =   lim
y→0

tan( y+ 
π

4
)   − 1 

y
 =  lim

y→0
 [

1 

y
 (tan( y +  

π

4
) − 1)] 

[tan( y +  
π

4
) = 

tan y+tan 
π

4

1− tan y∗tan 
π

4

= 
tan y+1

1− tan y 
 ] 

=  lim
y→0

 [
1 

y
∗ ( 

tan y+1    

1− tan y   
− 1)] =  lim

y→0
[

1 

y
( 

tan y+1−(1− tan y )

1− tan y   
)] 

=  lim
y→0

 [
1 

y
( 

tan y+1−1+ tan y

1− tan y   
)] =  lim

y→0
 [

1 

y
( 

tan y + tan y     

1− tan y   
)]

=  lim
y→0

 [
1 

y
( 

2 tan y

1− tan y 
)] = 2   lim [

y→0
 

tan y 

y
∗  

1 

1− tan y 
 ] 

 = 2   lim 
y→0

 
tan y 

y
* lim

y→0

1 

1− tan y 
 = 2*1*1=2 

Infinite limits [ as x → ± ∞ ] :. 

The basic facts to be verified by applying the formal definition are. 

lim
x→± ∞

k = k   and  lim
x→± ∞

1 

x
 = 0 

Example :. lim
x→ ∞

( 5 +  
1 

x
 ) =  lim

x→ ∞
 5  +   lim

x→ ∞

1 

x
  = 5 + 0 = 5 

Example :. lim
x→ −∞

π √3 

x2  =  lim
x→ −∞

π √3  
1 

x
∗ 

1 

x
 =  lim

x→ −∞
π √3  ∗

lim
x→ −∞

1 

x
∗ lim

x→ −∞

1 

x
 = π √3 * 0 * 0    = 0 
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Example :.  lim
x→ ∞

5x2+8x−3  
3x2+2

 =  lim
x→ ∞

5x2 

x2 +
8x 

x2 −
3 

x2
  

3x2 

x2 +
2 

x2

 = lim
x→ ∞

5+
8 

x
−

3 

x2
  

3+
2 

x2

         = 
5+0+0

3+0
= 

5

3

Example :.  lim
x→ ∞

11x+2  

2x3−1
 =  lim

x→ ∞

11x 

x3 +
2 

x3
  

2x3 

x3 −
1 

x3

 = lim
x→ ∞

11

x2 +
2 

x3
  

2−
1 

x3

         = 
0+0

2−0
= 

0

2
 = 0 

Example :.  lim
x→ ∞

sin(  
1  

x
 )  = sin(

1  

x
) = sin (0) = 0 

Example :.  lim
x→ ∞

x sin(  
1  

x
 ) [ let   t = 

1

𝑥
  ,  x →∞   ,  t→0 ] 

  =   lim
t→ 𝟎

1  

t
 sin( 0 )  = lim

t→ 𝟎

sin t  

t
 = 1 

Example :.  lim
x→ ∞

( x − √x2 +  16 )   = lim
x→ ∞

( x −  √x2 +  16 ) * 
( x+ √x2+ 16 )

( x+ √x2+ 16 )

  = lim
x→ ∞

x2
  − (x2+ 16)

 x+ √x2+ 16 
 = lim

x→ ∞

x2
  − x2− 16

 x+ √x2+ 16 
 = lim

x→ ∞

− 16

 x+ √x2+ 16 

 = lim
x→ ∞

−16

x

x

x
+ √x2

x2+ 
16

x2

 =  lim
x→ ∞

−16

x

1+ √1+ 
16

x2

 = 
0

1+ √1+0
= 

0

2
 = 0 
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H.W:  Find .

1. lim
x→ 2

x + 3  

x+6
( 

5

8
 ) 2. lim

x→ 2/3
 3x(2x − 1)          ( 

2

3
 ) 

3. lim
x→ 5

x− 5  

x2− 25
(

1

10
) 4. lim

x→ −3

x+3  

x2+4x+3
(

−1

2
)

5. lim
t→ 1

t2+t−2  
t2−1

(
3

2
) 6. lim

u→ 1

u2−1  
u3−1

( 
2

3
 ) 

7. lim
x→ 0

 (2 sin x − 1)           (−1) 8. lim
x→ 0

sec x            ( 1 ) 

9. lim
x→ 0

( x2 −  1) (2 − cos x )  (−1) 10. lim
x→ π

√x + 4  cos(x+π)        (√π + 4) 

11. lim
x→ 0

1+x+sin x  

3 cos x
(

1

3
) 12. lim

x→ 0

sin( 1−cos x )

1−cos x
 (1) 

13. lim
θ→ 0

sin θ  

sin 2θ
(

1

2
) 14. lim

θ→ 0
 θ cos θ    (0) 

15. lim
x→ π

 sin ( x − sin x )   (0) 16. lim
t→ 0

 cos ( 
π  

√19−3 sec 2t
)  (

1

√2
) 

17. lim
x→ ∞

 √
8 x2 −3

2 x2+ x
   (2) 18. lim

x→ ∞
( 

1− x3 

 x2+7 x
 )5           (∞) 

19. lim
x→ ∞

2 √x+ x−1 

 3x−7
   (0) 20. lim

x→ ∞

√x 
3

− √x
5

 

√x 
3

+ √x
5     (1) 

21. lim
x→ ∞

3−x

√4 x2+ 25
          (1/2) 22. lim

x→ ∞
( 

3 

𝑥2
– cos 

1

𝑥
)(1+ sin 

1

𝑥
 )      (-1) 
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