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CHAPTER FOUR: Differentiation

For each point on the curve y = f(x), there is a single straight tangent
line at the point; The slop of straight tangent of the curve y = f(z) at

the point (z, f(z)) represents the derivative at that point.

Let P(x, f(z)) be a fixed point on the curve; and Q(z+ Az, f(z+ Ax))

be another point, so Ay = f(z + Ax) — f(x).
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Note that: At Az, decreasing length (close to zero) the straight se-
cant P() more and more applicability begins on the straight tangent at
the point (x, f(z)). When (Az — 0), knowing that the slop straight
tangent at the point (x, f(x)) represents a derived function at that

point.

_ _ Ay

Mtan = AW Msec = AL Az
Ay flatAz)— f(a)

fla)= lim == lim Ax

Remark: When the value of the limit exist, the function is called

differentiable function, and f  is called the derivative of f at x.
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Remark: The equation of the tangent line at a point (x1,y;) is given

by the following form:

(y - yl) = mtan(x - xl)

Definition: The normal line of a curve is the line that is perpendicular

to the tangent of the curve at a particular.

—1

Mtan

m, =

Remark: The equation of the normal line at a point (z1,y;) is given

by the following form:

(y —y1) =my(r —x1)

¢ o dy _ df(x)
Note] /(x) = y = 1 = 4
Example 1: Let f(z) = 4x — 2, find f'(x) by using the definition?
Solution:-

! T flz4+Az)—f(x
o) = fim, B

S f(r) =4x — 2, f(z + Ax) = 4(x + Ax) — 2

— f) = Jm 4(z + Ax) - i«] — 4z — 2))

o A+ 4Ax — 2 — 4z + 2
= lim

Az—0 Ax
_ 1 4Ax
- A;lcrgo Ax

= lim 4=4
Az—0
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Example 2: Let f(z) =/, find the equation of the tangent line and
normal line at the point (4,2) by using the definition?

Solution:-

/

We need to find: mygn)a0) = f (2)]42)

— f(z) = Alimo x+i:€—\/5
r—r X

VT + Ar — /T Vo + Az + /x

= i :
A0 Az VIt AT+ /T
— lim (x+ Azx) —x
a0 Az(Vz + Az + /)
= lim !
Az=0 \/x + Ax + /x
1 1

VIt+tyT 2z

= Myan = ﬁg — mtan](4,2) = f/($)](4,2) = ﬁ
Now, we need to find the equation of the tangent line at the point
(z1,91) = (4,2)

(Y — y1) = Myan(r — 1)

— y—2= %L(x —4)

— Yy = %:U +1
Next, we need to find the equation of the normal line at the point

($17?J1) - (472)
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-1

Mtan

My = —)mL:_le—ll
(y—yl) =m¢(37—$1)
— y—2=—4(z—4)

— y=—4x 4+ 18

Problems 4.1:

1. Find f’(z) by using the definition of the following function:-
(a) f(z) =2 (b) f(z)=4—=Vr+3

2. Let f(x) = 22, find the equation of the tangent line and normal

line at the point (3,9) by using the definition.

3. Let f(z) = +/x + 3, find the equation of the tangent line at z = 2.
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Differentiable VS. Continuous:

Theorem: If f(x) is a differentiable function at ¢, then it is a contin-
uous function at xg.
Proof: To prove f(x) is continuous function at x,
we need to show: lim f(z) = f(xg) <i.e., lim[f(z) — f(zo)] = 0)
z—0 z—0
Suppose that:
Ar=z—x) = z=1x0+Ax = f(z)= f(xo+ Ax)

Hence, when x — 0, Az — 0

lim[f(z) = f(zo)] = lim|f(zo +Az) — f(z0)]
_ lim {f (o + Az) — f(wo) M}

r—0 A:C

= lim [f(:lio + Ax) — f(xo) .lim Ax}
z—0 A$ x—0

= [(20).0=0

The inverse of the above theorem is not true.

(i.e., If f(x) is a continuous at zy, then it is not necessary to be differ-

entiable at x )

Example: Let f(x) = |z|, and o = 0.
From the above plot f(z) = |z| is continuous at zy = 0.

However, f(z) = |z| is not differentiable at z; = 0.
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T z >0
|z|=
—x <0
Ax Ax >0
L |As)=
—Ar Ax <0
oy fle+ Ax) = f(x))
fla) = Ali‘rilo Ax
— lim |z + Ax|—|x|
o Az—0 AZE
— lim |0 + Az|—|0]
o Az—0 Ax
. |Az|
= lim —
Az—0 Az
Hence, LT = lim =1& L = lim = -1
Ax—0t Ax—0—

Since, LT # L~ = The limit does not exists.

. f(z) is not a differentiable function at xy = 0
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