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8.3 TRIGONOMETRIC SUBSTITUTIONS

So far we have seen that it sometimes helps to replace a subexpression of a function by
a single variable. Occasionally it can help to replace the original variable by something
more complicated. This seems like a “reverse” substitution, but it is really no different in
principle than ordinary substitution.

EXAMPLE 8.3.1 Evaluate f W1 —a2?de. Lot # =sinu so dr = cosudw. Then

[-..;’1 — gy = [vl —sin® weosudu = [v’mmﬂucmimm.

We would like to replace veos® v by cosu, but this is walid only if cosu is positive, since
v eos? o is positive. Consider again the substitution & = sinw. We could just as well think
of this as # = arcsinz. Il we do, then by the definition of the aresine, —/2 < < 7/2, s0
cosi = (. Then we continue:

- 1 1 2 sin 2
[v“mﬁﬂ weos wdn = [Dt‘m‘z il = [#du - %+ ‘1"11 - +C
_arcsinz | sin{2 arcsinx)

5 1 + €.

This is a perfectly good answer, though the term sin{2arcsinz) is a hit unpleasant. Tt is
possible to simplify this. Using the identity sin 2z = 2sinzcosz, we can write sin 2n =

2sinucosu = 2sin(arcsing) v'1 —sin®u = 23:\/1 — sin{arcsinz) = 221 — 22, Then the

full antiderivative is

arcsine 2oyl =3¢ arcsineg xyl = 22
7 "1 ===t

+ C.

O

This type of substitution is usually indicated when the function you wish to integrate
contains a polynomial expression that might allow you to use the fundamental identity

2 2

sin® x 4 cos®* # = 1 in one of three forms:

cos’r=1-—sinz sec®z =1+ tan® z tan® z = soc?z — 1.

If your function contains 1 — :rﬂ, a8 in the example above, try ¥ = sinu; if it containg 1 +a?
try & = tanu; and if it contains 2% — 1, try » = secu. Sometimes you will need to try
something a bit different to handle constants other than one.
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EXAMPLE 8.3.2 Ewluate f v 4 — 022 die. We start by rewriting this so that it looks

more like the previous example:

fmdm=f¢4{1—{&rfzjﬂldr= fwl—{&rﬁ]?dm-

Now let 32/2 = sinuw so (3/2)dr = cosudu or de = (2/3) cosudu. Then

fzm — (3x/2)2 dx = f?v 1 —sin® ©(2/3) cos u du = %fcosg w di

4 dsin2n

=3 + 2 +C
2 arcsing3a /2 2sinucost
_ {3x/2) n ST COS5 1 .
3 3
2arcsin{3x/2)  2sin{aresin{3z /2)) cos{arcsin{3x/2))
- + +C
3 3
2avesin3x/2)  2(3x/2)/1 — (3x/2)°
_ 2avesin(e/2) | 23e/2) TR |
3 3
2aresin3z/2)  @v4 — 02
_ (32/2) | av ‘e
3 2
using some of the work from example 8.3.1. O

EXAMPLE 8.3.3 Evaluaie [ V14 xidr. Let x = tanu, de = see’ e, S0

f V1+xide = fv‘ 1 + tan? usec® ndn = f\a“mf:.ﬂ nsec® wdn.
Since v = arctan(zx), —7/2 < u < 7/2 and secu = 0, so0 vsec® v = secu. Then

f vsee? usee” wdn = f sec u du.

In problems of this type, two integrals come up frequently: f sec” wdu and f sect di.

Both have relatively nice expressions but they ave a bit tricky to discover.
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First we do [ secn du, which we will need to compute f sec” u du:

SCC T - tAnm T
fﬂm wdn = f —idn
*-:m o+ tanw

[ sec? 4 4 sec utanu
soc < tan

dit.

Now let w = secu + tanu, dw = secutanu + sec? udu, exactly the numerator of the
function we are integrating. Thus

sec®n + secu ta 1
fﬂl}cttdtf,:f“m it secu “ﬂdu=f;dw=|n|tt'|+£’

sCC T+ tan n

= In|secu + tanu| + C.

Now for f soc” wdu:

soc? 11 = sec’ u n sec” u _ sec’u  (tan®u + 1) secu
2 2 2 2
_sec’n  secutan®u  secu  sec'u +secutan®u  secu
7t 2 t== 2 t3

We already know how to integrate sec w, so we just need the first quotient. This is “simply”
a matiter of recognizing the product rule in action:

[ soc” = A00 T tan® udu = secu tan .

So putting these together we get

secutanty  In|sccw - tanw
sec” udu = + I I +
2 2
aml reverting to the original variable a:
sec i tan In|secw + tant
f "_1+:£2d3:=“ 7 r,+ | 7 LI+C
2 2
seciarctan ) tan{arctan x In| sec{arctan #) + tan{arctan x
_ sec ) tan ), In|sec( ) + tan( I, o
2 2
zvl+z*  In|v1+ 2%+ 2|
= 5 + 5 +

using tan{arctanx ) = x and sec{arctanz ) = \/ 1+ tan®(arctanz) = /1 + =2. u]
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Exercises 8.5.

Find the antiderivatives,

1. fc*-}c:r'd:r == 2. fc:-:-c‘“:r:d:r::b
3 [u’x‘*—]d:;::- 4. [vﬂ+dx‘*d:r;::-
5. fz:v.,s"l—:rz{i:c = a. fz:“v.,.-“l —r¥dr =

T [ﬁ;ﬁ::;- 8. [1.,!:1:‘*+2;1:d:::=r~
o [; dr = 10 [de =
) 21 + %) ) VI — 12
VT f a*
11. ir 12. —_— il
[Jl—:{ - Jimro1

13. Compute f\a".‘tﬁz <+ 1dx. (Hint: make the substitution & = sinh{a) and then use exercise 6

in section 4.11.)

14. Fix £ = 0. The shaded region in the lefi-hand graph in figure 4.11.2 & bounded by ¢ =
rtanhf, y =10, and - yz = 1. Prove that twice the area of this region is §, as claimed in
section 4.11.

8.4 INTEGRATION BY PARTS

We have already seen that recognizing the product rule can be useful, when we noticed
that

f sec” 1+ secu tan® udn = secu tan .

As with substitution, we do not have to rely on insight or cleverness to discover such
antiderivatives; there is a technique that will often help to uncover the product rule.
Start with the product rule:

éf (2)g(z) = @) gz) + flz)g'(z).
W can rewrite this as
fz)glz) = f F(2)g(z) de + f f(2)g'(z) de,

and then

[ @) (x)dz = fl@)gta) ~ [ F(alola) .
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This may not seem particularly useful at first glance, but it turns out that in many cases
we have an integral of the form

[ #@)' @) dz
but that

[ rwgtz)as

is easicr. This technigque for turning one integral into another is called integration by
parts, and is usually written in more compact form. If we let w = f(z) and v = g{x) then
du = "{#)de and dv = §' () de and

fudvzuv—fvdu.

To use this technicque we need to identify likely candidates for v = () and dv = §'(x) d.

EXAMPLE 8.4.1 Evaluate f:-cln&:ds-:. Let w = Inz so du = 1/z dz. Then we must
let dv = dr so v=x%/2 and
2

2 2 2 2
r*Inzx x° 1 * Inzx T *Inr =z
f:iTIIIIETd:iT= 5 —fii—lrh— 5 —fﬁﬂh— 3 —T+C“.

O

EXAMPLE 8.4.2 Evaluale f rainezdr. Lelt & = 2 s0 v = de. Then we must lel

dv =sinz dr so v = —cosx and

f&:sin:&dmz—s-:ms:-:—f—m:cdscz—xcos&:+jcos:-cd:c=—:-cm:-c+sin$+ﬂ'.

O

EXAMPLE 8.4.3 Evaluate f sec” o dz. Of course we already know the answer to this,

but we needed to be clever to discover it. Here we'll use the new technigque to discover the
antiderivative. Let w = secz and dv = sec® zdz. Then du = secztanzdr and v = tanz
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amd
fsoc":{rd:{r =secrtany — ftr:m2 raecrdr

= secrtane — f{:iecg.-r— 1) secx de

:soc:ctunx—fsec"’;}:da:+fsocxd:c.

At first this looks useless—we're right back to f sec® z dzr. But looking more closely:

f:iec‘?.-rd:r =:+ec.-rtan.-r—f:<ec3.'rdzr+ f:iec.-rd:r
fsnr:.:’ xdx+ f:sm-."jzrchr =secrtany + fm{:;r.' dx
Efﬁec‘?:rd:r =:+ec.-r:l.an.-r+fﬁec.-rd;r

; t 1
fsm:szrd:ﬁ < ST AOT Ef:sm:rd:!-‘

2
sec o tang In| secx + tana
=1 —+ | - I +C.

O

EXAMPLE 8.4.4 FEvaluate f;z.'zsin;zrd’fr. Let v = 22, dv = sinz dz; then du = 2z dz

and v = —coszx. Now f.?:z sinzdr = —z®cosx + fhmxd:c This is better than the

original integral, but we need to do integration by parts again. Let v = 2x, dv = cosx di;
then du = 2 and v = sinz, and

f:{rﬂsin:{rd$= —x2m$+f23:ms:{rd:{:

= -z’ cosr + 2rsing — f?:.'iu.-rd:r

= —z’cos z+ 2xsinz + 2eosz + C.

O

Such repeated use of integration by parts is fairly common, but it can be a bit tedious to
accomplish, and it is easy to make ervors, especially sign ervors involving the subtraction in
the formula. There is a nice tabular method to accomplish the calculation that minimizes
the chance for error and speeds up the whole process. We illusirate with the previous

example. Here is the table:
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sign i duv i duv
a? sinz a? sinz
- 2 — ST ur —2x —CO8 T
2 —sin 2 —singx
= 0 COST 0 CO8 T

To torm the first table, we start with « at the top of the second column and repeatedly
compute the derivative; starting with dv at the top of the third column, we repeatedly
compute the antiderivative. In the first column, we place a “=" in every second row. To
form the second table we combine the fivst and second columns by ignoring the boundary;
if you do this by hand, you may simply start with two columns and add a “=" to every
second row.

To compute with this second table we begin at the top. Multiply the first entry in
column by the second entry in column dv to get —z° cosx, and add this to the integral
of the product of the second entry in column # and second entry in column do. This pives:

—xlcosT + f?m‘m xdx,

or exactly the result of the first application of integration by parts. Since this integral is
not yet easy, we return to the table. Now we multiply twice on the diagonal, () — cos x)
amd (—2z){—sinz) and then once straight across, (2){—sin z), and combine these as

—rlcosz + 2rsinx — [Eﬁillzrxl:r,

giving the same result as the second application of integration by parts. While this integral
is casy, we may return yet once more to the table. Now multiply three times on the diagonal
to get (x°)(— cosx), (—2x)(—sinz), and (2){cosz), and once straight across, (0){cos z).
We combine these as before to get

—x2m$+2xsillx+2msx+fﬂdx= —zlcosx+ 2rsng + 2eosx + C.

Typically we would fill in the table one line at a time, until the “straight across” multipli-
cation gives an easy integral. If we can see that the w column will eventually become zero,
we can instead fill in the whole table; computing the products as indicated will then give
the entire integral, including the “+C", as above.
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Exercises 8.4.

Find the antiderivatives,

1. f:rﬁcs.rd;r# 2. [m‘*msmrﬁm#

3. f::ﬂ‘*d;t: = 4. fxc"‘u dr =

B. fsin“::d:c = 6. [lnzd.'c =

7. f::m-:l;m:.t:d:t:::- 8. [:t:“sin::d;t:::-

9. f.r&f_'m::d: = 10. f::sin“zd:c =
11. f:rsin.rﬁcﬁmdm = 12. [arctan{\.-".aldm =

13. fﬁin{y@}dm# 14. fﬁeuzrwczzch:



