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1-5- Limits and continuity :
Limits : The limit of F(t) as t approaches C is the number L if :
Given any radius & >0 about L there exists a radius J > about
C such that for all £, 0 <|t—C|<& implies |[F(t)-L|<& and we

can write it as :

ft_{t(gF(t)=L

The limit of a function F(t) as t—C never depend on what
happens when ¢=C.
Right hand limit : ,I'.'C'i F(t)=L
—’
The limit of the function F(¢) ast —C from the right equals L if :

Given any &> 0 (radius about L ) there exists a 6 > 0 ( radius to
the right of C ) such that for all ¢ :

C<t<C+d=> |F(t)-Ll<e
Left hand limit : ’h_"lg_ F(t)=L
The limit of the function F(¢) ast —C from the left equal L if:

Given any ¢ > 0 there exists a 6 > 0 such that for all ¢ :
C-6<t<C=> IF(t)-Ll<e

Note that — A function F( ¢ ) has a limit at point C if and only if the right
hand and the left hand limits at C exist and equal . In symbols :
limF(t)=L & Iin&F(t)=L and limF(t)=1L
=C —-C 1=C~

The limit combinations theorems :

1) lim[F,(t)FF,(t)|=limF,(t)¥lim F,(t)

2) lim[F,(t)* F,(t)|=lim F,(t)* lim F,(t)
. F,(t) limF/t)
3) lim =—

F,(t) limF,(t)
4) lim[k* F,(t)|=k*limF,(t) Vk

5) h,mSmO___I
60 @

where limF,(t)#0

provided that 6 is measured in radius

The limits (in 1 -4 ) are all to be taken as /—C and F,(t) and F,(t ) are
to be real functions .
Thm. -1 : The sandwich theorem : Suppose that f(t)< g(t)<h(t) for all

t #C in some interval about C and that f(¢) and k(¢ ) approaches the
same limit L asf—C , then:

{%g(t)=L
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Infinity as a limit :

1.The limit of the function f{ x ) as x approaches infinity is the number L:
lim f(x)=L . If,givenany &> 0 there exists a number M such that
X—»®

forall x : M<x = |[f(x)-Ll<e.

2. The limit of f{ x ) as x approaches negative infinity is the number L :
lim f(x)=L .If,given any £> 0 there exists a number N such that
X P00

forallx : x<N = [f(x)-L|<e.

The following facts are some times abbreviated by saying :
a) As x approaches 0 from the right , I/x tendsto «.
b) As x approaches 0 from the left , //x tends to -oo.
¢) As x tends to « , I/x approaches0.
d) As x tends to - , I/x approaches (.

Continuity :

Continuity at an interior point : A function y = f{ x ) is continuous at an
interior point C of its domain if : Iﬁg f(x)=f(C)
X

Continuity at an endpoint : A function y = f( x ) is continuous at a left
endpoint @ of its domain if : lim‘f(x)=f(a) i
X—a

A function y = f{ x ) is continuous at a right endpoint b of its domain
if: lim f(x)=f(b).

Continuous function : A function is continuous if it is continuous at
each point of its domain .

Discontinuity at a point : If a function f is not continuous at a point C,
we say that [ is discontinuous at C , and call C a point of
discontinuity of f .

The continuity test : The function y =f(x) iscontinuousat x=C if
and only if all three of the following statements are true :

1) f(C) exist (C isinthe domainof f ).

2) !ercz f(x) exists ( f has alimit as x—C).

3) ﬁzz f(x)= f(C) ( the limit equals the function value ) .

Thm.-2 : The limit combination theorem for continuous function :
If the function f and g are continuous at x = C, then all of the
following combinations are continuous at x =C :

1) f¥*g 2)fe 3)kg Nk 4)g.f.,[.g S)f/g

provided g(C)#0
Thm.-3 : A function is continuous at every point at which it has a
derivative . That is ,if y =f(x ) has a derivative f'(C) at x =C,
then f is continuous at x =C.
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EX-12 - Find :

3 2 3 3
1) e XE. . 2y gt
H03.x: —-16x" xa x" —q
3) A . &) By
x>0 Sin3x =0 3y
5 e lx , 6) lim(1+Cosi)
02x° +Xx X3 x
3 2
7y m3EASET o 3947
o [Qx" —11x+5 B
: x’=1 )
9) Bm——— ,; 10) Ulm
=0 2x  —-7x+5 xo-1" x +1
11) IimCos(l—Smx , 12) lim Sin(ECos(ranx))
x=0 X x—0 2
SOL.-
. 5x’+8x? . S5x+8 0+8 1
1) lim—, 5 =lim——; = =——
=0 3x" —16x" =>03x"—-16 0-16 2
3.3 s 2 2 2 2 2
2) lime aJ=Iim (x—a)(x +ax;+a 3 __a +a :l—a . =i
e x" —q —a(x—a)x+a)x +a ) (a+a)a +a ) 4a
Sin5x . Sin5x
5 lim -
3) lim 5x =£ 5x0  Sx =£
=0 _Sin3x 3°,. Sin3x 3
3 lim
3x 30 3x
. tan2y 2 . Sin2y 1 2
4) 1 =—, o/ =—
) Sy 3% 2y M Ceszy 3
§i l R gy POOR i, L s

w02y 4 x 20 2x x02x+1

6) I{n_:(!+€osi)=I+Coso=2
x x

3+5 4
3 1 e
7) I:m3r3+5x 7=lim x ok =i
o J0x" —1lx+35 X_MIO 11 5 10
ey
x? x
3. X
2
8) tim32¥7 _im?2 2%
j-my s r-ml_ 2 I
2
y
1
x’ -1 x’ 1
9) lim = lim =—=a
? edx ~Tx%5 w2 T .95
x x x
T I e, e
or X+ 141

1) lim cas[1 = .5'?-*-] =Cos(1 — lim 51"): Cos0 =1

X x =0
12) lim an[ECasaan x )} = sm(f Cos(tan0 )J = ssn[f Cosﬂ) =sin® =1
w0\ 2 2 2 2
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EX-13- Test continuity for the following function :

,

x’—-1 -1<x<0]
2x 0<x<l
f(x)=4 1 x=1 ¢
-2x+4 1I<x<2
. 0 24x83
Sol.- We test the continuity at midpoints x =0, I, 2 and endpoints x =-1, 3.
At x=0= f(0)=2%0=0

lim f(x)=lim(x*-1)=-1
!ﬂf{.t):it_r’non:O;t!gzt_f(x)
Since il_r:’z) f(x) doesn't exist

Hence the function discontinuous at x =0

At x=1=> f(1)=1
Iil’:_f(x)=li_t:t12x=2
Iil:l’f(x)=linz(—2x+4)=2=lin,_f(x):lim f(x)
x> x=» x=> Sy
Since li_tgf(x)#f(l)

Hence the function is discontinuous at x =1
At x=2= f(2)=-2%2+4=0

!il;t_f(x)={i_lg(—2x+4)=0
fi';gf(x)={i_130=0=xlir;r.f(x)=xliztzf(x)
Since {%f(x)=f(2)=0
Hence the function is continuous at x =2
At x=-1=> f(-1)=(-1)'-1=0
lim, f(x)=lim(x*~1)=0= f(~1)
Hence the function is continuous at x =-1
At x=3= f(3)=0
lim f(x)=lim0=0=f(3)

Hence the function is continuous at x =3
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EX-14- What value should be assigned to a to make the function :
2 —_—

f(x)= =1 %<3

2ax x23

continuous at x =3 ?

Sol. -

Iirzt_f(x):lim f(x)=>lin.:3(x’—l)=lin§2ax$ 8=6a=> a=§
x=). x—>3t x—>, x—>
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Problems - 1

1. The steel in railroad track expands when heated . For the track
temperature encountered in normal outdoor use , the length S of a piece
of track is related to its temperature ¢ by a linear equation . An
experiment with a piece of track gave the following measurements :

t,=65°F , S5,=35ft
t,=135°F , S,=3516f
Write a linear equation for the relation between S and 7.
(ans.: $=0.0023t+34.85)

2. Three of the following four points lie on a circle center the origin . Which
are they , and what is the radius of the circle ?
A(-1.7), B(5,-5), C(-7,5) and D(7,-1). (ans.: A,B,D;\N50)

3. A and B are the points (3,4) and (7,1) respectively . Use Pythagoras
theorem to prove that OA is perpendicular to AB . Calculate the slopes of
OA and AB , and find their product . (ans.: 4/3, -3/4;-1)

4. P(-2,-4) , Q(-5,-2) , R(2,1) and S are the vertices of a parallelogram . Find
the coordinates of M , the point of intersection of the diagonals and of S.
(ans.: M(0,-3/2) , 5(5,-1))
5. Calculate the area of the triangle formed by the line 3x-7y+4 =0 , and the
axes . (ans.: 8/21)

6. Find the equation of the straight line through P(7,5) perpendicular to the
straight line AB whose equation is 3x + 4y -16 = 0 . Calculate the length of
the perpendicular from P and AB. (ans.: 3y-4x+13=0;5)

7.L(-1,0), M(3,7) and N(5,-2) are the mid-points of the sides BC, CA and AB
respectively of the triangle ABC. Find the equation of AB. (ans.:4y=7x-43)

8. The straight line x —y — 6 = 0 cuts the curve y’ = 8x at P and Q . Calculate
the length of PQ . (ans.:1672)

9. A line is drawn through the point (2,3) making an angle of 45° with the
positive direction of the x-axis and it meets the line x = 6 at P . Find the
distance of P from the origin O , and the equation of the line through P
perpendicular to OP. (ans.: N85, 7y+6x-85=0)

10. The vertices of a quadrilateral ABCD are A(4,0), B(14,11), C(0,6) and

D(-10,-5) . Prove that the diagonals AC and BD bisect each other at right
angles , and that the length of BD is four times that of AC.
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11. The coordinates of the vertices A, B and C of the triangle ABC are (-3,7)
,(2,19) and (10,7) respectively :
a) Prove that the triangle is isosceles.
b) Calculate the length of the perpendicular from B to AC, and use it to
find the area of the triangle . (ans.:12,78)

12. Find the equations of the lines which pass through the point of
intersection of the lines x - 3y = 4 and 3x + y = 2 and are respectively
parallel and perpendicular to the line 3x + 4y = 0.

(ans.:4y+3x+1=0;3y-4x+7=0)

13. Through the point A(1,5) is drawn a line parallel to the x-axis to meet at B
the line PQ whose equation is 3y = 2x - 5 . Find the length of AB and the
sine of the angle between PQ and AB ; hence show that the length of the
perpendicular from A to PQis 18/13 . Calculate the area of the triangle
formed by PQ and the axes . (ans.:9,2/\13,25/12)

2

2
14. Let y= x_, i 1’ express x in terms of y and find the values of y for

y+2;ys—2 or y>1)
y—-1

which x is real. (ans.:x =F

15. Find the domain and range of each function :

1 1
, b)y=

1+x* 1+Jx '’ c)y=\/3—x

(ans.:a)Vx,0<y<I1; b)x20,y>0; ¢)x<3,y>0)

a) y=

16. Find the points of intersection of X = 4y and y =4x. (ans.:(0,0),(16,64))

17. Find the coordinates of the points at which the curves cut the axes :
a) y=x'-9x* |, b) y=(x’-1)(x’-9) , ¢)y=(x+1)(x-5)
(ans.:a)(0,0);(0,0),(9,0);6)(0,9):(1,0),(-1,0),(3,0),(-3,0);¢)(0,25);(-1,0),(5,0))

18. Let f(x) =ax + b and g(x) = cx +d . What condition must be satisfied by
the constants a, b, c and d to make f(g(x)) and g(f(x)) identical ?
(ans.:ad+b=bc+d)
19. A particle moves in the plane from (-2,5) to the y-axis in such away that
Ay = 3*Ax . Find its new coordinates . (ans.:(0,11),(0,-1))

20. If f(x) = I/x and g(x)=I/Nx , what are the domain of f, g, f+g, f-g, fg.,

e, ef,f.g andg,f ? What is the domain of h(x) = g(x+4) ?
(ans.:Vx #0,VYx>0,Vx>0,Yx>0,Vx>0,Vx>0,Yx20,¥Vx20,Yx20;Vx>—-4)
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21. Discuss the continuity of :

- 3

x+— for x<0
x

-x’ for 0<sx<lI
f(x)=1 -1 for 1£x<2
1 for x=2

. 0 for x>2 |
(ans.: discontinuous at x=0,2 ; continuous at x=1)

——

22. Evaluate the following limits :

i) I x + Sinx b) lim 1+ Sinx
o 2x+5 -

¢) lim—= ...
=0 tan 3x (x4 Sinx )”

e) tim L=V f) lim‘/”f“/zx
x> J—x x=>1 x’—-x

g) lim(\n®> +1-n)
(ans.:a)l/2, b)0, c)1/3, d)0, e)1/2, )-1/272, g)0)
f(x)

23. Suppose that : f(x) =x’ —3x’ -4x +12 and h(x)={ y—3
k Jor x=3

for x#3

Find : a) all zeros of f.
b) the value of k& that makes & continuous at x=3.
(ans.:a)x=%2,3;b)k=5)
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