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3 2 Differentiation Rules

This section introduces a few rules that allow us to differentiate a great variety of func-
tions. By proving these rules here, we can differentiate functions without having to apply
the definition of the derivative each time.

Powers, Multiples, Sums, and Differences

The first rule of differentiation is that the derivative of every constant function is zero.

RULE 1 Derivative of a Constant Function
If f has the constant value f(x) = ¢, then

af _ d
dx dx(c) ==
EXAMPLE 1
¥ If f has the constant value f(x) = &, then
daf 4
c ix, ) ix + h.c) b _ _
T T F= E—E(E]—ﬂ
1 |
i i Similarly,
1 |
Pk 4 my_ d -
- - . . dt( 2)—0 and dr(\r’i)—u. .

FIGURE 3.8 The rule (d/dx)(c) = Dis Proof of Rule 1 'We apply the definition of derivative to f(x) = ¢, the function whose
another way to say that the values of outputs have the constant value ¢ (Figure 3.8). At every value of x, we find that

constant functions never change and that
the slope of a horizontal line is zero at
every point.
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The second rule tells how to differentiate x" if » is a positive integer.

RULE 2 Power Rule for Positive Integers
If i is a positive integer, then
d " =1

—x" = nx
e

To apply the Power Rule, we subtract | from the original exponent (#) and multiply
the result by n.

EXAMPLE 2  Interpreting Rule 2

f x x” Xt xt

f 1| o2 | 322 | 4 m

First Proof of Rule 2 The formula
M — "=z —xNz" T+ iy e+ T+ ™)

can be verified by multiplying out the right-hand side. Then from the alternative form for
the definition of the derivative,

flz) — fix) —k =" — x"

P
F'@ = lim === lm 5=+
= lim(z""' + 2% + -+ zx" 7 + x"7Y)

F—K

= nx"!

Second Proof of Rule 2 If fix) = x", then fix + k) = (x + h)". Since » is a positive
integer, we can expand (x + /)" by the Binomial Theorem to get

flx + k) — fix) o fx+ A —x"
= lim ————

£ — 'l
f'x) aE-nu i h—=0 h
o =1 H{-”_I] a=2s F . =1 m| _ _m
xm+ axt h + 3 x" hT + + nxh + h x
— 1-
aE-nu h
nlrn — 1) ;
" Y +T.r" W4 k™ + BT
= i
aE-nu h

nln — 1) .
= lim |:n1"' DVt ———— "2 + oo+ mxh™™ 2 + A" l]
h—=0 2

= ! [ ]

The third rule says that when a differentiable function is multiplied by a constant, its
derivative is multiplied by the same constant.
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RULE 3 Constant Multiple Rule
If i 15 a differentiable function of x, and ¢ 15 a constant, then

d — —
E[c‘u} = e

In particular, if » is a positive integer, then
d ] . =1
o= (cx™) = cnx .

EXAMPLE 3

(a) The derivative formula
A (3x?) = 3-2x = 6x
ax

says that if we rescale the graph of y = x” by multiplying each y-coordinate by 3,
then we multiply the slope at each point by 3 (Figure 3.9).

(b)) A useful special case
The derivative of the negative of a differentiable function u is the negative of the func-

tion’s derivative. Rule 3 with ¢ = —1 gives
o o o L
ﬂr_'l.'{ "j_d'_t{ -4} = 1-4:“.{1(':”1:I T dx” -
Proof of Rule 3
i — 5 cwlx + k) — culx) Derivative definition
dv " T k]_r.,nn I with flx) = ecwlx)
o owlx + R — wlx)
= ¢ lim Limit property
h—0 ]
= o fifferentiabic =
.ﬂ'_-'l_' I 15 differeniiable.

The next rule says that the derivative of the sum of two differentiable functions is the
sum of their derivatives.

RULE 4 Derivative Sum Rule
If 1 and v are differentiable functions of x, then theiwr sum & + v 1s differentiable
at every point where i and v are both differentiable. At such points,

d

e ar
e +

([ + v) = o i
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EXAMPLE 4 Derivative of a Sum

¥y = b+ 12x
dv  d o, d
E_ drl::_‘-t. j d'_q_'{lltj

= 4x¥ + 12 |

Proof of Rule 4 We apply the definition of derivative to f(x) = wix) + wix):

) [eelx + BY + wix + &)] — [uix) + vix)]
lim

o _
E[H{I} + wx)] =

h—0 b
) wlix + kb)Y — wix) vix + k) — wvix)
= hm +
k—0 h I
o ulx + k) — uix) . oowx + k) — wix)  du dr
= am, i o P R

Combining the Sum Rule with the Constant Multiple Rule gives the Difference Rule,
which says that the derrvative of a difference of differentiable functions is the difference of
their derivatives.

o o Fei ] davr dre a'
@) =yt Gl =+ (D = e T &

The Sum Rule also extends to sums of more than two functions, as long as there are
only finitely many functions in the sum. If wy, w2, .., i, are differentiable at x, then so is
g + w2 + -+ + w,.and

o iy s Ay
E[u]-l'uz-l' "'+I:,]=E+dt+ ""I'dr_

EXAMPLE 5 Derivative of a Polynomial
3 4

¥y =x —E_rz—ir+l

dv _ d 5 d 4 , d d

dx  dx +a£r(3" e 5x) + (1)
=3.r3+4§-1r—5—n
=3.‘l’3+%_‘{—5 [

Motice that we can differentiate any polynomial term by term, the way we differenti-
ated the polynomial in Example 5. All polynomials are differentiable everywhere.

Proof of the Sum Rule for Sums of More Than Two Functions We prove the statement

“ ( N " N ) = iy " i " N i,
de M T MR o TR T T T e T T T
by mathematical induction (see Appendix 1). The statement is true for n = 2, as was just

proved. This is Step 1 of the induction proof.
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Step 2 is to show that if the statement is true for any positive integer n = &k, where
k = ny = 2, then it is also true forn = & + 1. 50 suppose that
o ey i iy
dt{"l_l_uz_'_” +u,.;f_l—d1_+ el e (1)
Then
il.‘_r.n+:.r--+ see o oup Mg
alx - i
Call the function Call this
detined by this sum er. function .
o [ [T Lo d .
= d‘_{!h + Ly ¥+ = + H*.] + e Fule 4 for I.I.’ Ll |
arey i iy g 41
= — 4+ —= + .. — + ——
dx | dx i dx - et

With these steps verified, the mathematical induction principle now guarantees the
Sum Rule for every integern = 2. |

EXAMPLE 6 Finding Horizontal Tangents

Does the curve y = x* — 2x? + 2 have any horizontal tangents? If so, where?

Solution  The horizontal tangents, if any, occur where the slope dyv/dx is zero. We have,

dy d . 4 N
—_— = - —_ L — 3 .
prm ; (x 2x 2) dx 4x .
) av
Mow solve the equation ﬂ[;'l.' = 0 for x:

dx — dx =10
dxix* — 1) =10

x=0,1,—1.
The curve v = x* — 2x? + 2 has horizontal tangents at x = 0, 1, and —1. The corre-
sponding points on the curve are (0, 2), (1, 1) and (—1, 1). See Figure 3.10. [ |

Products and Quotients

While the derivative of the sum of two functions is the sum of their derivatives, the deriva-
tive of the product of two functions is not the product of their derivatives. For instance,

%{I'I] = %{II} = 2x, while %[ﬂ -%{.ﬂ =1-1=1.

The derivative of a product of two functions is the sum of rwo products, as we now explain.

RULE 5 Derivative Product Rule
If 1 and v are differentiable at x, then so is their produet ww, and

d du e
E{uv] = M + e




