Al-Mustaqgbal University / College of Engineering & Technology
Department Of Communication Engineering
Class (1)
Subject (calculus 1) / Code (TE-UOMUS-094241217-574)
Lecturer (M.Sc. Fatimatulzahraa Adnan)
15‘/2“ term — Lecture No.1 & Lecture Name (The derivative as a function-Differentiation rules-The chain rule.-Implicit
differentiation)

Chapter three
Derivatives

Let y :f(x) be a function of x . If the limit :
= lim ﬂ

» f(x+Ax) f(x)
—=f'(x)= A il

exists and is ﬁmte , we call thls limit the derivative of f at x and say
that f is differentiable at x .

EX-1 - Find the derivative of the function: f(x)= ,71
V2x+3
Sol.:
1 1
2 /2
Flx)= f(x+Ax) f(x) lm\/(x+Ax)+3 V2x+3
Ax A0 Ax

e J2x+3 J2(x+4x)+3 2x+3+2(x+4x)+3
Ar-wa,/Z(x+Ar)+3«2x+3 N2x+3+2(x+4x0)+3
— lim (2x+3)—(2(x+A4x)+3)
”*AtJZ(x+Ar)+3\2x+3( 2x4+3+\2(x+4x)+3)
_ =2 ~ 1
C(2x+3)(\2x+3+2x+3)  \(2x+3)

Rules of derivatives : Let ¢ and n are constants, # , v and w are
differentiable functions of x :

1. gxc=0

2. %u" =nu"'lg—z=>%(£)=_u%ix_u

3. %cu=czx—"

4 %(uiv):‘éx—"_.gx_" ;_‘_I_(u;v$w)=ili;%;%
5 %(uv)=u.—%+v%
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d gy O, dv. du
and a(u.v.w)—uvdx+uwdx+vwdx
vdu_udv
6. %(%)=dx—2dx where v #0
v

d
EX-2- Find Ey for the following functions :

a) y=(x’+1) b)y= [(5 x)(4—2x)]2
3 2 -5 12 4 3
c) y=(2x'-3x’+6x) d) y=———t—
X ¥ Ox
(X +x)(x’=x+1) _ x*-1
el 2 f)y—x2+x—2

a) Zx—y=5(x-’+1)‘.2x=10x(x2+1)‘

. Z—i=2[(5—x)(4—2x)][—2(5-x)—-(4—2x)]
=8(5-x)(2-x)(2x-7)

c) Zx—y=—5(2x3—3x2+6x)'6(6x2—6x+6)
==30(2x" =3x° +6x )" (x’ —x+1)

d) y=I2x"-4x7+3x""* ﬁ%=—12x'2 +12x~ =12x7°
sl o B I3 BD

dx % %t X
e) y=(x+1)(x2—x+l)=>

3

x
dy _ 13[(x" —x+1)+(x+1)(2x—I)]—3x"(x+1)(x2-x+1)_ 3

dx x6 x4

) dy 2x(x +x=2)-(x? —1)(2x+1) _ x?=2x+1
dx (2 +x=2) (x +x=-2)
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The Chain Rule:

1. Suppose that h = g, f is the composite of the differentiable

functions y=g(t) and x=f(t) ,then h is a differentiable
functions of x whose derivative at each value of x is:

dx _dt  dt

2. If y is a differentiable function of f and ¢ is differentiable
function of x , then y is a differentiable function of x :

dy . dt
y=g(t) and t=f(x ):>dx 5 i

EX-3 — Use the chain rule to express dy /dx in terms of x and y :

a) y=— and t=+2x+1
" +1
1
b) y=r’+1' and x=+4t+1
2
c) y=(%] and x=:i2—f at t=2
d) y=1—£ and = 1 a x=2
t I-x
Sol.-
i dy 26t +1)-2t1° 2t
T (r +1) (: +1)
1
dt 1
t=(2x+1)° 3—:—.(2x+1)-’.2= —
de 2 v2x+1
dy dy de 2t 1 2v2x+1 1 1

dx dtdx (2 +1)7 2x+1 ((2x+1)+1) 2x+1 2(x+1)
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dy 2t
b -1+1"= =2t(t* +1)% =——;
) ( ) dx ( ) (t?+1)°
1 1
dx 1 - 2
x=(4t+1)’ = —=—(4t+1) * 4=
a2 Nt +1
dy dy dx _ 2t : 2 N4t + 1

dx dt dt | (£ +1) Jdt+l (£ +1)
* =1 | _xyz(x"—l)

= - X =
4 y° 4
where 4t+l:t——_1
1
where y=—; >t 4+1=—
t°+1 y

2
¢) y=(ﬂ) :dy_,=2(t—l)t+1—(t—1)=4(t-1)
t+1) (e+1) (t+1)
dy] _4(2-1)_ 4

s (2#1)F 27

| |9, & -i‘(_i)__ﬁ
gl L& #&l, 2\ 4 27

| | (P =
d) t=g-—=7">=-1 at x=2
sfedo® . T Iyl L &
it g-dolf| -7h
peCl— )y tey oo oF wyii-g =+,
(I-x) - (L=%)"( )(I—x)'

4], -

Bl | [ﬁ] g
[dx]x-_?_[dt]xnl. dx "=2—1 1_1

Higher derivatives : If a function y = f( x ) possesses a derivative at every
point of some interval , we may form the function f '(x) and talk
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about its derivate , if it has one . The procedure is formally identical
with that used before , that is :
d’y d [dy

_) _f(x)_,, f'(x+4x)-f'(x)
dx?  dx

Ax

dx

if the limit exists .
This derivative is called the second derivative of y with respect to x .
It is written in a number of ways , for example,

I' L x

,[f'(x),or d.ft(z ).

In the same manner we may define third and higher derivatives ,
using similar notations . The nth derivative may be written :

Il

(), 52 .

EX-4- Find all derivatives of the following function :
y=3 -4’ +7x + 10

Sol.-
2
D _9e?_grsr , T2 1se-g
o a ;
4y _ 18  E g B
dx dx dx

Ex-5 — Find the third derivative of the following function :

g il
X

Sol.-
%*?*%"é
3 3 3
o Sl
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Implicit Differentiation: If the formula for f is an algebraic combination
of powers of x and y . To calculate the derivatives of these implicitly
defined functions , we simply differentiate both sides of the defining
equation with respect to x .

d
EX-6- Find d_y for the following functions:

X
a)xz.y2=x2+y2 b)(x+y)3+(x—y)3=x4+y4
e) 2L 3 o6 PED) d)xy+2x-5y=2 at P(3,2)
x—2y
Sol.
- 2
2yt 2y Dy Pan)mprngy D s D F-Y
dx dx dx 2
X y=)y
2 dy PR PR Y 3 dy
b)3(x+y) (I+dx)+3(x y) (1 dx)_4x +4y 7S

3 _ 2 _ a2 o
=>51__)l=4x Hx+y) —=IHx=y) =>ii,1=2.1r 3x° -3y

dx 3(x+y)2—3(x—y)2—4y3 dx 6xy—2y3
dy dy
-2y)(1- —(x— 1-2
o (x-2yX dx) (x—=y X dx)=0:>§.x=1=> dy =£
(x=2y) dx x dx) 3, 3
d)xg—+y+2 de 0:Q=M$[d—y] "

Exponential functions : 1f u is any differentiable function of x , then :

iu_ u ‘2 iu_ud_u
7) dxa =a .lna.dx and dxe =e I

Email (fatimatulzahraa.adnan.rahi@uomus.edu.iq)



Al-Mustaqgbal University / College of Engineering & Technology
Department Of Communication Engineering
Class (1)
Subject (calculus 1) / Code (TE-UOMUS-094241217-574)
Lecturer (M.Sc. Fatimatulzahraa Adnan)
° term — Lecture No.1 & Lecture Name (The derivative as a function-Differentiation rules-The chain rule.-Implicit
differentiation)

d
EX-7 -Find —Ji—’ for the following functions :

a) y=2* b) y=2%3"
¢ y=(2*) d) y=x2"

S [
e) y=e(x+e ) f)y=e\l+5:

Sol.-
a) y=2* =D _ 21 e3p2
dx
Wit Fayer =2 e
dx
c) y=(2* P > y=2"> Zx=22’ln2.2=22”'ln2

d)y=x2"= % =x2" m22x+2" =2 (2x’In2 +1)

e) ymei D =e'"""’(1+5e-" )
2 .
I ) p=a™Y =>—4l e””’ (1+5x ) 2.10x =V __NE_
a* VI+5x°

Logarithm functions : If u is any differentiable function of x , then :

d 1 du d Idu
8) a}—logau—;l—jn—a—.a and E’ e

EX-8 - Find Z—ch— for the following functions :

a) y=10gmex b)y=Mg5(x+1)3
c) y=log,(3x* +1)  d) y=[mx*+2y}
2 5
I_4)3 2 2
e) y+in(xy)=1 N y=(2x 4).(2x*+3)

(7x +4x=3)’

Sol. —
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dy Ine 1

a) y=log,e* = y=xlog,e= - =log,e=7"10 =10
y_ 2
b) y=logs(x+1) =2logy(x+1)=> 5 ="t p
dy 3 6x _ 18x

c 3log,(3x* +1)=> =
) y=3log,( P2 e = il 2 (3 4 1)in2

48xin(x* +2)f
x’+2

e)y+lnx+lny=l=>::':+: ;Zﬁ 0=>Zi=_x(yy+l)

f) lny:gln(Zx’—4)+%ln(2x +3)=-2In(7x' +4x-3)

Ldy _2 6x° 5 dx 21x* +4
ydx 3'2x°-4 2°2x°+3 7x’+4x-3
2x? 5x 21x° +4
e | b e i
dx 2x"' =4 2x"+3 7x +4x-3

D _3[21n(x +2)f 2=

Trigonometric functions : If u is any differentiable function of x , then :

d .. —_ du

9) d—l sinu = cosu. —ld
u
10) dx cosu = —sin u. 7

11) %tanu = sec’u. Z;‘

12) 4d_cotu = —csc?u. 94

d d
u
13) g secu = secu.tanu. 7y
e, —3 e
14) dl cscu cscu.cotu. d!"

d
EX-9- Find Ey for the following functions :
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a) y=tan(3x’) b) y =(cscx + cotx)’
c) y=2sin§—xCos% d) y=tan’(cosx)
e) x +tan(xy)=0 f) y=sec’x —tan’ x

Sol.-
dy _— 2 2 L 2 2
a) a5 = Sec (3x° ).6x=6x.5sec”(3x")

d 2
b) ) 2(csc x +cot x )(—esc x.cot x —csc’ x )=—=2c¢sc x.(csc x +cot x )’

dx
dy _ Li_[ e 4 i]_i ro 2
c) dx—2cos2.2 x( smz).2+cos2 —2.sm2

d) % =2.tan(cosx ).sec’ (cosx ).(—sinx )==2.sinx.tan(cosx ).sec’ (cosx )

dy dy __I+y.sec’(xy) __cos’(xy)+y
I+sec’(xy).(x - +y)=0=>""= 2 -
e) I+sec(xy) (xdx y) dx x.sec’(xy) %

f) % =4sec’ x.secx.tanx —4.tar’ x.sec’ x =4tanx.sec’ x

EX-10- Prove that :

3 %tanu—sec s Zu b) %secu=secu.tanu.ix—"
Proof :
a) LH.S.=4qany=d sime O gz ~Simu(=sinu) g
e . o 03
- coszcl:):;izn ; Eu cosu dx R TS
b) L.H.S.=%secu=% colsu =—co§2 = (—sinu)%
— colsu %% =Ssecu.tanu. Z: =R.H.S.
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