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Time Response Analysis
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General closed-loop feedback control system.
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(1)
G(s) L=
Y(s)
H(s) -
(a)
Equivalent
systems
(1) G(s) (1)
R(s) 1+ G(s)H(s) Y(s)
traﬁlst;ztre(;ljlsggon Closed-loop systems: (a) system with
forward and feedback paths and (b) equivalent
(b) closed-loop system.
First Order System Response Second Order System Response
Rix) B ﬂ.r]l_ Fia) K] Ris) Eis) aﬁ C-'(_.-r)
2 E -
{a] b}
C(s) _ Wy
R(s) s+ 2Ww,s + mi

Poles and Zeros of Laplace Transforms

In general, a Laplace transform can be expressed using the form

a5+ +2,) - (5+2,)

F(s) =
(S+p)s+py)---(s+p,)
where a is a constant. The values s = —z,,5 = —2,. ... .5 = —Z,, that make F(s) = O are called the zeros of
the transform F(s) while the values s = —p,,s = —p,, ... ,§ = —p, that make F(s) = oo (or, the denominator

of F(s) equals zero) are called the poles of F(s).

% The control system is stable if all the poles of the closed loop transfer function present in the
left half of the s plane.
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Performance Equations for the Step Response of an Underdamped
Second-Order System

Performance Criteria Equation
. T
Peak time, t, l, = ———
=
w1 =~
Maximum overshoot, M M, = e=Sx/V1-E
. . 4
Settling time to steady state, f lg= —
Period of oscillation, T T g = —=
eriod of oscillation, T .4 pesiod = —p——
@y 1- “:b
24/1 —=¢2
Number of cycles to steady state, N o, Nioyles = —a

Steady-State Errors for Closed-Loop Control Systems with Unity Feedback

System Type, N Unit-Step Input r{f) =1  Unit-Ramp Inputr(f) =t  Unit-Parabola Input r(t) = t?/2
1

0 o0 o0
1+K,,
1 0 : oo
K,
1
2 0 0 —
K.

Static position error constant: Ks]J = lin{} G(s).
S

Static velocity error constant: K, = lin{} sG(s).
5=

Static acceleration error constant: K, = liﬂ(l) s2G(s).
5=

Email: hasan.hamad.ali@uomus.edu.iq



Al-Mustaqgbal University / College of Engineering & Technology
Department: Medical Instrumentation Techniques Engineering
Class: Fourth
Subject: Control Systems / Code: MU0244002
Lecturer: Dr. Hasan Hamad Ali
2" term — Lecture No. 10
Lecture name: Time Resbonse Analvsis

Consider the system shown in Figure 5-6, where { = 0.6 and w,, = 5 rad/sec. Let us obtain the rise
time 7,, peak time 7,, maximum overshoot M, and settling time 7, when the system is subjected
to a unit-step input.

R(s) E(s) aﬁ C(s)
s(s + 2{w,)

Figure 5-6
Second-order system.

Sol.
From the given values of £ and w,. we obtain w; = w,\V1 = > = 4and o = {w, = 3.
Rise time t,: The rise time is
"=1r-ﬂ=3.14—ﬁ
Wy -
where 8 is given by
e e e L. I
B = tan = tan 3 0.93 rad
The rise time ¢, is thus
3.14 — 093
I, - —

o = ().55 sec
4

Peak time t,; 'The peak time is

w 3.14
1, = -ﬂ’—a = T = ().785 sec

Maximum overshoot M,: The maximum overshoot is
M, = elrtede = XA w005
The maximum percent overshoot is thus 9.5%.

Settling time t,:  For the 2% criterion, the settling time is

B 4
l.-;=3-1.33sec

For the 5% criterion,

'] -i-gnlm
a 3

1. For the system shown in Figure 5-13(a), determine the values of gain K and velocity-
feedback constant Kh so that the maximum overshoot in the unit-step response is 0.2 and
the peak time is 1 sec. With these values of K and Kh, obtain the rise time and settling
time. Assume that J=1 kg-m2 and B=1 N-m/rad/sec. Determination of the values of K and

Kh: The maximum overshoot Mp is given by Equation

L M, = e UINVI=Op

(s)

FIG. 5-13
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The maximum overshoot is given,

This value must be 0.2, Thus, Then K, is. from Equation (3-15),
,'((I\’m)- =02 - -~
WKI{-B 2WK{-1
o MLl L Sl T
i K K
= 161
Vi-g
which yiclds Rise time t,: From Equation (5-19), the rise time 1, is
¢ = 0456 ﬁ
5-
The peak time 1, is specified as 1 sec: therefore, from Equation (5-20), L= %
w
t, = ;—4 =1 W‘Eﬁ
or o,
B e | -
=314 B=tan p tan™ 195 = L10
Since { is 0.456, w, is .
wy 353 Thust, is
= —— =
Vi-¢g 1, = 065 sec
Since the natural frequency w, is equal 1o VK/7 . Settling ime t,:  For the 2% criterion,
K = Joi, = w = 125 N-m '
1, =—=248sec
o
For the 5% criterion,
3
t,=—=186sec
"
y(t )“ Allowable tolerance
M, \ 0.05
| ! e % S— L .00
o= e =~ 0.02
ta
0.5 f-—-—A
o H
——— 1,
L 7, 10%-90%> L1 .506-959%> &5 .006-100%
Is
Lov106s Usa2060 Ls a5
v(,)—y(©)
vy QYoM b, = — . 100%
D= (o)
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Example:

Find the correlation between the poles and the impulse
response of the following system, and further find the exact
impulse response.

2s +1

Hs)=——1—
() s +25+5

2
w

Since H(s)=— z —., @’ =5=w, =5 =224 rad/sec
T+ 20w s+ w,
20w =2=¢ =0.447

The exact response can be otained from:
2s+1 _ 2s +1
s7+2s+5 (s+D*+2°

H(s)= —>polesats=—1+% ;2

To find the inverse Laplace transform, the righthand side
of the last equation is broken into two parts:

2s+1 f(t) F(s
O) = s ot 10 :
(s+1)"+2 sinwt 1(t) TioT
s+1 1 2 coswt 1(t) FLE
(s + 1)2 +2- 2 (s+ 1)2 +2° e""sinwt 1(t) | mrajogar
h(f) — £—1 (H(S)) e coswt 1(t) mg-‘fgqm !
B l B ) . 2 T T
2[28 ’00821—58 ‘sin2f [-1(7) )
nl
Damped
_IEWEw S— =10 x| _r::lill?ﬂ E:Ioa r! ]’I(t ) 05k
Dw|smemo |82 oo [P 0 G
>> impulse{[2 1],[1 2 5]) - 05f \/
>
d LI I B R
£/ reawy Time (sec)
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Example:
Consider a system shown below with {=0.6 and w, = 5 rad/s.
Obtain the rise time, peak time, maximum overshoot, and

settling time of the system when it is subjected to a unit step

input.

. @’ ‘
R(LS) - > s(s+28m,) O Y(‘S)

After block diagram simplification,
Y(s) w’

R(s) s*+2(ws+ )

@ Standard form of

second-order system

C=06mw, =5rad/s = o, =\[1-C" @, =/1-0.6" -5=4 rad/s

= o =Cw, =0.6-5=3rad/s

1 1( wﬂ,}
{, =—1an ——= In second quadrant
™, o
1 4
— tan”' (—_J L r—0927)=05545s
f,=—=2-0785s
@, 4 =

Mp =v(1,) = y(©) =(l+e’-{”/\ﬁ*7)_l

M = efgﬂ/\hf;l _ 05708 _ 5 9948

r

%M, = N 100% = 9.48%

e, =——=—"—=1.3335
- fo, 065

3 3
ts+5°/o:—:—:1_
- Lo, 06-5 —
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Example:

For the unity feedback system shown below, specify the gain K
of the proportional controller so that the output y(t) has an
overshoot of no more than 10% in response to a unit step.

Ris) K +—» _5'|5'1+2| QO Yis)
K

Y(S) — S(s+2 = — K :>2éfa)n -2

R(s) l+m s T+ 25+ K ,
= o, =K

%M, <10% =< <01 =¢>059
= o, =—=< ! =1.689

¢ 0.592
@ S 0<K <2853 =K =w, <1.689" =2.85C
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