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System of Linear Equations 

Linear systems of equations arise in many problems in engineering and science, as 

well as in mathematics, such as the study of numerical solutions of boundary-value 

problems and partial differential equations.  

This lecture deals with simultaneous linear algebraic equations that can be 

represented generally as 

 

for the unknowns x1, x2, ...,xn, given the coefficients aij , i, j = 1, 2,. ..,n and the 

constants bi, i = 1, 2, ...,n. 

Matrices and Matrix Operations  

Before studying linear systems of equations, it is useful to consider some algebra 

associated with matrices.  

DEFINITION  

An n by m matrix is a rectangular array of real or complex numbers that can be 

written as 
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aij denotes the element or entry that occurs in row i and column j of A, and the size 

of a matrix is described by specifying the number of rows and columns that occur in 

the matrix. 

Example  

Let 

 

In these examples, A is a 3 by 4 (written3 × 4) matrix, B has only one row and is a 

row vector, and C has only one column and is a column vector. 

The following definition gives the basic operations on matrices. 

 DEFINITION  

(i) If A and B are two matrices of order n×m, then the sum of A and B is the n×m 

matrix C = A + B whose entries are 

cij = aij + bij 

 

 

mailto:firas.thair.almaliky@uomus.edu.iq


 

Email: firas.thair.almaliky@uomus.edu.iq 
 

3 Al-Mustaqbal University / College of Engineering & Technology 
Department (Mechanical Engineering) 

Class (3rd) 
Subject (Engineering and Numerical Analysis) / Code (MU0213013) 

Lecturer (Assist Prof Dr. Firas Thair Al-Maliky) 
2nd term – Lecture No. 2 Lecture: Systems of Linear Equations 

 

 

(ii) If A is a matrix of order n × m and λ a real number, then the product of λ and 

A is the n × m matrix C = λA whose entries are  

cij = λ aij 

(iii) If A is a matrix of order n ×m and B is a matrix of order m× p, then the matrix 

product of A and B is the n × p matrix C = AB whose entries are  

cij =∑ 𝑎𝑖𝑘𝑏𝑘𝑗
𝑚
𝑘=1   

 (iv) If A is a matrix of order n × m, then the transpose of A is the m × n matrix         

C = AT whose entries are  

cij = aji 

Example 

If  

 

then 
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If 

 

then 

 

Certain square matrices have special properties. For example, if the elements below 

the main diagonal are zero, the matrix is called an upper triangular matrix (U). 

Thus, 

 

A square matrix, in which all elements above the main diagonal are zero, is called 

lower triangular matrix (L) 
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Naive Gaussian elimination 

Three useful operations can be applied to a linear system of equations that yield an 

equivalent system, meaning one that has the same solutions. These operations are 

as follows: 

(1) Swap one equation for another. 

(2) Add or subtract a multiple of one equation from another. 

(3) Multiply an equation by a nonzero constant. 

Consider the system 

Example: Apply Gaussian elimination in tableau form for the system of three 

equations in three unknowns: 

x + 2y − z = 3 

2x + y − 2z = 3 

−3x + y + z =−6. 

 

This is written in tableau form as 

 

 

Two steps are needed to eliminate column 1: 
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Returning to the equations 

x + 2y − z = 3 

−3y =−3 

−2z =−4, 

The solution is x = 3, y = 1and z = 2. 

 

Exercises 
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The LU Factorization  

The LU factorization is a matrix representation of Gaussian elimination. It consists 

of writing the coefficient matrix A as a product of a lower triangular matrix L and 

an upper triangular matrix U. 

DEFINITION  

 An m × n matrix L is lower triangular if its entries satisfy lij = 0 for i < j. An m × n 

matrix U is upper triangular if its entries satisfy uij = 0 for i > j. 

 

Example Find the LU factorization of 

 

The elimination steps proceed as before: 

 

The lower triangular L matrix is formed by putting 1’s on the main diagonal and the 

multipliers in the lower triangle—in the specific places they were used for 

elimination. That is, 
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Now check that 

 

 

Back substitution with the LU factorization 

Once L and U are known, the problem Ax = b can be written as LUx = b. Define a 

new “auxiliary’’ vector c = Ux. Then back substitution is a two-step procedure: 

(a) Solve Lc = b for c. 

(b) Solve Ux = c for x. 

 

Example Solve system   

 

using the LU factorization  

 

 

From the right-hand side of system ,  b = [3,2]. Step (a) is 
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Example Solve system   

x + 2y − z = 3 

2x + y − 2z = 3 

−3x + y + z =−6. 

using the LU factorization  

 

  

From the right-hand side of system ,  b = (3,3,−6). The Lc = b step is 
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which corresponds to the system 

 

Starting at the top, the solutions are c1 = 3,c2 =−3,c3 =−4. The Ux = c step is 

 

 

 

which corresponds to the system 

 

and is solved from the bottom up to give x = [3,1,2]. 
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Exercises 

 

Find the LU factorization of the given matrices. Check by matrix multiplication. 

 

 

 

Solve the system by finding the LU factorization and then carrying out the two-step 

back substitution. 
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