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FINITE DIFFERENCES

Assume that we have a table of values (x,, y,), i=0, 1, 2,...,n of any function
y = f(x), the values of x being equally spaced, i.e. x;=x,+ih,i=0,1,2,...,n
Suppose that we are required to recover the values of f(x) for some
intermediate values of x, or to obtain the derivative of f(x) for some x in
the range x; < x<x,. The methods for the solution to these problems are
based on the concept of the ‘differences’ of a function which we now proceed
to define.

1 Forward Differences

If Yo, 21 ¥24- -0 ¥y denote a set of values of y, then ¥y =y, 02 = Vs s Vi = Vi
are called the differences of y. Denoting these differences by Ayy, Ay, ..., Ay,
respectively, we have

Ag=n-Yo. MW=V -Nees AV = Ve Yats
where A is called the forward difference operator and Ayg, Ayy,..., are
called first forward differences. The differences of the first forward differences
are called second forward differences and are denoted by A? Yo» A2 Py oees
Similarly, one can define third forward differences, fourth forward differences,
etc.

A’yo = Ay =By = y2 - 1 - 01 = Yo)
=Yy2 =21 + o
Alyo =A% ~ Ay =y3 =2y + ) = (72 = 231 + )
=»=3n+3In-»
Alyo =0y - A'yy = vy =3y3 +3py - 3y - (13 =332 +31 = )
=Yg =4y; + 6y, =4y + yp.
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Table - 1 shows how the forward differences of all orders can be formed:

X y A A2 ad At A5 A8
X0 Yo
- Ayp
x4 " A%y,
Ayq &3_1{0
Xz Y2 A2y, Atyo
Ayz A%y, ﬁsi’n
X3 Y3 8%y, atyy aByo
Ay3 a3y, A%y
X4 ¥a Ayq A%y,
AYq A%yq
X5 Ys ﬂz?q
Ays
X6 Ye

2 Backward Differences

The differences y; = ¥g, ¥2 = Y1y +es Vo = Vuy are called first backward
differences if they are denoted by Vy, Vy,,...,Vy, respectively, so that
Vri=n-Yos V=3 = Mseees ¥y = ¥y — Yuo1» Where ¥ is  called the
backward difference operator. In a similar way, one can define backward
differences of higher orders. Thus we obtain

V2y, =V, =V =y =3 =4 = Yo) = Y2 = 20 + Yo,
Viyy = V23 = V2, = y3 =3y, +3y - y, ete.

With the same values of x and y as in Table 1, a backward difference table
can be formed:
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Table 2 Backward Difference Table

X y v ve v vé Vs v8
X0 Yo

X1 ¥ Vi

Xz ¥z Vo Veyy

X3 ¥3 Vysa sza v3y3

Xg Y4 Vs vy Vs a7

X5 ¥s V¥s VE}‘s "3.1-'5 V‘Ys Vsl"s

g Ye V¥ Viys Ve Vs Vs Vo

NUMERICAL DIFFERENTIATION

The general method for deriving the numerical differentiation formulae is to
differentiate the interpolating polynomial. Hence, corresponding to each of
the formulae derived , we may derive a formula for the derivative.
We illustrate the derivation with Newton’s forward difference formula only,
the method of derivation being the same with regard to the other formulae.

This formula can be used for computing the value of dy/dx for non-rabular
values of x. For tabular values of x, the formula takes a simpler form, for
by setting x = x; we obtain

dy 1[ 1.2 1,1 1 .4 )
- == AV ~——A Vo +=A" vV ——A oo |,
[ E]x-m h Yo 2 Yo 3 Yo 1 Yo
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Consider Newton’s forward difference formula:

-1 “1)(u-2
u(l;! )é2y0+u(" ;!'[u )ﬁ3yn+---, (n

V=) +ullyy +
where

x = xp +uh ( 2)
Then

i‘="-=i'!-"-i‘-‘f=i[%+2"2'azyn+w.a3yﬂ+m]. (3
This formula can be used for computing the value of dy/dx for non-rabular
values of x. For tabular values of x, the formula takes a simpler form, for
by setting x = x, we obtain ¥ =0 from ( .2), and hence ( 3) gives

dy 1[ 1,2 L,3 1.4 )
- =—1A - + = A —=A doene |, 4}
[:[ e h Yo 2 b i] 3 Yo 4 Yo (

Differentiating ( 3) once again, we obtain

d’y 2 6u-6.3  12u*-36u+22
A A Ay, (.5)

d.(z hz[ -’"’0 .FD 24 Yo
from which we obtain

2

4y -l(ay Ay +— layo+ ) ( 6)

di n 12

x=x

Formulae for computing higher derivatives may be obtained by successive
differentiation. In a similar way, different formulae can be derived by starting
with other interpolation formuale. Thus,
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Newton’s backward difference formula gives

d}f:| l[ | ) 1 3 )
= =—|V -V el v 7
[E s, B Y+ SVt 3Vt (7
and
dzy 1 [ 2 3 11 4 - ]
— =—|V " -V =V T ( 8)
[ :]“x" 3 Y ¥t y"+li y"+6 Vnt
Example I From the following table of values of x and y, obtain dy/dx

and dyldx® for x = 1.2:

X y X Y
1.0 2.7183 1.8 6.0496
1.2 3.3201 2.0 7.3891
1.4 4.0552 23 9.0250
1.6 4.9530
The difference table is
x y A a2 ad A% A%
1.0 2.7183
0.8018
1.2 3.3201 0.1333
0.7351 0.0294
1.4 4.0552 0.1627 0.0067
0.8978 0.0361 0.0013
1.6 4.9530 0.1988 0.0080 0.0001
1.0966 0.0441 0.0014
1.8 8.0496 0.2429 0.0094
1.3395 0.0535
20 7.3801 0.2064
1.6359
22 9.0250
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Here xo =1.2, yp =3.3201 and h=0.2.
[Q] =L [n.?as 1-L0.1627) + L 0.0361) - 2 (0.0080) + 2 (0.001 4;.]
oy 02 2 3 2 5
=13.3205.

Similarly, formula

d*y 1 1 5 ]
ZY| = ——]0.1627-0.0361 +— (0.0080) — = (0.0014) | = 3.318.
Lﬁ] i 0.04[ + 12 (00080) =5 (0.0019)

Example 2 Calculate the first and second derivatives of the function

tabulated in the preceding example at the point x=2.2 and also dy/dx at
x=2.0.

We use the table of differences of Example 1. Here x, =2.2, y, =9.0250
and h =0.2. Hence formula

[“f”} =L[1 63594+~ (02964]+ L 0.0535)+~ (um94)+-(um14)]
dx ly3y 0

=9.0228.

d*y 1 11 5
i 4 =— | 0.2964 + 0.0535 + — (0.0094) + = (0.0014) | =8.992.
|, 0.04 12 6

To find dv/dx at x = 2.0, we can use either (5.15) or (5.16). Formula (5.15) gives

["J’] —L[l 3395+ — {02429}+ (0044|}+ (00080)
dx ] .20 02
1 1
—(0.0013) +—(0.0001
+5( )+6( )]
= 7.3896.
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[——} L[O 2964 + 0. 053S+—(0 0094) + —(0.0014):|=
x=22

To find dy/dx at x = 2.0, we can use

dy 1
b4 =—|1 —-:11419 -un44| —umsu
[*ﬁl.m uz[ 3395+ —( )+ =( J+=( )
] 1
+ rs-(n.mu;u E{u.mm}]
=T7.3896.
Exercises

1-  The following table of values of x and y is given:

x y x y
0 6.9897 4 84510
1 7.4036 5 87506
2 7.7815 6  9.0309
3 8.1291
2-  Find dy/dx when (i) x =1, (i) x =3, and (iii) x = 6. Also find d*y/dx*
when x =3.
A function y= f(x) is defined as follows:
x y=f(x) x y=f(x)
1.0 1.0 1.20 1.095
1.05 1.025 1.25 1.118
1.10 1.049 1.30 1.140
1.15 1.072

Compute the values of dy/dx and d*y/de® at x=1.05.
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