STEADY-STATE ERRORS IN UNITY-FEEDBACK CONTROL SYSTEMS

Any physical control system inherently suffers steady-state error in response to
certain types of inputs. A system may have no steady-state error to a step input, but
the same system may exhibit nonzero steady-state error to a ramp input. (The only
way we may be able to eliminate this error is to modify the system structure.)
Whether a given system will exhibit steady-state error for a given type of input
depends on the type of open-loop transfer function of the system.

Classification of Control Systems.

Control systems may be classified according to their ability to follow step inputs,
ramp inputs, parabolic inputs. The magnitudes of the steady-state errors due to these
individual inputs are indicative of the goodness of the system.

Consider the unity-feedback control system with the following open-loop transfer
function G(s):
®) K(T,s + 1)(Tys + 1)+ (T,s + 1)
G(s) = — . .
sN(Tys + 1) (Tos + 1) (T,s + 1)

A system is called:
type 0, if N=0,
type 1, if N=1,
type 2, if N=2,
type 3, if N=3,

the open-loop gain K is directly related to the steady-state error.

Steady-State Errors. Consider the system shown in Figure below. The closed-loop
transfer function is

E(s)

R(s)
5 | ((s)

C(s)  G(s)
R(s) 1+ G(s)

The transfer function between the error signal e(t) and the input signal r(t) is

E(s) R(s)—C(s) _ C(s) G(s) _14+G(s)—G(s)
R(s)  R(s) = R(s) =~ 14+6(s)  1+6(s)
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The final-value theorem provides a convenient way to find the steady-state
performance of a stable system.

lim e(t E(s) = lim — 2
IEI_}:,E( ) = lms (s) = lim T G(s)

Static Position Error Constant Kp. The steady-state error of the system
for a unit-step input is

e [im S ! = !
5501 +G(s)s 1+ G(0)

The static position error constant Kp is defined by

‘ K, = !1_[;1{1)6(5)= G(0) ‘

Thus, the steady-state error in terms of the static position error constant Kp is given
1 + K,

€ss =

For a type 0 system,

- K(T,s + n(as-+1)
= 1
Poso0 (Tis + 1)(Ts + 1)

For a type 1 or higher system,




Static Velocity Error Constant Kv. The steady-state error of the system with a
unit-ramp input is given by
I s 1 I 1
s = lim————— =
- s—=0] + G(.S'} 52 .&'E}[l} SG(S}

K, = l_iI]}}SG(S)

The static velocity error constant Kv is defined by

Thus, the steady-state error in terms of the static velocity error constant Kv is given

1
by €ss = K_v
For a type 0 system, o = i SK(Tas + D)(Tps + 1) _ 0 I
v s—+0 (T]S - IJ(TQ_S + ]_) E;'55 — K — 0O,
)]
- SK(T,s + 1)(Tys + 1) 1 1
For a type 1 system, K, = lim = K e = — = —
=0 §(Tys + 1)(Tos + 1) °SS K K’
For a type 2 or higher system, x = pim SK(Tas + 1)(Tos + D . forN =2
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1
_ — = 0
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Response of a type 1
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Static Acceleration Error Constant Ka. The steady-state error of the
system with a unit-parabolic input (acceleration input), which is defined by

r(r)
c(t)
(1) c fort =0
r = —, ort =
2
= 0, fort <0
: § 1 1 .
e.=Ilm——mm—m—5 = ——— Response of a type 2
¥ 5501 4+ G(s) 50 1111'(1}526'(5) :
5=

0 t

The static acceleration error constant Ka is defined by the equation

K. = I G (s c. =

1
"BE Ka

For a type 0 system, K, = lim 5_([';(7:*1?)?])}7"”5 _1)1) " _ 0 | e.. = 0o, |

For atype 1 system K, = lim =0

s?°K(T,s + 1)(Tys + 1)
520 §(Tys + 1)(Tos + 1)

For a type 3 or higher system, g — jim $PK(Tos + )(Tos + 1) — . forN =3
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The steady-state errors for type 0, type 1, and type 2 systems when they
are subjected to various inputs.

Steady-State Error in Terms of Gain K

Step Input Ramp Input Acceleration Input
r(t) =1 r(t) =t r(t) = 1¢
Type 0 system !
ypeusy 1+ K o0 o0
Type 1 system 0 % o0
1
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