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Sequences

In mathematics, a sequence is a list of objects (or events) which have been ordered in
a sequential fashion: such that each member either comes before, or after, every other member.

Example
0, 1, 2, . . . n-—1 # a,,a, asz a,......a, and a,=nt"term = the termwith index n
Firstterm a; =0 , Secondterm a,=1 , Thirdterma;=2 , a,=n-1, n=1234, ...

(n represents the domain (always positive integer), and an is the range)

Example
1 | |
l, — - . . . =
2 3 n
Firstterm a;=1 , Secondterm a, =7 Third term a, =3 a, =~ ,n=1234,...



- n+l

Example a, — - then the terms are
- d d j
1 term 2™ term 37 term n™  term
5 3 4 n+1
a, = a, =— a, =— s =
1 » 2 ] 3 ? n b
2 3 n

and we use the notation {an} as the sequence a,, .

Example

Find the first five terms of the following:

2n—1 1-(=1)" g x
: b){—————+, )< (D" —
@ {3?} +2} ®) { " } (© {( : (2n—1)!

Solution
1 3 5 7 9 2
o o ? ;] 2, 0, . 0 —_—
(@) 5 8 11 14 17 (b) 2 27 125
3 5 7 9
— X —X X
(c) 1"5 3 - yl



Example

Find the n*"* term {a,} of the following sequence.
12, 14, 16, 18, 20,
a,=2n+6 at n=3,456,7 .....

iiiiii

Or a,=2n at n= 6,7,8,9,10.....

Example

Find the n** term {a,} of the following sequences.

3 3 '
@0, L, 2 3 (o M2 I3 hd g, 1203
4 2 3 4 4 9 16
23 P 2°
d 2> l} PR 5 3 5
@ 3? 4- 5°
Solution

e I a1 Pk All at
(@) a, = o (b) a, T (©) a, = BN (d) a, 2 n=1234,....



Convergence of Sequences

The fact that {an_} converges to L 1s written as

lima, =L or a —>L as n—>o

H—rC

and we call the limit of the sequence {an_}. If no such limit exists, we say that {an}

. a‘ﬂ a’ﬂ .
diverges. oA 1 Conv. oA Div.
0.8 n
From that we can say that 0.6 n E
D1 L1 (Conv.) 0.4 _‘ 4
ma, =% ‘onv. 0.2
n—swo o Hrﬂml_ll_ll_ll_lﬁl f ,—| rl_
| 234656728410l T Z 324506 7
2) lima, =t (D1v.)
% 4.0 1 siverges
i X M
. L 0. 4 Div.
3) lima, = (D1v)) M mmmEn im sup
n—o Lj z { .
2 2.0 A X2 converges
| o skl o e lim inf
10 - 3 > n
00

0 5 4 10 15 20 25



Convergence of Sequences

Also, if 4 =lima, and B =1imb, both exist and are finite, then

H—»00 n—»0

i) lim{a, +b }=A4+B

i) lim{ka }= kA4

n—0

i) lim{a, -b,} = A4-B

H—0

n—0

a,| 4
1v) lllll{i} = 3 provided B # 0 and b, is never 0

n

Note:- The forms (g, z , ©0.0,0°, 00— o ,1‘”) are meaningless expressions
and called indeterminate forms.

. 0 T :
If lima, = 0’ E , ©0,0,0°,00 — o0 ,1%, then the limit will not exist
n—oo

and.|'Hopital's Rule should be used.



Example

Test the convergence of the following:

(a) <fl} : (b) {l +(=1)" } (c) {??2 } (d) *{\/}? +1—+/n }

|7

312 =57 IS;?E —4n | 2n—3 ) f 2n° —4n”
(e) < , (D , (g ( ] . (h) :
H5n2+2n+6} | 2n-1 } { 317 } ISnanlo}

(2 _|1nn
(1) {;} 1) { o }




Solution

(a) Iim

H—0]

|

1

n

|

n

=0

(b) Limf1 + (~1)" )

F—»00

F—»00

(d) llIIlk’\?’? +1-— w;)

—0

an

() li (rﬁ): o0

) lima, =L (Conv.)
2) lima, =» (Div.)
L
3) lima, = {Ll (Div.) (Conv.)
a‘ﬁ'.
L 10 n odd _
=1+ 1lm(-1)" = (Div.)
n—>a 2 n even
(Div.)

an

=

— 1—
= lim (x.-""n+'1—\/m)>< W!LHjL\/EJlim[ ,F?Jrl ! j

nx DoAdn+laAn ) e n Al
. 1 1
— hm( — =\ (Conv.)
e\ n+1++/n) o+



a
n [ 3n* snm )
| 375 . 22
(e) limj — f " |5 tim e
el Spt+2n+ 6 el Spt 2n 6
2 + 2 T
\n n n- )
a .
- (3 4n
3n° —4n 2 2 3
1. :l 1 1 — —w
(ﬂ ”1_1;1 21 —1 J ”1_1;15;1 2n | 0 ”
non
a, \ J
@ li (2”‘3)4_(2]“_E
Sl 3n—7) [ \3) 81

1) lima, =L (Conv.)
2) lima, == (Div.)
3) 1 b (Div.)
h 1ma =
now L2 n
3
x (Conv.) )
5
We can
also apply
(Div.) I'Hopital's Rule
(Conv.) J




5 4.2 ——— o
(h) lim( 2n 4?? ] liml 72— _0 (Conv.)

J = (Div.)

) llﬂ{lnnj —llm( U ﬁ) = hm( ! }— 1 =0
n—»w n— n—x| pe" 00 (Conv.)

1) lima, =L (Conv.)
2) lima, == (D1v.)
3) 1i 5 (Div.)
b 1mma, = 1V.
now _Lz
—
—

We can
also apply

L'Hopital's Rule

L'Hopital's Rule

is applied



Find the values of a,, a,, a,and a, for the following sequences

1— l _ 1\htl
1) a, = 2}? 2) a =— 3) a, = ( 1)
7 n! 2n—1
2" 2" —1
4 a,—= 2+ (—l)n S) a, = 6) a, =
2n—1 2:1

Find the nt"* term {a,} of the following sequences.

) L-11-11,... 2) —LL-L1—1,.. 3) 1,-49,-16,25,...

Lo b 0381504, 6 —3-2-10.L..
4797 16725

4)

10



Which of the following sequences converge and which diverge?

1) a,=2+(0.1) 5 a,=1+(-1)
1-2 |
) a,= 6) an_(H—HJ(l_l)
1+ 2n 2n 7
g 4 _-l n+l
3 4 :1 Sn 7) ﬂn:( )
"ont 8 2n—1
| 2n
P -2n+1 8 = .|
9 a _n 1+ ) a, i

{3

n—1

11



Increasing, Decreasing, and Bounded Sequences

In the previous lesson we studied the sequences and we understood the sequences limuts, the
convergence, and the divergence. In this lesson we will study the increasing, decreasing, and
bounded sequences.

Def 1: A sequence {a,} is called an increasing sequence (non-decreasing) if @, < @4, V1.

In another word a; < ay <ag <,

Def 2: A sequence {a,} is called decreasing sequence (non-increasing) if a,, > @, ¥n. In

another word a; 2 @, 2 a3 2 -+,

Def 3: 1f {a,} an increasing or decreasing sequence then is called monotonic sequence.

Def 4: A sequence {a,,} is bounded from above if 3 M € R s.t. @, < M ¥n, the number M is an
upper bounded for {a,}. If M is upper bounded for {a,,}, but no number less than M is
an upper bounded for {a,,}, then M 1s the least upper bounded for {a, }.

Def 3 : A sequence {a,,} is bounded from below if 3m € R s.t. @, > m ¥n, the number m is

lower bounded for {a,,}. If m is lower bounded for {a, }, but no number greater than m
1s a lower bounded for {a,,}, then m 1s the greatest lower bounded for {a,}.

Def 6 : If {a,} is bounded from above and below, then {a, } is bounded. If {a,,} is not bounded,
then we say that {a,,} is an unbounded sequence.

Note:  The sequence to be mcreasing 1t must be increasing for all n. This means the all terms
have to be mereasing. Also, the sequence is monotonic, 1f 1f 1s increasing only or
decreasing only.



Ex: Show that which of the following sequences is monofonic and bounded.

I(_Dnl]m 3 {remmm )

By 4 0D
an
1-_
05 |
0
| L e e !
| { ]l \I | \ o 0 l'.' 1
1 : g 0
05 +—
1 —_ 0 m

It 1s neither increasing nor decreasing, so 1t 15 nof a monotonic sequence,
It 15 bounded above at {%} and bounded below at {~1}. So the sequence is bounded.

We want to test the sequence 1f 1t 1s converges or diverges.



o0
n
2. {2

)%
ol Hn:l S(115,18,2..)

n+2

The sequence 1s bounded below at 1, but 1t’s not bounded above.
The sequence 1s increasing so it 1 monotonic.

Another way to test the increasing

A 39 7w
SOL N - NP PRI
4 Jpoy 416”64 256

- {075,06,0403,...}

As 1t shows that the sequence 15 decreasing

But let test 1t




