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Complex numbers



The Complex numbers

Def: The order pair_z=(x, y) where x and y are real numbers is called the complex number.

Notations:

1. The complex number (0,y) is called pure imaginary number.

2. The real number x is called the real part of z and The real number y is called the
imaginary part of z.

3. We say that the complex numbers(x;, y;) and(x,, y,) are equal if and only if x; = x,
and y; = y,.

4. The add ion and the multiplication are defined as: z; + z,— (x1,y1) + (x5, ¥,) = (3
+Xx2,91 + ¥2)

21.23=(%1,¥1)- (X2, ¥2) = (X1X2 — y1¥2 ,X1¥2 + X291)
1. Ifi=+v/—1 then we can write the complex number z = x+iy and
21.23=(%1, ¥1)- (X2, ¥2) = (X1X2 — ¥1¥2 X1Y2 + X21)
21+ 25=( %y +iy1) + (2 + iy2) =( x+x2) +i(y1 + y2)



Examples:

1. (2+31)+(1+41)=(2+1)+ (3+4)1=3+71
2. (1=1).2+31)=(1X2 ~(-1x 3) + (1 x 3 + (2 X (—1))i=5+i
3. 1P = (i) i=—i

Algebraic _properties :

1.The commutative law : z; + z,_2z, + z; and Z1.Z9= Zy.Zq V 24,2, €C
2. Z1 + (ZZ + Z3) = (Zl + Zz) + Z3

Zl' (Zz. Z3) — (Zl' Zz). Z3



4.The additive identity is 0=0+0i then V zeC ,z+0=0+z=z

5.The multiple identity is 1=1+0i then VzeC ,z.1=1.z=z

6.The additive inverse V zeC 3 — z = —x — iy st z+(-z)= —z+ z=0

7. The multiplicative inverse V ze¢ 3 z~1 st. zz l=z1lz=1

8. the conjugate of the complex number z=x+1yisz~ = x—1y
Examples:

1.(6+51)-(4-31)+(2+71)=4+15i
3.(vV2-1)—=i(1-V2 i)=(v2-1)— (i + V2)=-2i
4The conjugate of 3-7i= 3+71

6. find the inverse of —2+31

z 1=

—3i

= = X =
—2+3i -2+3i —-2-3i 13

1 1 1 —2-3i -2-3i -2
Z

13

+

13



Graphical representation of the complex number:

Every complex number z=x+ 1y corresponding one point in the plane XY For example
(0,0) corresponds to the complex number z=0+01 and the number z represents the
distance from (0,0) to (x ,y) therefore the plane is called the complex plane ,X is called
the real axis and Y is called the imaginary axis. Y

The absolute value of the complex number:

The absolute value of the complex number z=x+ 1y is defined as fellows:
|z] = Vx? +y?
Note:
1. The number z represents the distains between the origin and (X, y)

2. Ifz; = (x4,y1)and z, = (x5, y,) then the distance between them is

|z — 25| = \/(x1 —x2)% + (1 — y2)?



3.1z1. 25| = |z41]. |2;]

Z1

|z4|
= -1 Z2¢0
Z

|2 |

4.

Example:

z=2-31 then

|z = Jx2 + y2 =22+ (-3)2=V4+9 =13

polar form the complex number:

Letr, O are the polar coordinates correponding to (%, y)that represents z

x=rcosf ,y=rsinf

z=r(cos @ + isinf) = re®?



s.t. r=|z|= Jx? + y? and 0 it is the angle of the complex number z

,itis called (argument)andcan be write arg(z) = tan~?! (g)

Examples:
1. write z=1+1 by the polar form :

sol:

r= Jx2+y2=V1Z2+12 =42

1
0 = tan~1 (I) =tan"1(1) =

SR N

zZ = \/E(COS%-F ising) = ¢



1 TC

.TC
T . . Tt —
7= cos— + i sin— =e'z
2 2
seince cos 0 and sin 0 are pirodic in 2 t then argz = 6 + 2kn

if k=0,argz= 0 < < 1

notations:

1. arg(zq + z,) = argz; + argz;
2. let zy =7 (cosO + isinf) ,z, = p(cosP +isind)

Z1-Z
= rp(cos 8 + isinf). (cos@ +isin@) = rp(cos BcosP + isin 6 sin®) = rp(cos(O



arg(z,.2,) = 6+ 0
Z

1. arg — = arg z, — argz;
2

2. for all the integer number n z™ = r™*(cosn 6 + isinnf) = r™*(cosf + isinG)"

Example: represent the following complex numbers in the standard form:

; VIA
7=e?® > r=1 and0=5

X=rcos@=1*cos§=0 y=rsin9=1.sin§= 1+1=1

Z=x+iy=0-+i.



The complex function:

Let S be non empty set of the points in the complex plane if V zeS I w

s.t. w=1{(2). i.e.f: S— € , Sis called domain f and f(z) is called the range.
We can write f(z) by the following:

w={(z) =u(x ,y)+iv(x,y) ,u,v are real functions.

Example:

1. f(z2)=x?+2y —i2xy3,, ux, y)=x2%+2y ,v(x,y) = —i2xy3
2. f(z)=z? write f(z) by u and v.

sol: z=x+iy — f(z2)=(x + iy?)

f(z)=x? + 2ixy — y? =x? + y? — 2ixy

ux, y)=x2% + y? , v(x,y) = =2ixy



