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1 Laplace Transformation

The Laplace transform of a function f(t) is defined as:

L{f(t)} = F (s) =

∫ ∞

0

e−stf(t) dt, where s ∈ C.

Example 1.1 (Laplace Transform of a Constant Function). Find the Laplace transform

of the constant function f(t) = c.

Sol.

L{f(t)} =

∫ ∞

0

e−stf(t) dt

L{c} =

∫ ∞

0

e−stc dt.

Since c is a constant, it can be factored out:

L{c} = c

∫ ∞

0

e−st dt.

L{c} = c

[
e−st

−s

]∞
0

.

Since e−s(∞) = 0 and e0 = 1, we get:

L{c} = c

[
0−

(
−1

s

)]
= c · 1

s
.

Thus, the Laplace transform of a constant function is:

L{c} =
c

s
, s > 0.
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Example 1.2. Find the Laplace transform of f(t) = eat, a is constant.

Sol.

L{f(t)} =

∫ ∞

0

e−stf(t) dt

L{eat} =

∫ ∞

0

e−steat dt.

=

∫ ∞

0

e−st+at dt.

=

∫ ∞

0

e−t(s−a) dt.

Using the standard integral formula:

∫
e−bt dt =

e−bt

−b
,

we substitute b = s− a and evaluate from 0 to ∞:

L{eat} =

[
e−(s−a)t

−(s− a)

]∞
0

.

Since e−(s−a)∞ = 0 and e0 = 1, we obtain:

L{eat} =
1

s− a
, for s > a.

1.1 Basic Laplace Transforms

1. Linearity:

L{af(t) + bg(t)} = aL{f(t)}+ bL{g(t)}

2. Time Shifting:

L{eatf(t)} = F (s− a)

MOHAMMED JABBAR



1 LAPLACE TRANSFORMATION 3

3. Frequency Shifting:

L{tnf(t)} = (−1)n
dn

dsn
F (s)

Function f(t) Laplace Transform F (s) = L{f(t)}

a a
s
, s > 0

tn n!
sn+1 , s > 0

eat 1
s−a

, s > a

sin(at) a
s2+a2

, s > 0

cos(at) s
s2+a2

, s > 0

sinh(at) a
s2−a2

, s > |a|

cosh(at) s
s2−a2

, s > |a|

teat 1
(s−a)2

, s > a

tneat n!
(s−a)n+1 , s > a

Example 1.3. Find the Laplace transform of f(t) = et cos(2t), a, b constants.

Sol. Using the standard formula:

L{eat cos(bt)} =
s− a

(s− a)2 + b2
, s > a.

For f(t) = et cos(2t), we set a = 1 and b = 2, so:

L{et cos(2t)} =
s− 1

(s− 1)2 + 4
.

Thus, the final result is:

L{et cos(2t)} =
s− 1

(s− 1)2 + 4
, s > 1.

Example 1.4. Find the Laplace transform of f(t) = ett, a, b constants.
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Sol. Using the standard formula:

L{teat} =
1

(s− a)2
, s > a.

For f(t) = ett, we set a = 1, so:

L{tet} =
1

(s− 1)2
, s > 1.

Thus, the final result is:

L{tet} =
1

(s− 1)2
, s > 1.

Example 1.5. Find the Laplace transform of f(t) = e−2t + t3 − 4, a, b constants.

Sol.

L{f(t)} = L{e−2t}+ L{t3}+ L{−4}

The Laplace transforms of each term are:

L{e−2t} =
1

s+ 2
, L{t3} =

6

s4
, L{−4} = −4

s

Thus, the Laplace transform of f(t) is:

L{f(t)} =
1

s+ 2
+

6

s4
− 4

s

1.2 Derivative Laplace transform

The Laplace transform of the derivatives of a function f(t) can be computed using the

following properties:
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For the first derivative:

L
{

d

dt
f(t)

}
= s · L{f(t)} − f(0)

For the second derivative:

L{f ′′(t)} = s2 · L{f(t)} − s · f(0)− f ′(0)

For the third derivative:

L{f (3)(t)} = s3 · L{f(t)} − s2 · f(0)− s · f ′(0)− f ′′(0)

For the fourth derivative:

L{f (4)(t)} = s4 · L{f(t)} − s3 · f(0)− s2 · f ′(0)− s · f ′′(0)− f (3)(0)

For the fifth derivative:

L{f (5)(t)} = s5 · L{f(t)} − s4 · f(0)− s3 · f ′(0)− s2 · f ′′(0)− s · f (3)(0)− f (4)(0)

First Derivative

The first derivative of f(t) is:

f ′(t) = aeat

The Laplace transform of f ′(t) is:

L{f ′(t)} = s · L{f(t)} − f(0)
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Since f(t) = eat and f(0) = 1, we have:

L{f ′(t)} = s · 1

s− a
− 1 =

s

s− a
− 1

Second Derivative:

The second derivative of f(t) is:

f ′′(t) = a2eat

The Laplace transform of f ′′(t) is:

L{f ′′(t)} = s2 · L{f(t)} − s · f(0)− f ′(0)

Since f(0) = 1 and f ′(0) = a, we have:

L{f ′′(t)} = s2 · 1

s− a
− s · 1− a =

s2

s− a
− s− a

Third Derivative:

The third derivative of f(t) is:

f (3)(t) = a3eat

The Laplace transform of f (3)(t) is:

L{f (3)(t)} = s3 · L{f(t)} − s2 · f(0)− s · f ′(0)− f ′′(0)

Since f(0) = 1, f ′(0) = a, and f ′′(0) = a2, we have:

L{f (3)(t)} = s3 · 1

s− a
− s2 · 1− s · a− a2 =

s3

s− a
− s2 − as− a2
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Fourth Derivative:

The fourth derivative of f(t) is:

f (4)(t) = a4eat

The Laplace transform of f (4)(t) is:

L{f (4)(t)} = s4 · L{f(t)} − s3 · f(0)− s2 · f ′(0)− s · f ′′(0)− f (3)(0)

Since f(0) = 1, f ′(0) = a, f ′′(0) = a2, and f (3)(0) = a3, we have:

L{f (4)(t)} = s4 · 1

s− a
− s3 · 1− s2 · a− s · a2 − a3 =

s4

s− a
− s3 − as2 − a2s− a3
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