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1 PARTIAL DERIVATIVE 1

1 Partial Derivative

Definition 1.1. The partial derivative of a function f(z,y) with respect to x, while

keeping y constant, is defined as:

Or  Az—0 Az

Similarly, the partial derivative of f(z,y) with respect to y is:

Of _ iy 1@y +8y) = f(z,y)

ay o Ay—0 Ay

Remark 1.1. Partial derivatives are commonly represented as:

of

%7 fmv Dmf

Example 1.1. Consider the function:

f(z,y) = 2%y + 3ay°

The partial derivative with respect to x is:

0

—f = 2zy + 3y°
Ox

The partial derivative with respect to y is:

g = 2% + 92y
dy

Example 1.2. Let f(z,y) = 2> — y* + 2y + 7. Then find f., f,, frz, and fo,.

Solution

fy:_zy‘i‘x
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1 PARTIAL DERIVATIVE

f;vyzl

Problem
1. Let f(z,y) = e *siny + e¥ cosz + 8 Then find f,, f,.
2. Find f, and f, at point (1,3/2) if f = m
3. If f(z,y) = ze¥ — sin(z/y) + 2®y?, then find [y, fy, fuws fyy> and fuy.
4. IfV = 22 + y? + 2% + In(2), then find V,, V,, V., V,,, and V..
5. If f = 2, then find f,, f,.
6. Prove that
Ury = Uy
7. If:

(a) U =xsiny+ycosx

(b) U =zlny

1.1 Chain Rule
1- Function of One Variable

Ify = f(x),and z = x(t), y = y(t) then:

9 _ 0y Oz
ot Or Ot

2- Function of Two or Three Variables

a. Ifz = f(x,y),and x = z(t), y = y(t), then:

0z 0z0x 0z @

ot " ozot  oyor
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1 PARTIAL DERIVATIVE 3

b. If z = f(z,y,w),and z = z(t), y = y(t), w = w(t), then:

0z _ 0201 0:0y  0z0w
ot 0z odt Oyot Ow ot

Example 1.3. Let f(z,y) = ™, where © = r cos 6,y = rsinf. Find f, and fy in terms

of r and 0.

Solution

First, compute the partial derivatives:

Of _ . ay
s Ve

g—ch::cexy
% = cos 0
%:sinH

Now, using the chain rule:

or _ofos 010y
or  0xOr Oyor

= ye™ cos ) 4+ xe™ sinf

. 2 :
= rsinf cos fe’ cosvsing
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1 PARTIAL DERIVATIVE

— rsin20 - e" 2 cos @ sin @

For fy:

% = —rsinf
dy
20 = rcosd

6f 8f(3x 8fé?y
90 0x 90 ' Oy oo

= ye™(—rsinfd) + ze™(r cos 0)

72 cos 6 sin @ r2 cos 0 sin @

— —r2sin% fe + r? cos? fe

2 i .
_ T,Zer cos@sm@(cos2 o — Sll’l2 6)

2 .
— 7,267" cos 6 sin 6 cos 20

1.2 The Total Differential

The total differential of a function W = f(x,y, z) is defined as:

of of af
=5 —dx —l—a—d +$d

Or,
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1 PARTIAL DERIVATIVE

dw = fydx + fydy + f.dz

In general, the total differential of a function W = f(z,v, z, u, ...) is defined by:

dw = fydx + fy,dy + f.dz + fudu+ ...

where ., y, 2, u, v, and w are independent variables.

If x,y, and 2 are not independent variables but given by:

then we have:

Or, in the form:

x=ux(r,s), y=y(rs), z==z(rs)

then we have:

de = Edr + gds
y dy

dy = Edr + %d
0z 0z

dz = Edr + %ds

Thus, equation (1) becomes:
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of of 8f
dw = 6’d+5’d+8z

Substituting equations (2) and (3), we obtain:

Ordr Oyodr 0z0r Oz Os

dw — <8f8x+8f8y+8f8z)dr+(3f8x+

Example 1.4. Find the total differential of the function:

w:x2+y2+z2

if:

of 8y
dy Os

r=rcoss, y=rsins, z=r

Solution

The total differential is:

dw = wydr + w,dy + w.dz

Since:

w:x2+y2+z2

we have:

dw = 2xdzx 4 2ydy + 2zdz

Computing differentials:

(9f 0z
0z Os

0 )
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dx = d(rcos s) = drcos s — rsinsds

dy = d(rsins) = drsin s + r cos sds

dz = dr

Now:

dw = 2x(cos sdr — rsinsds) + 2y(sinsdr + rcos sds) + 2rdr

= 2[zcos sdr — xrsinsds] + 2[y sin s dr + yrcos s ds| + 2r dr

= 2[r cos scos s dr — 1% cos s sin s ds + 7 sin s sin s dr + 7% sin s cos s ds] + 2r dr

=2r [cos2 s + sin’ s] dr + 2[—r? sin s cos s + 72 sin s cos s]ds

= 2rdr
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