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Solution of Linear Equations by Cramer’s Rule

Cramer’s rule is a method for solving linear simultaneous equations. It makes use of determinants
and so a knowledge of these is necessary before proceeding.

1. Cramer’s Rule - two equations

If we are given a pair of simultaneous equations

a|x+bly = d
asr + by = dy

then z, and y can be found from

d] b] g dl

dg bg a9 CEQ
T = y =

a1 by a; by

15} bg g bg

Example
Solve the equations

3r+4dy = -4
-2z -3y = 11
Solution

Using Cramer’s rule we can write the solution as the ratio of two determinants.

‘ ~-14 4 ‘ 3 -14 ‘
1 -3 -2 -2 1 5
- = — =2, — e — . =}
TTs o1 oY Y773 1 -
-2 -3 -2 -3
The solution of the simultaneous equations 18 then r = 2, y = —5.

Example: Use Cramer's rule to solve the simultaneous equations:
2x+y=7
3x-4y=5
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) 2 1 . . , .
Calculating A = 3 _4 ' = —11. Since A # 0 we can proceed with Cramer's solution.
|2 I 71 12 7
A'g —4'_11 T Al —4" LZ‘ 5
) (—28 —5) (10 — 21) _— —33 5 —11 ]
ie.r=-——-, =— implying: r=—— =3, =——=1.

Ty YT (Cy Pying: =" =7 YT

You can check by direct substitution that these are the exact solutions to the equations.

2. Cramer’s rule - three equations

For the case of three equations in three unknowns: If

a|I+b|y+c1z = dl
asx +boy + oz = dy
agr + by + ez = dy

then x, y and z can be found from

dl bl (8] 1 dl (8] 1 b] d]
CEQ bg Ca (Ig dg [5)] 15 b} dg
_|dy by oo _|as d3 o _laz by ds
e ap b e I a; by o T ar by oo
as b a b as ba
az by 3 az by o3 ag by o3
B An A,
or A A A
Example:

Use Cramer's rule to solve the system

xIry — 2.1‘-2 + 13 = 3
201 + 19 —x3 = 5
3r1 — 19 + 2103 = 12
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1 -2 1
A=]2 1 -1
3 -1 2
1 -1 2 _ 2 1
A 1 x 1 9 (_)x3 2—|—1x3_1'
= 1x2-1)4+2x4d+3)+1x(-2-3)
— 1+14-5=10
I -1 b —1 5 1
o ‘-—1 o |77 2'*‘1X 12 —1'
= 3x14+2x2241x(-17)
= 30
Hence x —LX‘BO—‘B
7y =75 %30 =
1 1 3 1
= =2 5 -1
3 12 2
1 5 —1 2 -1 2 5
:'ﬁ{lx:m 2' X3 2‘+1X 312}
1
— —l‘)— y =
{22-3xT+9} =1
1 I 5 ; 2 5 1
o _'ﬁ{lx‘—112‘*_mx 3 12 | T 3-4'}

1
= G{lT+2x9+3x (=5)} =2
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Example : Use Cramer’s rule to solve the system
—4x+2y—-9z2=2
3X+4y+z=35
Xx—3y+2z=8
Here the determinant of the coefficients is:
-4 2 -9
A =3 4 1
1 -3 2
=4@8+3)-2(6-1)-9(-9-4)
=—44-10+117
|A] =63

for |Ax|. replacing the first column of |A| with the corresponding
constants 2. 5 and 8. we have

2 2 -9
A =I5 4 1
8 3 2

=2(11)-2(2)-9(-47) =22 -4 +423

| A = 44 |
-4 2 -9
Al =[3 5 1
1 8 2
=—4(2)-2(5)-9(19)
=-8-10-171
[1A,] = -189 |
and
-4 2 2
Al =|3 4 5
1 -3 8
=—4(47) = 2(19) + 2(=13)
=_188-38-26
A = -252 ‘
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A, 441
Hence X= =—=7
|A| 63
A s
T Ta] e
o |A,| _ 252,
|A| 63

Homework: Use Cramer’s rule to solve the following sets of simultaneous equations.
Tr+3y = 15
x4+ 5y = —16
b)
r+2y+3z = 17
r+2y+2z = 11

r—>5+z = =5
Answers
a)x=3,y=-2. byx=1,y=2,z=4
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