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Tests for Convergence of Series

1) Use the comparison test to confirm the statements in the following exercises.

L Y02, L diverges, so Y07, 1= diverges.
Answer: Let a, = 1/(n —3), for n > 4. Since n — 3 < n, we have 1/(n —3) > 1/n, so

an > —.
n

The harmonic series - diverges, so the comparison test tells us that the series Y - 5 also diverges.

n4n n4n

2. 3 -5 converges, s0 > o H%Jrz converges.
Answer: Let a, = 1/(n® +2). Since n? + 2 > n?, we have 1/(n? 4+ 2) < 1/n?, so

0<an<7.
n

The series Y >, % converges, so the comparison test tells us that the series Y - also converges.

n=1 n2+2

3. 307, 25 converges, S0 Y oo S " converges.

Answer: Let a,, = e~"/n?. Since e~ X so

n

. o0 1 . . oo e ™
The series )~ | -5 converges, so the comparison test tells us that the series )~ | ©5 also converges.

2) Use the comparison test to determine whether the series in the following exercises converge.

L Yo 5
Answer: Let a, =1/(3"™ +1). Since 3" +1 > 3", we have 1/(3" +1) < 1/3" = (%)n, S0

0< < D
an | .
3

Thus we can compare the series > oo with the geometric series S ( é)n This geometric series

1
n=1 3741
converges since |1/3| < 1, so the comparison test tells us that >~

o 1
2. 2 e

Answer: Let a,, = 1/(n* + e"). Since n* + " > n?, we have

nel 3747 +1 also converges.

1 < 1
n4 + en nt’
SO

0<an<—4.
n

Since the p-series Y 7

=1
3. —
Z Inn
n=2
Answer: Since Inn < n for n > 2, we have 1/Ilnn > 1/n, so the series diverges by comparison with the
harmonic series, Y 1/n.

>, -7 converges, the comparison test tells us that the series > | W also converges.



oo n2
4. Zn:l nt+1
1

Answer: Let a, =n?/(n* +1). Since n* +1 > n*, we have = < 7, s0
n? < n? 1
a = — P —
"opt4l Tont p?’
therefore
0<ay< —-
n
. . . . 2
Since the p-series > | % converges, the comparison test tells us that the series >, i1 converges also.
o0 nsin’n
0. ZnZI n3+1

Answer: We know that |sinn| < 1, so

nsin®n n n 1

< — = —.
nd+1 “n3+1 nd3 n2

: : o] 1 : : oo npsin’n
Since the p-series ) ", -5 converges, comparison gives that )~ | ™5 1t converges.
oo 2741
6. Zn:l n2m—1

Answer: Let a, = (2" +1)/(n2™ — 1). Since n2" —1 < n2" +n = n(2" 4+ 1), we have

2" +1 2" +1 1

> .
n2" —1" n2"+1) n

2" +1
n2mn—1

test tells us that Y00 | 2L also diverges.

Therefore, we can compare the series with the divergent harmonic series Y~ " ; +. The comparison

3) Use the ratio test to decide if the series in the following exercises converge or diverge.

L Y0l @y
Answer: Since a,, = 1/(2n)!, replacing n by n + 1 gives a,+1 = 1/(2n + 2)!. Thus

jans1| _ Gaemy _ (n) (2n)! _ 1
lay| (2}0! 2n+2)!  (2n+2)2n+1)(2n)! (2n+2)(2n+1)’
SO
L= fim il oy L = 0.

=1
n—oo |y nroo 2n+2)(2n+1)

Since L = 0, the ratio test tells us that > | ﬁ converges.

9 Zoc (n))?

n=1 (2n)!

Answer: Since a,, = (n!)?/(2n)!, replacing n by n + 1 gives a,+1 = ((n + 1)!)2/(2n + 2)!. Thus,

((n+1)H?
sl Y (@0 ew)
|an| 52"72; (2n+2)!  (n!)2’

However, since (n 4+ 1)! = (n + 1)n! and (2n + 2)! = (2n + 2)(2n + 1)(2n)!, we have

lant1| (n+1)%2(n!)2(2n)! B (n+1)2 on+1
lan] — 2n+2)2n+1)(20)!/(n))2  2n+2)2n+1)  4n+2’
SO
L= lim [ 11 = 1
n— oo ‘anl 4

2
Since L < 1, the ratio test tells us that > ° 227!1))! converges.




2n)!
3. Zn 1 n'((n+1
Answer: Since a,, = (2n)!/(n!(n + 1)!), replacing n by n + 1 gives an41 = (2n + 2)!/((n + 1)!(n + 2)!). Thus,

2n+2)!
janss]  Gilirm  Cn42)! nl(n+1)!
lan| % C (n+1D(n+2)! (2n)!

However, since (n+2)! = (n+2)(n+ 1)n! and (2n + 2)! = (2n + 2)(2n + 1)(2n)!, we have

lany1]  (2n+2)2n+1)  2(2n+1)
lan]  (n+2)n+1)  n+2

)

SO
L — 1 ‘a’n"!‘ll —

n— oo ‘an|

(2n)!

Since L > 1, the ratio test tells us that | eyl diverges.
4.3 >0
Answer: Since a,, = 1/(r"n!), replacing n by n + 1 gives a, 41 = 1/(r"*1(n + 1)!). Thus
1
lant1|  7F g r'n! 1
|an| L rotln+ 1) r(n+1)’

SO 1 1
L= fim 2ot 1y

n—o00 |a”| T n—oo N —|— 1

Since L = 0, the ratio test tells us that > ° | = converges for all 7 > 0.

5. Lo e
Answer: Since a,, = 1/(ne™), replacing n by n + 1 gives a,11 = 1/(n + 1)e™*!. Thus
L
lans1]  rDer ne” B n \1
|an] 4 (n + 1)entl n+1/e
Therefore X
L= lim ‘an+1|:7<1’
n—00 ‘an‘ e
Since L < 1, the ratio test tells us that > >, W converges.

6. Z'(:Lozo ngj-l
Answer: Since a,, = 2"/(n? + 1), replacing n by n + 1 gives a1 = 2""1/((n +1)% + 1). Thus

2n+1

lan1| _ wroper 2t R+l WP+l
lan] A (n+1)33+1 2» (n+1)3+1’

SO

L— 1 ‘a”nr‘rll _

n—00 \an|

Since L > 1 the ratio test tells us that the series >~ diverges.

n=0 n3+1

4) Use the integral test to decide whether the following series converge or diverge.
o0
1
L)
n=1
Answer: We use the integral test with f(z) = 1/2% to determine whether this series converges or diverges.

oo
We determine whether the corresponding improper integral / —dz converges or diverges:
1 m

>~ q b —1 P 1 1 1
—dz = li —dr= lim —| = lim -
/1 BT ), B T 5% 222, bhee <2b2 + ) 2

oo

oo
Since the integral / —dx converges, we conclude from the integral test that the series Z —; converges.
1 X n

n=1



oo

2 anil

n=1
Answer: We use the integral test with f(z) = z/(22+1) to determine whether this series converges or diverges.

o0
We determine whether the corresponding improper integral / ﬁd.’t converges or diverges:
1 x

b

= lim (;ln(b2 +1)— ;1112) =

1 b—oo

o) b
T T 1
————dzr = lim —~ dz= lim =In(z®>+1
/1 x2+1x bioo/l 1‘2—|—1x bi>oo2n(x+ )

Since the integral /1 %—H

= 1
3. Z s
Answer : We use the integral test with f(x) = 1/e” to determine whether this series converges or diverges.

(oo}
To do so we determine whether the corresponding improper integral / —dx converges or diverges:
1 €

b

<1 b o . — . b -1 -1
—dm— lim e “dr = lim —e ™ *| = lim (—e +e ):e .
1

er b—oo Jq b—oo 1 b—oo
oo oo
Since the integral / —dx converges, we conclude from the integral test that the series Z — converges.
1 (& 1 &

We can also observe that this is a geometric series with ratio # = 1/e < 1, and hence it converges.

— 1
4. E —
2
= n(lnn)

Answer: We use the integral test with f(z) = 1/(z(lnz)?) to determine whether this series converges or

o0
diverges. We determine whether the corresponding improper integral / de converges or diverges:
9 nr

> b —1/ -1 1 1
——dr =1l ———dr = lim —| = lim S
/2 z(Inx)? T 5 z(lnx)? T e Ina 5 el <lnb 1n2> In2

o S |
Since the integral / ——— dz converges, we conclude from the integral test that the series Z _
5 z(lnx) “— n(Inn)?

converges.

5) Use the alternating series test to show that the following series converge.

—_1)" 1
L. Zn 1 )n
Answer Let an = 1/+4/n. Then replacing n by n+ 1 we have a1 = 1/y/n+ 1. Since v/n + 1 > \/n, we have

\/W f’ hence a,4+1 < a,. In addition, lim, _, a, = 0 so Zn 0 (\/1% converges by the alternating series
test.

o (=1)"t
2. > T

Answer: Let a, =1/(2n + 1). Then replacing n by n+ 1 gives an4+1 = 1/(2n + 3). Since 2n+3 > 2n + 1, we
have

1 1
O0<apy1 = < = a,.
il = o3 Somy1 ¢

( 1)%71

We also have lim, ., a, = 0. Therefore, the alternating series test tells us that the series Zn 1 o

converges.
o (=1)" 1
3. Zn:l n24+2n+1
Answer: Let a, = 1/(n? +2n+ 1) = 1/(n + 1)2. Then replacing n by n + 1 gives a,+1 = 1/(n + 2)2. Since

n+2>n+4 1, we have
1 1

CEERCESE




SO
0< Apt1 < GQp.

(_1)71—1

We also have lim, ., a, = 0. Therefore, the alternating series test tells us that the series ZZOZI P e

converges.

TR S

n=1 en

Answer: Let a, = 1/e™. Then replacing n by n + 1 we have a,1; = 1/e"T!. Since e"*! > e", we have
ﬁ < e%, hence ap41 < ap. In addition, lim, o a, = 0 so Zle (;? converges by the alternating series

test. We can also observe that the series is geometric with ratio z = —1/e can hence converges since |z| < 1.

6) In the following exercises determine whether the series is absolutely convergent, conditionally
convergent, or divergent.

Ly e
Answer: Both ) (721)" =y (_71)” and ) & = (%)n are convergent geometric series. Thus ) (72,1")” is
absolutely convergent.
—1 n
2 2 GF
Answer: The series ) (;l)n converges by the alternating series test. However > % diverges because it is a
multiple of the harmonic series. Thus ) (_2;) is conditionally convergent.
33D (1+ %)

Answer: Since

1
lim (1 4 2> —1,
n— 00 n
the n'® term a, = (—1)" (1+ -5) does not tend to zero as n — co. Thus, the series > (—1)" (14 -3) is
divergent.

—1)"
4 T

wrap o =D . : : e 1
Answer: The series ) = converges by the alternating series test. Moreover, the series > 7ig7 converges
(—1)"

by comparison with the convergent p-series ) n% Thus )+ e

(1"
5. Z nlnn
Answer: We first check absolute convergence by deciding whether > 1/(nlnn) converges by using the integral

test. Since ,
/ dz = lim / de = lim In(In(z))
o xlnzx booo oy xlnzr  booo

and since this limit does not exist, > ﬁ diverges.

is absolutely convergent.

b

2 b—oo

We now check conditional convergence. The original series is alternating so we check whether a,11 < a,.
Consider a,, = f(n), where f(z) = 1/(zlnz). Since

AUy o1
de \zlnz) z2lnzx Inz

is negative for z > 1, we know that a,, is decreasing for n > 2. Thus, for n > 2

1 1
<
n+1)In(n+1) " nlan

= ay.

Qn41 = (

(-1

Since 1/(nInn) — 0 as n — oo, we see that ) “—5—

is conditionally convergent.

6. Z (71)"_1?erctan(1/n)
Answer: We first check absolute convergence by deciding whether > %51/") converges. Since arctanx is

the angle between —7/2 and 7/2, we have arctan(1/n) < 7/2 for all n. We compare

arctan(l/n)  m/2
2 <z
n n

and conclude that since (7/2) > 1/n? converges, > %ﬁ/”) converges. Thus > ot ir;ta“(l/") is abso-
lutely convergent.



7) In the following exercises use the limit comparison test to determine whether the series converges
or diverges.

1302, 25l by comparing to 307,
Answer: We have
an _ (n+1)/(3n2) _5n+1

bn, 1/n 3n
5 on+1 5
_an o 5ntl 5

Since Z?:l % is a divergent harmonic series, the original series diverges.
o0 1+n\" : oo 1\"
2.3 (Tn )", by comparing to > (g)

Answer: We have o (L) (+1)n ( 1>n
an _ WALV =(1+=) ,

bn (1/3)»
SO
n . "
lim 2 = lim <1—|—> =e=c#0.
n—oo bn n—00 n
Since Zzo:l (%)n is a convergent geometric series, the original series converges.
3. > (1 —cos i), by comparing to Y 1/n?
Answer: The n'" term is a,, = 1 — cos(1/n) and we are taking b, = 1/n?. We have
1-— 1
lim 2% = lim 7%8( /n)
n—00 bn n— o0 1/n2

This limit is of the indeterminate form 0/0 so we evaluate it using I’Hopital’s rule. We have

_ . _ 2 . .
lim 1 —cos(1/n) ~ lim sin(1/n)(—1/n%) lim 1sin(1l/n) . lsinz 1

n— 00 1/’[7,2 n—oo —2/7’7,3 n—oo 2 1/n =02 2

The limit comparison test applies with ¢ = 1/2. The p-series > 1/n? converges because p = 2 > 1. Therefore
>7(1 — cos(1/n)) also converges.

4.3 i
Answer: The n'" term a,, = 1/(n* — 7) behaves like 1/n* for large n, so we take b, = 1/n*. We have
an, 1/(n*—7) . n*

= lim —~—— = lim
" n—o00 1/n4 noocond —7

lim =1.
n—oo
The limit comparison test applies with ¢ = 1. The p-series > 1/n* converges because p = 4 > 1. Therefore
> >1/(n* —7) also converges.
S—on?4n+1
5. Y ni=2niinl
Answer: The n'** term a,, = (n® — 2n? + n + 1)/(n* — 2) behaves like n®/n* = 1/n for large n, so we take
b, = 1/n. We have

n 3722 1 472 4723 2
lm &= T2 D/0 =2 oA

n—oo 0y, n—o00 1/7’L n—00 n4 -2

The limit comparison test applies with ¢ = 1. The harmonic series }- 1/n diverges. Thus Y- (n® — 2n% + n+1) / (n* — 2)
also diverges.

on

Answer: The n*® term a,, = 2"/(3" — 1) behaves like 2" /3" for large n, so we take b, = 2"/3". We have

n 2" /(3™ — 1 n 1
lim—:th i 3 i

n—00 O n—o0 2”/3" T nsoo 3n —1 nI*>OO 1-3—n o

The limit comparison test applies with ¢ = 1. The geometric series > 2"/3™ = >(2/3)™ converges. Therefore
>22"/(3™ — 1) also converges.



(BDY (2n171 o %)

Answer: The n'* term,
1 1 1

T o1 o a2 —2n’

behaves like 1/(4n?) for large n, so we take b, = 1/(4n?). We have

an, . 1/(4n? —2n) . 4n? . 1
lim —=lm —-r——*=1lm — = lim —
n—oo b n—oo  1/(4n?) n—oo 4n? —2n  n—oo 1 —1/(2n)

The limit comparison test applies with ¢ = 1. The series > 1/(4n?) converges because it is a multiple of a

p-series with p = 2 > 1. Therefore (ﬁ - ﬁ) also converges.

1
: Z 2v/n++vn+2
Answer: The n'® term a,, = 1/(2y/n + v/n + 2) behaves like 1/(3/n) for large n, so we take b, = 1/(3/n).
We have

1/(2v/n+Vn £ 2) y 3v/n

. (79}
lim — = lim

n—oo by, n— o0 1/(3\/5) N nl_)Ing W—nm
= lim 3vn
" (24 T+ 2/n)
= lim 5 = 5
n=0 24 ./1+2/n 2+V1+0

=1

The limit comparison test applies with ¢ = 1. The series Y 1/(3y/n) diverges because it is a multiple of a
p-series with p = 1/2 < 1. Therefore > 1/(24/n + +/n + 2) also diverges.

8) Explain why the integral test cannot be used to decide if the following series converge or diverge.

o0
1. Z n?
n=1
Answer: The integral test requires that f(x) = 2%, which is not decreasing.
o0
2. Z e "sinn
n=1

Answer: The integral test requires that f(x) = e~ % sinx, which is not positive, nor is it decreasing.

9) Explain why the comparison test cannot be used to decide if the following series converge or

diverge.

1. i (_an)n

Answer: The comparison test requires that a, = (—1)"/n? be positive. It is not.

oo

2. sinn

Answer: The comparison test requires that a,, = sinn be positive for all n. It is not.

10) Explain why the ratio test cannot be used to decide if the following series converge or diverge.

o
LY (-1n
n=1
Answer: With a,, = (—1)", we have |a,+1/a,| = 1, and lim,,—, o |an+1/an| = 1, so the test gives no informa-

tion.



o0
2. Z sinn
n=1
Answer: With a,, = sinn, we have |ap4+1/a,| = |sin(n + 1)/sinn|, which does not have a limit as n — oo, so

the test does not apply.

11) Explain why the alternating series test cannot be used to decide if the following series converge
or diverge.

1. i(—l)”_ln

Answer: The sequence a,, = n does not satisfy either a, 11 < a, or lim,_, a, = 0.

= 1
2. R B Ll
(-1t (2 1)
n=1
Answer: The alternating series test requires a, = 2 — 1/n which is positive and satisfies a,y+1 < a, but
limy, o0 an =2 # 0.

12) JAMBALAYA!!! Determine if the following series converge or diverge.
DRSS
n+1

Answer: We use the ratio test with a, = %. Replacing n by n+ 1 gives ap4+1 = % and

lapt1| 8" /(n+1)!  8al 8
lan| 8" /n! 4+ n+1
Thus N
L= tim Pl =0
n—oo |an n—oomn + 1
8n

Since L < 1, the ratio test tells us that > " ; 5 converges.

ADINEE

Answer: We use the ratio test with a,, = "3% Replacing n by n + 1 gives an11 = ("';# and
lan1|  ((n+1)27T1) /3"t 2(n+1)
|an| n2n/3n 3n
Hhus 2 1 2(1+1 2
L = lim M: lim LH: lim w:,.
n—o0  |ay| n—oo 3N n—00 3 3

Since L < 1, the ratio test tells us that > 7 n2" converges.

n=1 3n
3. 2"
Answer: The first few terms of the series may be written
l+et+e2+e 3+
this isla geomletric series with a = 1 and * = e=! = 1/e. Since |z| < 1, the geometric series converges to
=+ = —_¢€_

1—x l—e—1 e—1"

4. 300 s tan (3)
Answer: We compare the series with the convergent series Y 1/n2. From the graph of tanz, we see that
tanz < 2 for 0 < 2 <1, so tan(1/n) < 2 for all n. Thus

! t ! < ! 2

~ tan [ = il

n? n n2"’
so the series converges, since 25 1/n? converges. Alternatively, we try the integral test. Since the terms in
the series are positive and decreasing, we can use the integral test. We calculate the corresponding integral

using the substitution w = 1/x:
’ 1
= lim (111 (cos <>> — In(cos 1)) = —lIn(cos 1).
1 b—oo b

® 1 1 b1 1 1
/ — tan <) dr = lim — tan (> dr = lim In <cos >
1 X X b— o0 1 T X b—oo x

Since the limit exists, the integral converges, so the series >~ # tan (1/n) converges.




ZOC 5n+2
. n=1 2n24+3n+7
Answer: We use the limit comparison test with a,, =

we take b, = 1/n.
We have

Because a,, behaves like 2% = 2
2n 2n

5n+2
2n243n+7"

. ap n(5n + 2) 5
lim — = lim ———F—— = —.
n—o0 by, nsoo 2n2 +3n+7 2
By the limit comparison test (with ¢ = 5/2) since Y7 ; 1 diverges, >0, #;fw also diverges.
oo D
Y S
Answer: Let a, = 1/4/3n — 1. Then replacing n by n + 1 gives a,41 = 1/4/3(n+ 1) — 1. Since

V3n+1)—1>+3n—1,

we have
Upy1 < Qp.

oo (—1)n1

as n — oo,

In addition, lim,_, a,, = 0 so the alternating series test tells us that the series >~ ; /e converges.

o0 sinn
: Zn:l n2

Answer: Since 0 < |sinn| <1 for all n, we may be able to compare with 1/n2. We have 0 < |sinn/n?| < 1/n?
for all n. So 3~ | sinn/n?| converges by comparison with the convergent series Y (1/n?). Therefore Y (sinn/n?)

also converges, since absolute convergence implies convergence.

: Z?:? lnbzn2

Answer: Since
3 3

Inn2  2lnn’

our series behaves like the series > 1/Inn. More precisely, for all n > 2, we have

1 3 3
— <

0< = —
- Inn ~ 2lnn  Inn?’

<

S

00 3 . . . . . 1
S0 ), _, 1z diverges by comparison with the divergent series ) --.

DD % Answer: Let a,, = n(n +1)/v/n3 + 2n2. Since n® + 2n? = n?(n + 2), we have

~nn+1)  n+1l
" onvn+2 vVn+2

S0 a, grows without bound as n — oo, therefore the series Zzozl % diverges.




