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Series

Infinite Series

- - . . . B ; -
Infinite series are sequences of a special kind: those i which the n™-term is the

sum of the first n terms of a related sequence.

Example

Suppose that we start with the sequence

L1111

. ‘ a]_! az,t aS’ a4 Yy u..a"_
2°4°8°16 32 64

If we denote the above sequence as a, ., and the resultant sequence of the series as s, ,

then

| l
s;=a,+a,+a, =1+ —
) 4

as the first three terms of the sequence {S”}



Infinite series

When the sequence {Sn} 1s formed in this way from a given sequence {a”} by the

rule

?T
s, =a,+a,+..+a, :Zak
=1

the result 1s called an|Infinite Series.

n

. / . -
%* The number s, = Z a, 1s called the n™ partial sum of the series.
k=1

a0
%* Instead of {S” } we usually write Z a, orsimply Za” :

n=1

n
% The series Y a, is said to converge to a number L if and only if L =lims, = limz a,

Hn—»o0 n—»o ;‘_:1
i which case we call L the sum of the series and write

Ya =L or a+a,+..+a, +..=L

n=l

If no such limit exists, the series 1s said to diverge.
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Geomelric series

Geometric Series

A series of the form

2 3 —1
a+ar+ar-+ar +...++ar’ + ...

1s called a Geometric Sertes. The ratio of any term to the one before 1t 1s 7.

. O _ ar? _ ar®* _ ar™
- T ar  ar?  ar™?
If |7l <1 the series convergesto|a/(1—7)| [ sum of convergence].
If || > 1, the series diverges unless a = 0.

It a =0, the series converges to 0.



Examples

Example

Determine whether each series converges or diverges. If 1t converges, find 1ts sum.

(a) Z

n=0

Solution

(a) Z

n=0

B

3

,% n

(b)i > (c)Zz cos%

n=l n=1

mn

(@Y tanj NOPIES

n=0

5( l)n
n=l 4”

To be solved as a geometric series, we should satisfy the following form: d + ar + ar’ +ar’ + .. ++ar'" + ..

Since

0

2
atn=20, a=(§) =1
11 2 If |1‘ <] the series converges to |a /(1 —r)|, [ sum of convergencel].
atn =1, a‘r=(—) = =
3 3 If M > 1. the series diverges unless a = 0.
, . (2\" 4
atn =2z ar®= §) T 9 If a =0, the series converges to 0.
. 3 (2) 8
atn =3, ar
3
ar? ar? ar™ 2
= = — . ....= — , S0 It is a geometric series.
ar ar? arn-1 3
2 . o
r = 3 <1, the geometric series is convergent.
_ a 1
The sum of convergence is 1 = N 3
- r
-]
(1-3



In similar way for (b) Z(;) (C)Zz[ms) (d)Z( an . J (e)ZS( )

n
n=I n=| n=>0 n=l 4

(b) Since the series 1s a geometric series with » == > 1, so the series 1s divergent.

(¢) cosm/3=1/2. This is a geometric series with first term @, =1 and the ratio
r=1/2: so the senies converges and 1ts sum 1s 1 /(] — l) =7.
(d) tanz/4=1. This 1s a geometric series with 7 =1, so the series diverges.

(e) This 1s a geometric series with first term a, =—5/4 and ratio r =-1/4. So the series

converges and 1ts sum 1s 34 —_1.

1+(1/4)



Test convergence of series with non-negative terms
1) The n"- Term Test

< If lima, #0, orif lima, fails to exist, then Y a, diverges.

H—»

H—>
n=1

“ If lima, =0, then the test fails (inconclusive test) mmp Choose another test

H—»cr

Examples

in:

n=l

in+l

n=l N

> (1)

n=1

Z n

= 2n+5

s 1

n=1 1

: 2
diverges because 7~ — 0,

: n+l1
diverges because

—>1#0,
Hn

) . . 1 )
diverges because lim(—1)"" does not exist,

n—o

diverges because lim
=% 20+ 5

.
2

can not be tested by the n™-term test for divergence because — — 0.
n



Test convergence of series with non-negative terms

2) The Integral Test

Let the function y = f(x), obtained by introducing the continuous variable x in

place of the discrete variable # in the n™-term of the positive series i 4 - then

n=l1

- + o0 Div.
j f(x)dx = —® Div.
: — 0 < <O Conv.

Example

Test the convergence of

o m—) Ix_f’dr
(a)Zl ()Z— Z j

A special case of integral test is called (P — series):

T n= n
n=1 ei? n=2 n(ln ?’3) 1
If P<1—-diverge (Harmonic seriesatp = 1)
IfP>1- '
Solution fP> converge
i - —0 -1 l
(a) je dx =— =—(e" —e )=— (Conv.)
1 : €
(b) I L’C,,d = -1 _l—l— l = : (Conv.)
r(ln x)’ > (Inx)” Inx , © In2 In2




Test convergence of series with non-negative terms

3) The Ratio Test

Let Z a_ be a series with positive terms, and suppose that

lim " =
H—>o0 a p
1

Then
¢ The series converges if p <1,
» The series diverges it p > 1,

%+ The series may converge or it may diverge if p =1. (Test fails) mp (inconclusive test)

The Ratio Test 1s often effective when the terms of the series contain factorials of

expressions mvolving # or expressions raised to a power mvolving 7.



Test convergence of series with non-negative terms

% The series converges if p <1,

% The series diverges if p > 1,

¢ The series may converge or it may diverge if p =1. (Test fails) mp (inconclusive test)

Example

Test the following series for convergence or divergence , using the Ratio Test.

nn! > 4" n'n! = 2" +5 = 7! 1"
(a) (b) . (©) . (d) : (E)
Z(zﬁ)t ; (ZIT)I ; BH n= 13” n=1 H‘
Solution
51=5X41=5X4X31=5Xx4Xx3x2! =
n!'n! (n+Dl(n+1)! m+Di=@m+Dnl=@+Dnm-1!=..
@Ifa = ,then a,,, = and |y N = (1 1) (= 2) (31 = o
(2;?)! 1 (2;?_1_2)! m=—DN=(-1D)n-D=n-1D)n-2)(n-3)!=
a,.,  (m+Dn+D!'2n)!  (+Dn+1)

a  nnlQr+2)2n+DR2n)! 2n+2)2n+1)

y

n+1 7 1
— - Im—L | 5 = <1 (Conv.)
dn+2 =0 4 <




Test convergence of series with non-negative terms

5l=5X4l=5Xx4x3!=5Xx4x3 X2 =--
4?}}?!”! 411—1(}?+1)!(}?+-1)! m+DI=m+Dnl=+Dnh-1)!=...
(b)Ifa, = .then a,,, = and [-DI=(-DO-Y=@0-1)O-2)(r-3)! =
(2n)! (2n+2)!
a,. A"n+DI(n+1)! y 2m)!  An+Dn+1)  2m+1) lilll%
a, (2n+2)2n+1D)(2n)! 4"n'n! 2n+2)2n+1) 2n+1 =

% The series converges if p <1,
— 1 (Test fails) %+ The series diverges if p > 1,

¢ The series may converge or it may diverge if p =1. (Test fails) mp (inconclusive test)

‘ 2" +5 2" 45
©Ifa, = ,thena, , = ——— and
n+l Rt : n+l | = —n 1 D+ 5% 2_}? . H, 4]
am:(z +5) 3 :£><2 +5 ><2_, 1 _ - }E’n;
a, (2" +5)/3" 3 2745 2™ 3 I1+5x%x2 a,
1 2
> —x—=—x<1 (Conv.)



Test convergence of series with non-negative terms

% The series converges if p <1,
% The series diverges if p > 1,

¢ The series may converge or it may diverge if p =1. (Test fails) mp (inconclusive test)

n! n+1)!
(dIfta, =—.thena, B = ( 1) and
3" 3"
| & .a
Dpr _ (7 + 1)'>< 3 _n +1 — Im—2 | > w>1 (Div.)
a, 3 n! 3 =
e (n+ 1)n+1 Use the property
(e)lfa, =——,thena,,, = —— and L) 1\
! (n+1) 1im(1+—} —cmp i 14| =
n— K.' n—»C n
a. ((m+DH™ y n!  (m+1)"(n+1Dn!
a, (n+D!  n” (n+Dn!n"

n n " .o

n" 1 1 7,




Test convergence of series with non-negative terms

4) The n™ Root Test

”x,.""'an —> p
Then
% The series converges 1f p < 1.
% The series diverges if p > 1.

%+ The test 1s not conclusive if p =1.

Example

Test the convergence of the following series using the n™ Root Test.

= ] © 2" = (1Y
(H)Z—n' (b)n_z:;t;’ (c)%(lg), (d)zf(r? ) j ()Z(??ntl}

n=1 11
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Test convergence of series with non-negative terms

» a’ﬂ. w| )7 ﬂ'ﬂ. ® 7 a’ﬂ. © \" a‘ﬂ. ® ” " a’ﬂ. n/
@S © 35 © (l—lJ @ (LJ @ ( = ] L B
) b/ o b/ nzl n =\ n+1 i n+1
Solution
—
(@1 — = =) ?{I_IEJP —0<l1 (Conv.)
7 n
| P
(b) 2|2 = m limp NN (Div.)
1= o—|= im — = .
'n" \ n’ (% )2 n 1
| p
(c) n'\lll( 1 T i} :l(l _l) » ?{]f;]c}g p —> ]- Use the property (TESffﬂf!S)
. n n

lim(1+£) =<' mp 1im[l+l] =¢'
n—=w n—w n

| 2 HE p .
(d) q = —— = | = , —>—=——x<1 (Conv.)
\' n+1 n+1 n+1 1+1/nm e 2.7

(e) ”\fl() :ﬂ > ?{EEGP —>2>1 (Div.)




Find the sum of the following series

7
4

NE

=

> 40n
2

S 2n-1)’2n+1)’

=
Il
—

NE
|

]
=
()
=
(sJ

2 o)

= (1 (_l)n e 1 B 1 J
é §+ 5 ] ,?Z:;‘ In(n+2) In(n+1)

=

Which of the following series converges and which diverges? Find the sum

of the convergent series.

o

ie—z;u Z H!

"= 1000”
n=0

52 Sl )

n=1 l 0”

. o1 (e

n
n=0 3 14




Which of the following series converges and which diverges?

© _1 > 1 o V2 x n!
i‘h:—j i: (Inn }(\11;) n—1 il e i‘ (11; )
55 S, e ik
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