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Alternating Series

Alternating Series

A series in which the terms are alternately positive and negative, and it has the form:
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The Convergence Test of Alternating Series

The series is convergent , if and only if, the following two conditions are satisfied:

1) a; =2 a, =2 az = a, ......(decresing series)

2) lima, =0
n=—co
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Solution:

atn=1,

atn = 2,
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atn =4,
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Test the convergent of the following series:
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1) a, 2 a,2a; 2 ay.... (decresing series)

Zn

lim a,, = lim = 2 [indeterminate form that should be
n —oo n—oodn-—1 co

avoided] by either dividing each term in the nominator and

denominator by highest power of n (which is n) or using L'Hopital's

Zn 2

Rule. So, lim =242>0 , 50 the condition is not satisfied.
n —oo d4n—1 4 2

The series is|divergent (Div.)|cause
condition (2) is not satisfied.
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1] Series is|decreasing |
Notice that al starts at n=2.
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decreasing

Notice that al starts at n=1.

Note:-

The series Z
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Is divergent (Div.) by using either integral test or
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Absolute and Conditional convergence

Absolute Convergence

A sertes ) g, converges absolutely (1s absolutely convergent) 1t the

corresponding series of absolute values, Z‘an ‘ converges

Conditional Convergence

A series that converges but does not converge absolutely converges conditionally.

© ] If it converges - Converges absolutely
If it converges mmp take Z|G,}’ mm) testit —

\ - - .
n=1 If it diverges
Zan mm) testit / g - Converges conditionally

If it diverges mmp The series diverges



Example  Which of the following series converges absolutely, conditionally, and

which diverges?

cos(nm) 1[}(})” 34n .
1) Eﬂ. 1 H\JE 2) E 3)2 L1 ( 1)’.‘1+1 m 4)2 . ( l)ﬂ _E
y
Solution: 1
1)271 1“# cos(nm) =+1 at n=0,1,2,34,5,. (1) y
_]_--

+1 . . . .
Y., — = it converges by either integral test or p-series test (p=3/2 > 1).
n2

cos{nn‘)

Then, take the absolute 7,

Zn =1

-Zn 1 — * which converges too, so
nz

ﬂ.?‘i’
v nE

it converges absolutely.



Examples

a”
100)” gl (T100)% mm) it converges by ratio test ( =0 <1).
2) Yin-1 n!
Then, take the absolute )57, |%| =yr, |w )2y 1997 which converges

too by ratio test, so it converges abhsolutely.

a”

n+1f 341
3)¥2, (—1) .

Yo o (=nntt E mm it diverges (alternating series test) as 2" condition is not

satisfied, so it diverges (no need to take absolute for a,).

a?]‘

4) % 1(1)

© . (=" i,ﬁ mm) it converges (alternating series test), two conditions are satisfied.
AY

[re]

Then, take the absolute };7_, |(—1)”V,iH =>> v’iﬁ which diverges by either integral or

p-series(p=1/2 < 1) tests, so it converges conditionally.
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Power Series

Power series are defined as infinite series of powers of some variable (x).

In general, infinite series give us precise ways to express many numbers and functions as arithmetic
sum with infinitely many numbers. It can extend our knowledge of how to evaluate, differentiate and
integrate polynomials for new functions such as differential equations arising in important applications
of mathematics to science and engineering.

n=0 % A power series about x = 0 1s a series of the form
a0 un
) . - . 2 n
| I Z— C,tex+e,x +..+ex" +...
SNy = T — — T """ n=0

. % A power series about x = a 1s a series of the form
= [_l:l-i-rI.!-i-r i1

. 2n + 1! no_ 2 n
= ) Ye,(x—a)' =c,+¢(x—a)+c,(x—a) +..+c,(x—a)" +...
n=0
cos s — 1 T2 x* 25 1in which the center a and the coefficients
2! 4! 6! Cy>Cy>Cyreen»C, ... aT€ CONStants.



Convergence of Power Series

The test of power series 1s done using theIRatio Test.l

(<1 Conv. eo—  This condition gives us the interval of convergence.
lim |22 = pi>1  Div.
Cp x" =1 Fuails (inconclusive test)

= R e
For example g=1l+x+x"+x +x
o0

The series % x" is a geomtric series (wWhere a = 1,and r = x).

a 1
1—?'): 1—x

1 o il

n =1l+x+x*+x>+x*+-+x"
— X

n=0

It converges to the sum (

For |x| <1 we |—1<x<1|




Find the interval of convergence| and test the endpoints.

i an _n 1

Y" R n— X
@Y -1y (b) (c) D nlx () X ~
n=l n=0 n’ n=0 n=l1

Solution:  u, <1 Conv.

& L lim |22 = pi>1 Div.

=R =00

(@) ;(_l) T ! o =1 Fails  (inconclusive test)

_ i ntl| — _qynt+1-1 X on| L
p= r}l_I}l;lo un | ;f!l-rgo =D n+1 X xn ,!l-lﬂonﬂ x|

= lim —2=. lim |x| = 1. lim |x| = 1.|x| = |x| m) L= x|

n—con +1

/
To get the interval of convergence, make p <1 mp |x| <1 == @< x <

endpoints

We can, also, get the endpoints by equating pto 1 (p = 1) # x| =1 # x = *1




Now, we test the endpoints (at x =1 and x =-1).

n-1 *' n—1 l It is an alternating series
atx=1, Yo, (-1) n becomes Y5, (=1) - and it converges.

- _ n—1 % n—1 1 _ v L It diverges by either integral
atx=—1, Xy ()" 5 becomes Yoy (=1) o=l oy - test or by p-series test (p=1) .

So,the interval of convergence is|—1 < x < 1 |and diverges elsewhere.

<1 Conv.
lim |22 = pi>1 Div.
}2 n —oo |l Up . .
n=0 1 =1 Fails (inconclusive test)
n
p= lim Yntl| _ yjpy | X n! = lim |x]

= lim —. lim |x| = 0. lim |x| = 0 for every x.
n —C0 n —oco

Since p < 1, it converes absolutely for all x.
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. N ] (Tl + 1)' xn‘l‘l 1
o Sty o= lim [ = i [T DT 1
n=0

un+1

= limn+ 1. |x|

n —oo

‘ n o

= llm n+ 1. lim |x| = co. lim |x| = o0 unless x = 0.
n —oo n —oo n —co

Since p > 1, it diveres for all values of x except x = 0.

"n | v
n-1 X <l Conv.
(d);( D -1 lim '“':“ = pi>1 Div.
n —co
" =1 Fails (inconclusive test)
2(n+1)-1 — —
) Up+1 ) 2n—1 2n—1
= lim = lim |[(—1)"*1"1 X = lim x>
P n-oo | Uy, n —oa ( ) 2(?‘1 + 1) -1 xén-1 n oo |2n + 1
_ 2n—1 21 21 — 2 _ endpoints
= lim 7727 im [x2] = 1. |x%| = x* wp p = x? = |x|

/
To get the interval of convergence, make p < 1 - x| <1 wep @< X <®

xen—1 —
atx =1, Xy, (-1)"! — becomes Y, (1)1 — _ _
2n— Zn—1 both are alternating series

xén—1 —1 and they converge.
atx=-1, }» 1(1)“111— becomes Y. 1(1)“1m Y J

So,the interval of convergence is|—1 < x < 1|and diverges elsewhere.
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Taylor and Maclaurin Series

Let / be a function with derivatives of all orders throughout some interval

containing a as an interior point. Then the|Taylor Series|generated by [~ at x = a is

F(x) = f(a)+ f'(a)x a>+f”

(x—a)y +.++F—Z(x—a)" +...

()
7!

ThelMaclaurin Serieslgenerated by f is

/(%) f(0)+f(0)x+f Oessd “:!(O)M

which 1s a Taylor series generated by f at x =0.
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Find Maclaurin series and Taylor series generated by f (x) at x =a for the
following function f(x) = e™%%, a =3

Solution: Maclaurin Taylor
fx)=e > f(0)=1 fa=3)= e ©=0.00248
fT(x)==2e7%* 5 f~(0) =-2 f~(a=3)= —2e7%=-0.0049
fF(x) =4e % - f=(0) =4 f=(a=3)= 4e~°=0.0099
f=(x) =—-8e™%* - f=(0) = -8 f=(a=3)= —8e7®=-0.0198
fH(x) = 16e7%* - f4(0) =16 f*(a=3)= 16e7°%=10.0396
The Maclaurin seriesis f(x) =/0)+ f(0O)x+*—— S ( )+ f(”),(o) X"+
, x? x3 x* "
f(x)=e“=1—2x+42!—83+16$— e

The Taylor seriesis  £(x) :f(a)—f—f'(a)(x—a)—f—fz('a) (x—a) +.. f('”( )(x 0y +.

(x —3)? o (x—3)° L (x—=3)*
o1 — 8e 3 + 16e 21
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Find the Taylor series for the following function f(x)=In(x) at x =1.

Solution:
f(x)= ln(r) f()=0,
f(x)—— S =1,
S(x) =—%, () =-1,
2 |
S"(x) = (=2,
VAREY =;—4, fYMm=-6.

The Taylor seriesis  f(x) = f(a)+ f'(a)(x - a)+f( ) (x-a) +. +f(”)( ) (x-ay' +..

In(x) = 0+ (x—1) - (’”‘” 2(““;1) —6(“";)'+...+(‘1)”1(,”‘”’(;;_1)”+

u 5 L 3 L 4 . n+l
(x=1)° +(,x ) (-1 +...+&(x—1)”+---
2 3 4 7

In(x) = Z( DM ~1y

n=l1 14

=(x=D~-




Which of the following series converges and which diverges?

_1;3+1(H)” . _ln+l ln”.,

i (_ l)?H—l 1 i(_ l)”+l *\.,."'!.FI" <+ l

=l I+ l

Which of the following series converges absolutely, conditionally, and

which diverges?

o0

S (10 s

n=l1 n=1 (2”)”

o0

S S

el n = 2"n'n
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Find the interval of convergence and test the endpoints.

i xln+1 i (_ 1);3+1 (x n 2);3
=0 H! =1 2” n
i x” " 1 n
> I+— 1| x"
n=0 \V 1~ —+ 3 ;( n ]

Find Maclaurin series and Taylor series generated by f(x) at x =a for
the following functions:

1) —% ' £(x) = Teos(=x) .

II
 —
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