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Sequences & Series 

Sequences :

An infinite sequence of numbers is a function whose domain is the set of positive

integers.

EX: 











Theorem:

lim
𝑛→∞

𝑓(𝑥)

𝑔 𝑥
= lim

𝑛→∞

𝑓′(𝑥)

𝑔′(𝑥)
(L’Hopital’s Rule ) 

يستخدم في حالة التعويض وينتج 
0

0
,
∞

∞
.,
0

∞

EX: Use L’Hopital’s Rule to find 









Ex: Check the convergence  of the following sequences :

1- 𝑎𝑛 =
𝑛+1

𝑛

lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

𝑛 + 1

𝑛
= lim

𝑛 + 1

𝑛
𝑛→∞

= lim
𝑛→∞

(1 +
1

𝑛
) = 1 +

1

∞
= 1 + 0

= 1 (𝑐𝑜𝑛𝑣. )

2-𝑎𝑛 = (1 −
3

𝑥
)𝑛

lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

(1 −
3

𝑥
)𝑛= lim

𝑛→∞
(1 +

−3

𝑥
)𝑛= 𝑒−3 conv.  (from 5)







Ex:  𝑛=0
∞ (

1

2
)𝑛 is a G.S.     

a=1    ,r=
1

2
< 1 ∴ converge to    

1

1−𝑟
= 

1

1−
1

2

= 2 



EX:  𝑛=0
∞ 3𝑛 divergence series because r=3>1





Tests of  convergences :  

nth  term test for divergence :

for series  𝑛=1
∞ 𝑎𝑛 if     lim

𝑛→∞
𝑎𝑛 ≠ 0 then the series is divergence  

but lim
𝑛→∞

𝑎𝑛 = 0 then this doesn’t  mean that  𝑎𝑛 is converge .

EX:



The integral test 







EX: 

 𝑛=2
∞ 1

𝑛𝑙𝑛𝑛
,,,,    f(x)=

1

𝑥𝑙𝑛𝑥

 2
∞
𝑓 𝑥 𝑑𝑥= lim

𝑛→∞
( 2

∞ 1

𝑥𝑙𝑛𝑥
𝑑𝑥) = lim

𝑛→∞
(ln 𝑙𝑛𝑥 ] 𝑛

2
=

lim
𝑛→∞

(𝑙𝑛𝑙𝑛𝑛 − 𝑙𝑛𝑙𝑛2)= ∞

∴  𝑛=2
∞ 1

𝑛𝑙𝑛𝑛
is diverges

The ratio test :





The root test :

 𝑛=1
∞ (1 −

3

𝑛
)7𝑛

2

lim
𝑛→∞

𝑛
(1 −

3

𝑛
)7𝑛

2
=  lim

𝑛→∞
(1 −

3

𝑛
)7𝑛 =

(𝑒−3)7 =𝑒−21 <1 



Alternating Series :

A series of form  𝑛=0
∞ (−1)𝑛𝑎𝑛 is called Alternating Series i.e.

 𝑛=0
∞ (−1)𝑛𝑎𝑛 = 𝑎0 − 𝑎1 + 𝑎2 − 𝑎3 −⋯… .

or     𝑛=0
∞ (−1)𝑛𝑎𝑛 =  𝑛=0

∞ (cos 𝑛𝜋) 𝑎𝑛

The Alternating Series Test : 

The series    𝑛=0
∞ (−1)𝑛𝑎𝑛 is convergence if :

1. 𝑎𝑛 > 0 (𝑎𝑛 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 )

2. 𝑎𝑛 ≥ 𝑎𝑛+1 for all n ≥ 𝑁 ,for some integer N

3. lim
𝑛→∞

𝑎𝑛 = 0

Ex:  

1 −  𝑛=0
∞ (−1)𝑛

1

𝑛
is converge  since lim

𝑛→∞

1

𝑛
= 0  

2.  𝑛=0
∞ (cos 𝑛𝜋)

1+𝑛2
=   𝑛=0

∞ (−1)𝑛
1

1+𝑛2
is converge    since    

lim
𝑛→∞

1

1+𝑛2
= 0



Note:

1. If  (−1)𝑛𝑎𝑛 is converge then  (−1)𝑛𝑎𝑛 is converge 

If  (−1)𝑛𝑎𝑛 is diverge then  (−1)𝑛𝑎𝑛 is also diverge 

The Absolutely & Conditional Convergence:  

1. If  (−1)𝑛𝑎𝑛 is convergence .this series is called Absolutely Convergent if   (−1)𝑛𝑎𝑛
is converge.

2. If  (−1)𝑛𝑎𝑛 is convergence and  (−1)𝑛𝑎𝑛 is divergence then 

 (−1)𝑛𝑎𝑛 is called Conditional Convergent

1.  𝑛=0
∞ (−1)𝑛

1

𝑛
is conv.    but  

(−1)𝑛

𝑛
=  𝑛=0

∞ 1

𝑛
is diverge 

 𝑛=0
∞ (−1)𝑛

1

𝑛
is Conditionally  Convergent   

2 −  𝑛=0
∞ (−1)𝑛

𝑛

𝑛+1
is divergence   because   lim

𝑛→∞

𝑛

𝑛+1
= 1 ≠ 0  



Power Series :  

This has the form   𝑛=1
∞ 𝑎𝑛(𝑥 − ℎ)𝑛 = 𝑎1(𝑥 − ℎ) +𝑎2(𝑥 − ℎ)2+ 𝑎3(𝑥 − ℎ)3…… ..

To study these series we find the interval of x for absolute convergence by using the 

ratio test .

EX: Find the  interval of  absolute convergence of :

1.  𝑛=0
∞ (−1)𝑛

𝑥2𝑛

(2𝑛)!

Using  ratio test  lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
< 1

lim
𝑛→∞

𝑥2𝑛+2

(2𝑛+2)!
.
(2𝑛)!

𝑥2𝑛
< 1 = lim

𝑛→∞

𝑥2

(2𝑛+2)(2𝑛+1)
< 1

=0<1 for every value of x     

∴ interval of conv. is     ∞ > 𝑥 > −∞



 𝑛=0
∞ 3𝑛

(𝑥+5)𝑛

4𝑛

Using  ratio test  lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
< 1

lim
𝑛→∞

3𝑛+1
(𝑥+5)𝑛+1

4𝑛+1
. .

4𝑛

3𝑛(𝑥+5)𝑛
< 1 = lim

𝑛→∞

3

4
(𝑥 + 5) < 1

=   -1< 
3

4
𝑥 + 5 < 1

−4

3
< x+5< 

4

3

−
19

3
< 𝑥 <

−11

3
radius of conv. R= 4/3 








