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1 Introduction
We now examine the general case of the motion of a particle in three

dimensions. The vector form of the equation of motion for such a particle is

F= ‘;—It) (Newton’s 2™ Law)

in which P = mv is the linear momentum of the particle.

This vector equation 1s equivalent to three scalar equations in Cartesian
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2 The Work Principle
That means the work done on a particle causes it fo gain or lose kinetic energy.
ASal) A8l phass 5 QluiS) ) a5 aaeadl e il Jadll of ey e
Take the dot product of both sides of Eq.(1) with the velocity v:

dP .

F.v= Y
dt

F.v=
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0.V = |v||v|cos8=|v|?
L dv_ d(PEY _d(7v
Cdt dt(Zi?) a dt(Z)
Multiply Eq.(4) by (m)

dmv) _ iml‘i
dt

Sub. Eq.(5) in Eq. 3)

-

~ F.d% = dT (in one dimension)
In general (Three dimension) 7 = (x, y, 2)

F.dr =dT  (Differential Form)

- (6) Work Equation
JF.dr = [dT  (Integral Form)

The equation states that the work done on the particle is equal to the increment
in the kinetic energy.
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3 Conservative Forces and Force Fields

The line integral represents the work done on the

particle by the force F as the particle moves along
its trajectory from A to B.
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The work done by a force F is
the line integral f: F.dF

Eq. (6) states that the work done on a particle by the net force acting on it, in
moving from one position in space to another, 1s equal to the difference in the
kinetic energy of the particle at those two positions, which mean that the work
done on the particle depend on the particle path in the space.

The work was done by a force in moving a particle from point A to point B
equal to the difference in the kinetic energy of the particle at those two
positions. This required a detailed knowledge of the motion of the particle from
A to B to calculate the work done on it by a conservative force. Many of the

physically important forces are conservative type.
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The tables below represent a comparison between conservative and non

conservative forces with examples for each one of them.

Conservative forces Non conservative forces

The force 1s called conservative if| The force is called non conservative
work done by force 1s dependent only | force if work is done by the force 1s
mnitial and final position of body not | depend on path followed by body.

depends on path followed by body.

The work done by conservative force | The work done by non-
in close path is zero. conservative force in a close path is

not Zero.

Conservative forces Non conservative forces

Gravitational forces Frictional forces

Magnetic force Viscous forces

Elastic spring force Air resistance force

Electric force Tension in a string

Propulsion force of the rocket
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4 Potential Energy Function
The work integral in Cartesian coordinates given by:
[F.dr = [|F.dx+E, dy + F,
av

__6x
av

where V (x,y, z) 1s potential energy function (scalar function)
So, Eq.(1) become:

[F.d7 = f[—‘;—de—g—Zdy—g—Zdz]

[F.di =—[av

L fF.df = [dV ...(3)

By comparing with Eq.(6) in pervious section

% [dTF=e— [dV

Or T=-V

So, a general conservation of total energy principle:

T +V = Constant = E

: 2 -

E mv-+ V(x,y,z) =E

When a particle moves in a conservative field of a force the sum of kinetic and

potential energies remains constant throughout the motion.
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5 The Potential in a Uniform Gravitational Field

In the case of a projectile moving in a uniform field of force such as a particle
acted upon by gravity near the surface of the earth, only the gravity acts on the
projectile, vertical motion. Choosing the z-axis to be vertical, the following
equation of motion: P e B8 s, P B Ol S i B V1)
oad¥) O Ml ) e (8 A V) anilall 358
(il 5.58) (mg) b8l Jlaia Ola Z ) saa olaily (03 sanll
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(1) &slaal

o~ [dV =mg [dz
Vixyz) = mgz + ¢ (Potential Function)
where c 1s an arbitrary constant and it is equal to zero at the earth’s surface. So
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the energy equation becomes:

%m()'c2+)'/2+z'2)+mgz=E

So, for any given case the total energy can be calculated from the knowledge of
the initial conditions of the motion.
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6 Conditions for the Existence of a Potential Function
One dimensional motion of a particle is always conservative if the force as a
function of pesition only. That is, if we have a force, F(x), which is only a
function of position, then F(x) dx 1s always a perfect differential. This means
that we can define a potential function as
V=—JF.dx gisall A3 ogall calS 1) Abilaa Ty 05 (3a)y 3a) s bl 3 Al
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In two and three dimensions, we would, in principle, expect that any force
which depends only on position, F(7), to be conservative. In general, this is not

sufficient, unless satisty certain criteria does a potential function exits
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If we take the partial derivative of F, with respect to y
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A similar argument can be made with the pairs (Fy, FZ), (E, E)

o, _ oFy
6y_6x]
9%y _ 98 (7)
0z ay
ory _ or,
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These are the necessary conditions, on F,, F, and F, for a potential function to

exist. They express the condition that
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F.d7 = F. dx + F,d, +F,d, isan exact differential.
Then the force components are indeed derivable from a potential function, and

the sum of the kinetic energy and potential energy is constant.
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7 Potential for the Inverse (Square Law of Force)
Gravitational force varies inversely as square of the distance measured from the
earth’s center. This inverse - square relation 1s also found to be the law of force

for electric fields of elementary particles.
(el gl G5 293)
(V) dlae ) 4nm)¥) dudlall Alls 8y Logiy 48lsall ppe g Lo il (panas g 321) 558
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The analytical form for the inverse — square law can be written as:

1
Fa—r—z

= n :
i = —k;z- (1) ( The inverse — square law )

Where n: unit vector in the direction of the radius vector r
k: constant proportionality

The negative sign indicates that the force is attractive or pointing toward the

origin.

While positive sign denote a repulsive force pointing away from the origin.
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Thus the inverse — square law can also be written as:
(3) (Inverse square law of force )

In Cartesian coordinate
cr=ix+jy+kz

and

r=(x%+y?+z%)\?

So when Sub. Eqns. (4) and (5) in eqn. (3)

F = —k (ix + jy + kz)(x? + y? + z2)73\2 (6)Inverse-square law in rectangular
coordinates
Consider that the potential function:

Gives the correct force, that 1s:

F(r) =— v —i(—E) =— ri [ one dimension |

2

dr dr r

In three dimensions Eqn. (7) rewrite as:
-k

V(x'y'z) = (x2+y2+22)1\2

V(x,y,z) = —k (xz + y2 + Zz)_l\2

Then the force components needed to give the force function

Fx = — -Z—Z = —kx(xz + yz + Zz)—3\2

_w

F, = 3y

= —ky(x?+y2+2?)73\2} . ....(8)
—kz(x? + y? + z?)73\?
Note: k here is constant gravity while in the case of vibrational motion they

were constant elastic (Stiffness Constant)
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