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4.1. Introduction

In the previous chapters, we have been
discussing the cases, where simple equations of
statics were sufficient to solve the examples. But,
sometimes, the simple equations are not sufficient
to solve such problems. Such problems are called
statically indeterminate problems and the
structures are called statically indeterminate
structures.

For solving statically indeterminate
problems, the deformation characteristics of the
structure are also taken into account alongwith
the statical equilibrium equations. Such
equations, which contain the deformation
characteristics, are called compatibility equations.
The formation of such compatibility equations
needs lot of patience and consideration. The
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solution of such statically indeterminate structures is somewhat different than the solution of simple
sections and varying sections as discussed in chapters 2 and 3. So we have to adopt some indirect
methods also for solving problems on statically indeterminate structures.

4.2. Types of Statically Indeterminate Structures

Though there are many types of statically indeterminate structures in the field of Strength of
Materials yet the following are important from the subject point of view :

1. Simple statically indeterminate structures.
2. Indeterminate structures supporting a load.
3. Composite structures of equal lengths.

4. Composite structures of unequal lengths.

Now we shall study the procedures for the stresses and strains in the above mentioned indeterminate
structures in the following pages. In order to solve the above mentioned types of statically indeterminate
structures, we have to use different types of compatible equations.

4.3. Stresses in Simple Statically Indeterminate Structures

The structures in which the stresses can be obtained by forming two or more equations are called
simple statically indeterminate structures. The stresses in such structures may be found out with the
help of two or three compatible equations.

ExampLE 4.1. A square bar of 20 mm side is held between two rigid plates and loaded by

an axial force P equal to 450 kN as shown in Fig. 4.1.
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Fig. 4.1 Fig. 4.2

Find the reactions at the ends A and C and the extension of the portion AB. Take E = 200 GPa.

SoLuTion. Given : Area of bar (4) =20 x 20 =400 mm” ; Axial force (P) = 450 kN = 450 x 10°
N ; Modulus of elasticity (E) = 200 GPa = 200 x 10° N/mm” ; Length of AB (I,;) = 300 mm and
length of BC () = 200 mm.

Reaction at the ends
Let R,
Re
Since the bar is held between the two rigid plates A and C, therefore, the upper portion will be
subjected to tension, while the lower portion will be subjected to compression as shown in Fig. 4.2.

Reaction at A, and

Reaction at C.
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Moreover, the increase of portion AB will be equal to the decrease of the portion BC.
We know that sum of both the reaction is equal to the axial force, i.e.,
R,+R. = 450x 10’ (i)
Increase in the portion AB,
5. = Rylup _ Ryx300
AB T AE AE
and decrease in the portion BC,
‘Relge  Rex200
AE ~ AE
Since the value 81, is equal to that of 8/, therefore equating the equations (i) and (iii),
Ryx300  Rpx200
AE = AE
o = R0
c - 200 T U4
Now substituting the value of R in equation (if),
R,+15R, = 450 or 2.5R, =450

Sy = (i)

450
R, = 25 = 180 kN Ans.
and R. = 15R, =15x180=270kN  Ans.

Extension of the portion AB
Substituting the value of R, in equation (if)

5. = R, x300 _ (180><103)><300
4B T AE  400x(200%10%)
ExAVPLE 4.2.  An aluminium bar 3 m long and 2500 mm® in cross-section is rigidly fixed

at A and D as shown in Fig. 4.3.

=0.675 mm Ans.

A B c D
> 200kN > 125kN
Im i I m i I m
Fig. 4.3

Determine the loads shared and stresses in each portion and the distances through which the

points B and C will move. Take E for aluminium as 80 GPa.

SoLuTion.  Given : Total length of bar (L) = 3 m ; Area of cross-section A = 2500 mm? ;
Modulus of elasticity (£) = 80 GPa = 80 x 10° N/mm? and length of portion AB (I,5) =l = 1o =1
m=1x10" mm.

Loads shared by each portion

Let P,; = Load shared by the portion AB,
Py~ = Load shared by the portion BC and
P, = Load shared by the portion CD.

Since the bar is rigidly fixed at A and D, therefore the portion AB will be subjected to tension,
while the portions BC and CD will be subjected to compression as shown in Fig. 4.4. Moreover,
increase in the portion AB will be equal to the sum of the decreases in the portions BC and CD.
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Fig. 4.4
From the geometry of the bar, we find that
P+ Py = 200 or P, =200- Py ()
and Py =Py = 125 or Py =125+ Py .(i)
We know that increase in the length of portion AB,
Puplap  Pig(1x10%)
Ol = AE AE ...(iiD)
Similarly, decrease in the length of portion BC,
P lpc _ Ppc (1%x10°) .
dlye = AE AE ..(iv)
and decrease in the length of portion CD,
Poplep _ Pop (1x10°)
8lCD = AE AE .(v)
Since the value of 81, is equal to 81, + 8l therefore
vPAB x (1x10%) Py x (1¢10%) L Pepx(1x 10%)
AE AE AE
Pig = Ppet+ Pep
Now substituting the values P, and P, from equations (i) and (ii) in the above equation,
(200 — Ppr) = Py +(125+Py)
3 Py = 200-125=75kN
75
or Py = 3 = =25kN
P,y = 200 - Pp.=200-25=175kN Ans.
and Pqy = 125+ Py =125 +25=150 kN Ans.
Stresses in each portion
‘We know that stress in AB,
Py 175x10°
O = = g0~ =70 N/mm” = 70 MPa (tension)  Ans.
o Py 25x10° 5 ,
Similarly, Opc = "4 - 2500 " 10 N/mm” = 10 MPa (compression) Ans.
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Py 150x10°
and S = 3 = 2500
Distance through which the points B and C will move
Substituting the value of P,, in equation (iii), we get
Py Xlyp _ 175%10° x(1x10%) _ 0875 mm  Ans
AE 2500 (80x10°) )
and now substituting the value of P, in equation (iv), we get

5 Py Xlep  (150x10%) x (1x10%) 075 Ans
= = =Vu. mm .
& AE 2500 % (80x 10%)

ExavprLE 4.3. A circular steel bar ABCD, rigidly fixed at A and D is subjected to axial
loads of 50 kN and 100 kN at B and C as shown in Fig. 4.5.

=60 N/mm* =60 MPa (compression) Ans.

O, =

D
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l—300 mm—-|<— 400 mm —>|<— 500 mm ——>

Fig. 4.5
Find the loads shared by each part of the bar and displacements of the points B and C. Take E
for the steel as 200 GPa.

SoruTion. Given : Axial load at B (P;) = 50 kN = 50 x 10°N ; Axial load at C (P,) =100 kN =
100 x 10° N ; Diameter of AB (D, ;) = 25 mm ; length of AB (I, ;) = 300 mm ; Diameter of BC (D)
=50 mm ; Length of BC (Iyz-) =400 mm ; Diameter of CD (D,,) =75 mm ; Length of CD (I.,) =
500 mm and modulus of elasticity (E) = 200 GPa = 200 x 10° N/mm>.
Loads shared by each part of the bar

Let P,; = Load shared by AB,

Py~ = Load shared by BC, and
P, = Load shared by CD.
‘We know that area of the bar AB,
T T
Ay = 7 x (D’ =7 x (257 =491 mm”
Similarly, area of the bar BC,
T T
Age =  x Dy’ = % (50) = 1964 mm”
and area of the bar CD,
T T
Aep = 7§ X (D) = 7 (75)* = 4418 mm”

Since the bar is rigidly fixed at A and D, therefore, the portion AB will be subjected to tension,
while the portions BC and CD will be subjected to compression as shown in Fig. 4.6. Moreover,
increase in the length AB is equal to the sum of decreases in the portions BC and CD.
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From the geometry of the bar, we find that
Pyt Py = 50 or Puy=50-Py. (i)
and Py =Py = 100 or Pop =100+ Py ...(i0)
We know that increase in the length of portion AB,
Pyl P, X 300 "
ol,, = = =305x10" P
AT AGE T 491% (200x10°) X107 F gy mm.(GH)
Pyel Py x 400
Similarly, 8y = —BCBC = — =1.02x 10° Py mm ...(iv
Y BE T AgcE 1964 (200x10%) Be )
Pl P~p %500
and ol = e b =057x107° Pep mm...(v)

Acp E 7 4418%(200x10%)

Since the value of 81, is equal to 8l, + 8l ,, therefore
3.05x10°P,, = 1.02x 10° Py +0.57 x 10° Py,

- 305P,; = 102 Py +57 Py

Now substituting the values of P, and P, from equations (i) and (ii) in the above equation,
305 (50 - Py) = 102 Py + 57 (100 + Py)

15250 — 305 Py = 102 Py + 5700 + 57 Py
9550

464 Pye = 9550 or  Ppe=",2- =206KN  Ans.
Similarly, Py = 50-Py.=50-206=294kN  Ans.
and Pep = 100+ Py =100+20.6=1206kN  Ans.

Displacements of the points B and C
Now substituting the value of P, , in equation (iii), we get
8l = 3.05% 10° P,;=3.05x% 10°x(294x10°)=090mm  Ans.
and now substituting the value of P, in equation (v), we get
8l = 0.57x10°x Py =057 % 10°% (120.6 x 10°) = 0.07 mm Ans.
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1. An alloy bar 800 mm long and 200 mm? in cross-section is held between two rigid plates and is
subjected to an axial load of 200 kN as shown in Fig. 4.7.

A B C

——————— ——>200kN —-—-—-—~-

| 300 | 500
Fig. 4.7

Find the reactions at the two ends A and C as well as extension of the portion AB.

[Ans. 125 kN ; 75 kN ; 0.094 mm]

2. Abar ABC fixed at both ends A and C is loaded by an axial load (P) at C. If the distances AB and
BC are equal to a and b respectively then find the reactions at the ends A and C.

3. An axial force of 20 kN is applied to a steel bar ABC which is fixed at both ends A and C as
shown in Fig. 4.8.

=200 4100 mm’
————— — 0 kN&— — - ———
A B C
} 2m } Im—
Fig. 4.8
Determine the reactions at both the supports and stresses developed in two parts of the bar. Take
E =200 GPa. [Ans. R, =R.=10kN ; 6,, =50 MPa (C); 6, = 100 MPa (7)]

4. A prismatic bar ABCD has built-in ends A and D. It is subjected to two point loads P, and P,
equal to 80 kN and 40 kN at B and C as shown in Fig. 4.9.

A B C D

=500 mm —sfe—— 1000 mm ———}«~500 mm—|

Fig. 4.9
Find the reactions at A and D. [Ans. 70 kN ; 50 kN]

4.4. Stresses in Indeterminate Structures Supporting a Load

Sometimes, we come across a set of two or more members supporting a load. In such cases, the
deformation of all the members will be the same. If the members are of different cross-sections or
have different modulus of elasticity, then the stresses developed in all the members will be different.

ExampLE 4.4. A block shown in Fig. 4.10 weighing 35 kN is supported by three wires. The
outer two wires are of steel and have an area of 100 mm’® each, whereas the middle wire of
aluminium and has an area of 200 mm’.
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If the elastic modulii of steel and aluminium are 200 GPa and 80 GPa respectively, then

calculate the stresses in the aluminium and steel wires.

SOLUTION Given: Total load (P) = 35 kN = 35 >< 10° N ; Total area of steel rods (Ag) =2 x 100
=200 mm”*; Area of aluminium rod (4,) =200 mm? ; Modulus of elasticity of steel (Eg) =200 GPa
=200 x 10° N/mm Modulus of elast1c1ty of alurmmum (E,) = 80 GPa = 80 x 10° N/mm?” and load
supported by wires (P) = 35 kN = 35 x 10°N

Let Oy

Oa
[
We know that increase in the length of steel wires,

Stress in steel wires,

Stress in aluminium wire and

Length of the wires.

ogXlg  ogxl

8l =

Eg  200x10°
' l
Similarly, &, = %: 8(;/;)1((?3

Since increase in the lengths of steel and aluminium wires is equal, therefore equating equations
(i) and (i), we get
og X1 o, %1 ' 200

= O¢ =—
200x10°  80x10° or SR80

We also know that load supported by the three wires (P),
35x10° = (65.A) +(0,.A,) =250, %x200) + (6, x200) =700 6,

x0,=250,

3
G, = 35;8(1)0 =50 N/mm>=50 MPa  Ans.
and Gy = 250,=25x50=125MPa  Ans.

ExampLE 4.5. A steel rod of cross-sectional area 800 mm” and two brass rods each of cross-
sectional area 500 mm” together support a load of 25 kN as shown in Fig. 4.11.

| 25 kN |

Brass N

250 mm

Stee] ———

-

Fig. 4.1
Calculate the stresses in the rods. Take E for steel as 200 GPa and E for brass as 100 GPa.

SOLUTION Given : Area of one steel rod, (A =800 mm’ ; Total Area of two brass rods (Az) = 2 x 500
= 1000 mm’ ; Total load (P) =25 kN =25 x 10° N ; Modulus of elasticity of steel (Eg) =200 GPa : Modulus

200 mm
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of elasticity of brass (£;) = 100 GPa ; Length of steel bar (/;) = 250 mm and length of brass rod (/;) =200 mm.
Let G = Stress in steel rod and
6, = Stress in brass rod.
We know that decrease in the length of the steel rod due to stress,
ogly  Gg %250

- s — -3
8l = 5 = S0 ior = 125 %107 o

and decrease in the length of the brass rods due to stress,

Cply Oy x200
Ez  100x10°

Since the value of 8l is equal to that of 8/, therefore equating equations (i) and (ii), we get

8l = =2x10" 6,

_3 _3 _ 2
1.25x 107 0y = 2x 107 o, or Os =125 X0p=160,

We also know that total load shared by all the three rods (P),
25x10° = OgAg+ 0, A= (1.6 6, x 800) + (0, x 1000) = 2280 o,

3
G, = 252;‘815) =11.0N/mm>=11.0MPa  Ans.
and Gy = 1.60,=16x110=17.6MPa  Ans.

ExampLE 4.6. A load of 80 kN is jointly supported by three rods of 20 mm diameter as
shown in Fig. 4.12.

Copper E q
e

Steel —L _l_

| 80 kN |
Fig. 4.12

The rods are adjusted in such a way that they share the load equally. If an additional load of
50 kN is added, find the final stresses in steel and copper. Take E for copper as 100 GPa and for
steel as 200 GPa.

SoLution. Given : Total load (P, ) 80 kN = 80 x 10° N ; Diameter of each rod (d) =20 mm ;
Addltlonal load (Py) =50 kN =50 x 10° N ; Modulus of elasticity of copper (E) =100 GPa =100
x 10° N/mm? and modulus of elasticity of steel (Eg) = 200 GPa = 200 x 10° N/mm>.

We know that total area of two copper rods

AC=2><—x(d) —2x x(20) =200 © mm”>

and area of one steel rod

Ay = % x(d)2=§ x (20)> = 100 © mm>

First of all consider the 80 kN load only, which is shared equally by all the three rods. We know
that initial stress in each rod
80x 10
~ 3x100m

Now consider an additional load of 50 kN, which is added to the existing load of 80 kN. We
know that this additional load will cause some additional stresses in all the three rods.

= 84.9 N/mm” = 84.9 MPa ()
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Let G, = Additional stress in copper rods, and
G = Additional stress in steel rod
We know that increase in the length of copper rods due to stress,

Oc Xle G x(4x10%)

Sl = E, 100 x10° =0.04 o, ..(iD)
and increase in the length of steel rod due to stress,
osxlg  ogx(3x10°
g = ——>==" ( L _o01s o i)

Eg 200 %10

Since the value of 8l is equal to that of 5/, therefore equating the equations (ii) and (iif)
0.04 6, = 0.0150; or 6.=0.375 o,

We also know that additional load supported by the three rods (P,)

50 10° = (05.A9 +(0..Ap) =(0gx 100 1) + (0.375 64 x 200 )
= 175 oy
50x10° )
or Os = “175n = 90.9 N/mm” = 90.9 MPa
and 6. = 0.375 64=0.375 x 90.9 = 34.1 MPa

Final stress in the steel
84.9 + 90.9 = 175.8 MPa Ans.
84.9 +34.1 = 119.0 MPa Ans.

ExampLE 4.7.  Two vertical rods one of steel and the other of copper are rigidly fastened at
their upper end at a horizontal distance of 200 mm as shown in Fig. 4.13.

and final stress in copper

The lower ends support a rigid horizontal bar, which carries a load of 10 kN. Both the rods are
2.5 m long and have cross-sectional area of 12.5 mm’. Where should a load of 10 kN be placed
on the bar, so that it remains horizontal after loading? Also find the stresses in each rod. Take Eg
= 200 GPa and E = 110 GPa. Neglect bending of the cross-bar.
SoLuTioN. Given : Distance between the bars = 200 mm ; Total load (P) = 10 kN = 10 x
10’ N ; Length of steel rod (I9)=1=25m=25x 10’ mm ; Area of steel rod A=A =125 mm’;
Modulus of elasticity of steel (Eg) = 200 GPa =200 x 10° N/mm” and modulus of elasticity of copper
(Ep) = 110 GPa = 110 x 10° N/mm”.

Steel Copper
rod rod

10 kN
Fig. 4.13
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Position of the load
Let x = Distance between the load and steel rod in mm

As a matter of fact, the load of 10 kN will be shared by both the rods in such a way that they cause
equal extension.

Let Py
Pc

Load shared by the steel rod, and

Load shared by the copper rod.

o Pg+P. = 10kN (D)
We know that extension of the steel rod,

R 1 Px(25x10°) Py i
S 7 AgEs 125%(200x10%) 1000 il

and extension of the copper rod,

Pl Rx(25x10%) P
AcEc 125%x(110%10%) 550
Since both the extensions are equal, therefore equating equations (ii) and (iii)

b e or Fs _1000 _ 20 (i)
1000 ~— 550 P, 550 11

Now taking moments of the loads about the steel bar and equating the same,
10xx = P.x200 or (Pg+P;)x=200P,

Pgx+Peox = 200 P, or Pgx=200P.—P.x=P-(200-x)

8l = (i)

P, 200-x
P = p (V)
Now equating two values of % from equations (iv) and (v),
C
' 200 -
20 22X 20x=2200— 11x
11 X

_ 2200

31x = 2200 or X 31 = 71 mm Ans.

Stresses in each rod
From equation (iv), we find that

P
b= 2 o 11 Pg-20Pc=20 (10~ Py =200-20 P
31Pg = 200 or Pf% =645kN =645 x 10°N

and P, = 1O—PS=10—6.45:3.5kN=3.5x103N
Stress in steel rod,

P 645%10°
oy = 4 =6152—X50 =516 N/mm’ =516 MPa  Ans.
S .
_ P 35x10° 5
and stress in copper rod, O = 5 = =280 N/mm"” =280 MPa Ans.

Ac 125
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ExavprLE 4.8. A load of 5 kN is suspended by ropes as shown in Fig. 4.14 (a) and (b). In
both the cases, the cross-sectional area of the ropes is 200 mm’ and the value of E is 1.0 GPa.

LLLLLLLL.

¥ C t c
2m 2m

A A
Sm Sm

-9 B
SkN SkN
(@) (%)
Fig. 4.14
In (a) the rope ABC is continuous over a smooth pulley, from which the load is suspended. In
(b) the ropes AB and CB are separate ropes joined to a block, from which the load is suspended
in such a way, that both the ropes are stretched by the same amount. Determine, for both the
cases, stresses in the ropes and the deflections of the pulley and the block due to the load.

SoLuTion. Given : Total load (P)=5kN=5x 10’ N ; Length of AB (/,,) =5 m =5 x 10’ mm;
Length of BC () =7 m="7x 10° mm ; Area of each rope (A) =200 mm? and modulus of elasticity
(E)=1.0 GPa = 1.0 x 10° N/mm”.

First case

We know that the load of 5 kN is suspended from the pulley, therefore load shared by both the
ropes is equal. Or in other words, load shared by each rope.

3
P, = 5X210 =25%10°N
P 2. }
Stress in the ropes, c = Kl = % =12.5 N/mm’ = 12.5 MPa Ans.

and total elongation of the rope ABC,
!

Plyg _ Blyc
AE AE

v(2.5><103)>< (5%10%) L (25% 10 x (7x10%)
200 % (1.0 10%) 200% (1.0 10%)
= 62.5+87.5=150 mm

Deflection of the pulley

= % =75 mm Ans.

Second case
Let 6,5 = Stress in the rope AB, and
Opc = Stress in the rope BC.
We know that deflection of the rope AB,
Gap-lag O up X (5x10%)
E  1x10° =7 O

o,y =
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and deflection of the rope BC,

Opc-lgc _ Ope X (5x107)
E 1x10°

Since both the deflections are equal, therefore equating the value of (i) and (ii),

dlpe = Oup

56,5 = 70 or Oup= 75 XOpc

We also know that the load (P) of 5 kN is shared by both the ropes, therefore load (P)

5x10° = 0,y XA+ 0y xA= (%XGBCXZOO) + (05 % 200)

480 Gy

' 3
Gy = % =104 N/mm’ =104 MPa  Ans.
2640 =Lx104
and Oy = gGBc—gx -4 14.56 MPa Ans.

Now substituting the value of 6, is equation (i),
8l,; = 50,,=5x1456=72.8 mm Ans.

Nortk. The deflection of the block may also be found out by equating the value of G in equation (ii),
Olge = T0,,=7x104=728mm  Ans.

1. Three long parallel wires equal in length are supporting a rigid bar connected at their bottoms as
shown in Fig. 4.15. If the cross-sectional area of each wire is 100 mmz, calculate the stresses in
each wire. Take £, = 100 GPa and E = 200 GPa. [Ans. 6, = 25 MPa ; 64 = 50 MPa]

150 mm?>

Brass
Steel
Brass
Copper
Ap=100 mm?
Zinc
Aluminium

Ay

1 4,=200mm?

B 10 kN B [ 220 kKN

Fig. 4.15 Fig. 4.16

2. Three wires made of copper, zinc and aluminium are of equal lengths and have cross-sectional
areas of 100, 150 and 200 square mm respectively. They are rigidly connected at their ends as
shown in Fig. 4.16. If this compound member is subjected to a longitudinal pull of 220 kN,

estimate the load carried on each wire. Take E = 130 GPa, £, = 100 GPa and E, = 80 GPa.
[Ans. P.=65kN, P,=75kN, P, =80 kN]
3. Two steel rods and one copper rod each of 20 mm diameter together support a load of 50 kN as
shown in Fig.4.17. Find the stresses in each rod. Take E for steel and copper as 200 GPa and
100 GPa respectively. [Ans. 6= 39.8 MPa ; 65 = 59.7 MPa]
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‘ ROl Copper wire % Steel wire
1.6 mm ¢ 0.9 mm ¢
o) 4.5m
% _ 15m 500 mm |[«—
2m g © 3
Passunnnnny l
200N
Fig. 4.17 Fig. 4.18

4. Two vertical wires are suspended at a distance of 500 mm apart as shown in Fig. 4.18. Their
upper ends are firmly secured and their lower ends support a rigid horizontal bar, which carries
a load of 200 N. The left hand wire has a diameter of 1.6 mm and is made of copper, and the
right hand wire has a diameter of 0.9 mm and is made of steel. Both wires, initially, are 4.5
metres long. Determine :
(a) Position of the line of action of the load, if both the wires extend by the same amount.
(b) Slope of the rigid wire, if the load is hung at the centre of the bar. Neglect weight of the bar.
Take E for copper as 100 GPa and E for steel as 200 GPa. [Ans. 170 mm ; 0.15°]

4.5. Stresses in Composite Structures of Equal Lengths

We have already discussed in Art 3.6 the procedure for stresses in the bars of composite sections.
The same principle can be extended to the statically indeterminate structures also. Though there are

many types of such structures, yet a rod passing axially through a pipe is an important structure from
the subject point of view.

ExamvpLE 4.9. A mild steel rod of 20 mm diameter and 300 mm long is enclosed centrally
inside a hollow copper tube of external diameter 30 mm and internal diameter 25 mm. The ends

of the rod and tube are brazed together, and the composite bar is subjected to an axial pull of
40 kN as shown in Fig. 4.19.

Copper
tube

40KN «— —-—-— - — - — - — - — > 40 kN

I 300 mm \|\_ Steel rod

20 mm diameter

Fig. 4.19

If E for steel and copper is 200 GPa and 100 GPa respectively, find the stresses developed in
the rod and the tube.

SoLuTioN. Given : Diameter of steel rod = 20 mm ; External diameter of copaper tube = 30 mm;
Internal diameter of copper tube = 25 mm ; Total load (P) = 40 kN = 40 x 10° N ; Modulus of
elasticity of steel (E) = 200 GPa and modulus of elasticity of copper (E£.) = 100 GPa.

Let 6 = Stress developed in the steel rod and
6. = Stress developed in the copper tube.



