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Introduction
Everywhere around us we see systems engaged in a periodic motion: the small
oscillations of a pendulum clock, a child playing on a swing, the rise and fall of
the tides, the swaying of a tree in the wind and the vibrations of the strings on a
violin. The essential feature that all these phenomena have in common is
periodicity, a pattern of movement or displacement that repeats itself over and

over again.
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Linear Restoring Force, Harmonic Motion

One of the most important cases of rectilinear motion 1s that produced by a
linear restoring force. This force whose magnitude 1s proportional to the
displacement of the particle from the equilibrium position and whose
direction is always opposite to that of the displacement. Such a force 1s exerted

by a spring obeying Hooke’s law.
la e iy i) 558l oda dApdad Saima 558 Lgiaad il olli ajiiee Jad e AS el Vs aal (e daal s
Al 5 i Lo 038 38 As Y olad) GuSe Lails (1550 Lealadl 3151l g ge (ga puenll As) ) e
Ao o) pady

Eq. (1) represents the displacement of the Equilibrium
|, Position

spring from its equilibrium length.

;l
>

X 1s total length

— X —»

a 1s upstretched (zero) length of the
spring
Elastic force exerted by a spring obeying
Hooke's law
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(2) Restoring Force (Hooke's law)
where k 1s called Stiffness (Spring Constant) Gy el Jalas
Sub. Eq.(1) in Eq.(2)

f

where the positive direction 1s downward: Equilibrium @ + %

ey (a N %) Position \

% 1s the change 1n displacement due to body weight.
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Sub. Eq. (5) in Eq. (4)
. B e mg
..F_—k(x+ k)+mg

km
k‘q +mg

F=—kx—
This give again:
~F=—kx
—kx = m¥
~mxX+kx=0
Eq. (6) 1s second order differential Eq. with constant coefficients of the
harmonic oscillator or linear oscillator. As equation y’’ + py' + gy = 0, so, to
solve such equation we shall employ the #rail method in which the function
(AeT) is the trail solution, where (g) is a constant to be determined.
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Sub. Eq. (7) and (9) in Eq. (6)
mq?Ael®+kAqit=0 ] +Ae?
mq®*+k=0

mq? = —k

2 k
q m

g [ [k

| +\/:— +l\[;
where i =+v-1, \/%=WO
q = +iw,

Sub. Eq. (10) n Eq. (7)
X = Ae-T-iwot

For a linear differential eqns., solution are additive, so, the general solution is:

x=A, eWol + A_ e~Wot

using Euler’s formula
e = cosu +isinu
So we can rewrite Eq. (12) in the form:
x = A,(coswyt + isinwyt) + A_(cos wyt — i sin wyt)
= A, coswyt + i A, sinwyt + A_coswyt — i A_sinw,t
= (Ay +A_)coswyt + (IA, — iA_)sinw,yt
x = asinwyt + b cos wyt
where a=iA, —iA_ and b=A, +A_
The real solution of Eq. (13) 1s:
x = b coswyt

or x = Acos(wat + 6.) (14) Sinusoidal Oscillation of Displacement x
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where: w, 1s angular frequency
A 1s amplitude (the maximum value of x)
Equation (14) represent cosine function for two angle
So, Acos(wyt + 6,) = A(cos wyt cos 8, + sinw,t sin 6,)
Leta=Acosf,, b=Asin§,
a?+ b? = (AcosB,)? + (Asinb,)? = A%(cos?8, + sin?6,)
A = (a® + b?)1/?

b _ Asinf,

= = tan @
a Acosf, 0

8, = tan™! (g) we oo (15) Initial Phase

T, 1s time period of the oscillation (time required for one complete cycle); that

1s, the period is the time for which the product (wt) increase by just (2m)
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x = Acos(w,t+6,) x = Asin(w,t + 6,)

fo = Linear frequency of oscillation (is the number of cycles in unit time)
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Example:

A light spring 1s found to stretch an amount b when it supports a block of mass

m. If the block 1s pulled downward a distance [ from its equilibrium position

and released at time = 0 , find the resulting motion as a function of t.

Solution:

In the static equilibrium

Now find the constants for the equation of motion

x = Acos(wyt + 6,)

att=0, x=1 andx =0
X = —Awysin(wyt + 6,)
X =—Awysin(wy(0)+6,) =0
Awy # 0, A=1 isspring length,w, is angular frequncy
A=1=Xnax
~sin(8y) =0 = 6,=0

x = A cos(wyt)

.-.x=lcos(\[%t>

Energy Consideration in Harmonic Motion
Consider a particle moving under a linear restoring force= —kx. Let us
calculate the work done by an external force f, in moving the particle from the
equilibrium position x = 0 to some position x.
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W= [ (B, doe= foxkx dx = %kx2

The work W is stored in the spring as potential energy i< 28UaS (ajill s o 35 Jadl)
1
.-.V(x)=W=Ekx2=Ep
Total spring energy
E=E;+E,

ZE k
— =x2 4+ — x?
m m
. 2E k
- 2

m m

. 2B k 5
=i =— — =
m m

This can be integrated to give (t) as function of x

. dx dx
dt X

dx
t=[dt={ k7
(m_mx)
» Derive the Equation of Time
eWhen x = Acos 0

Rewrite Eq.(5)
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sx® =.A%ecos* 8
5 A5 —x% =%— A% cos> 0
= A%(1 — cos? )
A? — x? = A%sin? @
VAZ —x2 = Asiné ... ... (8)
From Eq.(7)
dx = —Asin6 dé
Sub. Eqns.(8) and (9) in Eq. (6)

m Asin@
t=— |[— deo
k fAsinB

M .
= kfde

m
t——\/;9+c

* x=Acos0
X i X
. CoSO === 0 =cos 1(—
A A

Sub. Eq.(11) in Eq. (10)

A? —x? = A% — A?sin? 0 = A%*(1 — sin?0)
A? — x? = A% cos? 6
VAZ —x2 = Acos#

Sub. Eqns. (b) and (c) in Eq. (6)
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m pAcos@
t= |— deé
k fAcosG

Sub. Eq. (a) n Eq. (d)

t= \[Esin‘1 (i)
k A

The value of x must lie between +A4 (i \[%) in order for x to be real

v

%
Potential energy function of the harmonic oscillator.

1) at the upper point
X = Xmax V=0
1 1

W E=—mv?+—kx?

2 7
1
E=O+Ek

.-.E=§kA2—>A=

2) at the lower point
X=0,V=Vpgy
1

. — 2
~E= E MVmax
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1 2 _1 2
Em Vmax = EkA

k A%

v. —
max m

Vmax = \[%A = Aw, Maximum Velocity for Harmonic Oscillator

= Vmax
Wo

As the particle oscillates, the kinetic and Sotal snengy

potential energies continually change. The

; ; ; kineti
constant total energy is entirely in the form of RN

kinetic energy at the center, where x = 0 and R p—
X = v, and it 1s all potential energy at

extrema, where x = +A and x = 0.

0
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