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Numerical Integration

Trapezoidal Approximation

The Trapezoidal Rule for the value of a definite integral is based on approximating the region
between a curve and the x-axis with trapezoids instead of rectangles, as in the figure below. It is
not necessary for the subdivision points xg, Xy, Xz, ... , X, in the figure to be evenly spaced, but the
resulting formula is simpler if they are. Therefore, we assume that the length of each subinterval

is:

y = f(x)

Truperoid area

(v + vy

The area of the trapezoid that lies above the i subinterval is:

_ Ax(yiea +y0)

4 2

The Trapezoidal Rule

To approximate f: f(x)dx, use:
Ax
A== o +2y1+2y; + -+ 2¥n-1 + ¥n)

Example 1: Use the Trapezoidal Rule with n = 4 to estimate flz x%dx. Compare the estimate with

the exact value.
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Example 1: Use the Trapezoidal Rule with n = 4 to estimate J'lz x*dx. Compare the estimate with

the exact value.

Solution:
Ay =g 271 _ 1
/] 4 3
X y=x?
1 1
5/4 25/16
G/4 36/16
714 149/16 1™
1
2 4 0 !

Ao
A= T(}’u + 2y, + 2ys + o+ 2y F V)

—1(1+2(25)+2(36)+2(49)+4)—?5—2343?5
8 16 16 16 32

The exact value of the integral is:
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Simpson’s Rule: Approximations Using Parabolas

Let™s calculate the shaded area beneath a parabola passing through three consecutive points. To
simplify our calculations, we first take the case where xo= -h, x1= 0, and xz= h (the figure below),
where h = Ax = (b - a) / n. The area under the parabola will be the same if we shift the v-axis to

the left or right. The parabola has an equation of the form:
v=Ax* +Bx + C

As a result. the area under it from x= -h to x=h is:

i
A, =[ (Ax2 + Bx + C) dx
—fh

{
_Ax3 +.E|‘x2
-3 2

h
-+ C:.r]
—h

_2Ah®
-3

h
+ 2Ch = = (24h? + 6C)

Aldso, we have:

vy = Ah® — Bh + C

Y. =0C

v, = Ah? + Bh+ C
From which, we obtain:
C=mw

Ah®* — Bh = y5 —
Ah? + Bh = vo — vy
2Ah* = yq + 32 — 2

Substitute these equations into Ay, we have:

A, =

h h
o (ZAh* + 6C) = 3 o + ¥z — 2y + 631) = E(}’o + 4y +yz)

wl=

Computing the areas under all the parabolas and adding the results gives the approximation:
b h h h
I flx)dx = 3 (yo + 4y1+y2) + 3 Oz +4yaty) + - + E(yn-l + 4¥n-1+¥n)
a

h
=g oty 42y, +4ys + 2y, 4o+ 2yns 4Y,u-1tn)

5 1([} 4(5) 2(5 4(4[]5) BD) 321
“g\0talgg) r 2T a{gg) +80) =327
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The Simpson’s Rule

b
Ax
5= [ F@dx =00+ 474252 + 475+ + Dz + A0t )
[}

The number n is even, and
b—a

mn

Ax =

Example 3: Use Simpson'’s rule with n=4 to approximate

2
J Sxtdx
o

Solution: Partition the period [0, 2] into four subintervals and evaluate y = S5x* at the partition

points.
X y = 5x*
0 0
Yo 5/16
1 ]
32 405/16
2 B0

Applying Simpson’s rule with n=4 and Ax=1/2,

Ax
§= EY (yo + 4y1+2yz + 4ya+y,)
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