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Volumes by Integration

1. Finding volume of a solid of revolution using a disc method.
2. Finding volume of a solid of revolution using a washer method.
3. Finding volume of a solid of revolution using a shell method.

* YO &

Solids of Revolution
If a region in the plane is revolved about a given line, the resulting solid is a solid of revolution, and the
line is called the axis of revolution. When calculating the volume of a solid generated by revolving a

1. Finding volume of a solid of revolution using a disc method.

The simplest solid of revolution is a right circular cylinder which is formed by revolving a rectangle about
an axis adjacent to one side of the rectangle, (the disc).

To see how to calculate the volume of a general solid of revolution with a disc cross-section, using
integration techniques, consider the following solid of revolution formed by revolving the plane region
bounded by f{x), y-axis and the vertical line x=2 about the x-axis. (see Figurel to 4 below):

L)

Figure 1. The area under f{x), bounded by fix), x-axis, Figure 2. Basic sketch of the solid of revolution
y-axis and the vertical line x=2 rotated about x-axis with few typical discs indicated.

I )

Figure 3. Family of discs Figure 4. The 3-D model of the solid of revolution.
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FORMULAS: V= J. Adx , or respectively I Ady where A stands for the area of the typical disc.

Another words: A= zr’ and r=f{x) or r=f(y) depending on the axis of revolution.
1. The volume of the solid generated by a region under f{x) bounded by the x-axis and vertical lines
x=aand x=>b, which is revolved about the x-axis is
b b
V= ir_[ yidx =JTI[ f (,vr)]2 dx (disc with respect to x and r=y=f{x))

)

y fix

2. The volume of the solid genéraled by a region under f{y) (to the left of f{y) bounded by the y-axis,
and horizontal lines y=c and y=d which is revolved about the y-axis.

d d
V= frf X dy=n _[ [£( y)]z dy (disc with respect to y and r=x=f{y))

d
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Determine the volume of the solid generated by rotating the region

W
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Solution

b 4
% =j 7[R(0)]? dx =j0 n[Vx|* dx

a
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2. Finding volume of a solid of revolution using a washer method.

This is an extension of the disc method. The procedure is essentially the same, but now we are dealing
with a hollowed object and two functions instead of one, so we have to take the difference of these
functions into the account.

The general formula in this case would be:
A= ;‘r(E’z - rj) where R is an outer radius and r is the inner radius.

FORMULAS: v=j A(x) dx, or respectively J’ AW dy

1. The volume of the solid generated by a region between fix)and g{x) bounded by the vertical lines
x=a and x=h, which is revolved about the x-axis is

i
V= JTH( f{x}}z i [g{x})2| dx {washer with respect 1o x)

2. The volume of the solid generated by a region between f{) and g(y) bounded by the horizontal
lines y=c and y=d which is revolved about the y-axis.

V= Jrﬂ{ f y}}z —(gl Ja’}}z |a}' (washer with respect to y)

™ T T x
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Using the Washer Method

Find the volume of the solid formed by revolving the region bounded by the
graphs of

flx) = V25 — x?and g(x) = 3
about the x-axis (see Figure 5.29).

SOLUTION First find the points of intersection of fand g by setting f(x) equal
to g(x) and solving for x.

flx) = glx) Set f(x) equal to g(x).
J25 —x2=3 Substitute for f(x) and glx).
25 —x2=9 Square each side.
16 = x2
+4 = x Solve for x.

Using f(x) as the outer radius and g(x) as the inner radius. you can find the volume
of the solid as shown.

4
Volume = 7 f {1LF0)]? — [g(x)]?} dx Washer Method
-4
4 e —"
= wf [( V25 — .\'3)2 — (})2] dx Substitute for f(x) and g(x).
-4
4
= ‘n’f (16 — x?) dx Simplify.
-4
£l b
= | 16x — — Find antiderivative.
314
256
= T Apply Fundamental Theorem.

= 268.08 Round to two decimal places.

So. the volume of the solid is about 268.08 cubic inches.

fx) =25 — 22 y=v25-x°
TRY IT 2 | Ar—.\
Find the volume of the solid glx) = 3{ 1 y=3 p
formed by revolving the region } e+t =
bounded by the graphs of Ard=Aald 1a2i3iad . .
f(t) =5 — x2and g(x) =1 Plane region Solid of revolution
about the x-axis. (@) (b)

FIGURE 5.29
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Example: Find the volume of the solid bounded by revolving

curve y = \/x &y = x.is revolving with

a). x— axis

b). y— axis
Solution//
a). x — axis Vi=x-x-x*=0-x(1-x)=0
x=0 & x=1
; xz x1 T
V= nf(\E)z — xz)dx = n:(? -3 {]) = Eunif"
0

b). y— axis x1=x2-y=y*>y—-y2=0
y=0 & y=1

1
V_ f( )2_ 4)d — (1_1)—2_11' 't3
Sm)yrmy)ex=mag Ty =1t
0
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