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Ganss-Jordan Elimination Method

The following row operations on the angmented matrix of a system produce the angmented matrix
of an equivalent system, Le., a svstem with the same solution as the original one.

# Interchange any two rows.

& MNultiply each element of a row by a nonzero constant.

& Replace a row by the s of itself and a constant multiple of another row of the matrix.
For these row operations, we will use the following notations.

e [, — H; means: Interchange row ¢ and row j.

& off; means: Replace row ¢ with o thnes row £

[, + afl; means: Replace row ¢ with the sum of row ¢ and o times row j.

The Gauss-Jordan elimination method to solve a system of linear equations is described in the
following steps.

1. Write the angmented matrix of the system.

2. Use row operations to transform the angmented matrix in the form described below, which is
called the reduced row echelon form (RREF).

{a) The rows (if any) consisting entirely of zeros are grouped together at the bottom of the
matrix.

(b) In each row that does not consist entirely of zeros, the leftmost nonzero element is a 1
(called a leading 1 or a pivot).
(c) Each column that contains a leading 1 has zeros in all other entries.

(d) The leading 1 in any row is to the left of any leading 1's in the rows below it.

3. Stop process in step 2 if you obtain a row whose elements are all zeros except the last one on
the right. In that case, the system is inconsistent and has no solutions. Otherwise, finish step
2 and read the solutions of the system from the final matrix,

Note: When doing step 2, row operations can be performed in any order. Try to choose row opera-
tions so that as few fractions as possible are carried throngh the computation. This makes ealenlation
easier when working by hand.
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Example 1. Solve the [ollowing system by using the Ganss-Jordan elimination method.

r+y+z=>5
2r4+3y+o:z=8
dr+5z=2

Selufion: The angmented matrix of the system is the following.

11 1[5
2 3 5|8
4 0 5|2
We will now perform row operations until we obtain a matrix in reduced row echelon form.
11 1|5 (1 1 1] 5
2 3 5|8 | 2210 1 3|-2
4 0 5|2 4 0 5] 2
1 11 5
Lt lo 1 o3| -2
| 0 —4 1|-18
P 11 1 5
S o1 3| -2
| 0 0 13|26
1g, 11 1] 5
— 01 3| -2
00 1|-2
) 1 1 1] 5
L3l 1 0 4
00 1]-2
11 0 77
oh, 10| 4
00 1) -2
1 0 0| 3]
Hhe, 10| 4
00 1) -2

From this final matrix, we can read the solution of the system. It is
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Example 2. Solve the following systemn by using the Gauss-Jordan elimination method.

T+ 2y—3z=2
e+ 3y — Bz =6
e+ 14y — 21z = 13

Solufion: The angmented matrix of the system is the following.

1 2 -3|2
G 3 -0 6
T 14 -21 13J

Let’s now perform row operations on this angmented matriz.

1 2 —3]|@2 1 2 -3 :::‘l
6 3 —o|¢6 |y g0 9| g
|_? 14 —21|13 714 -2 13]

(1 2 —3| 2
famThi Ly g o -8
0o 0 0|-1

We obtain a row whose elements are all zeros except the last one on the right. Therefore, we conclude
that the system of equations is inconsistent, ie., it has no solutions.

Example 3. Solve the following systemn by using the Gauss-Jordan elimination method.

dy+z2=2
2r+4Gy —22=3
dr+ 8y —Hz =4

Solufion: The angmented matrix of the system is the following.
|' 04 1 2
2 6 -2 3

l18 —5/4)
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We will now perform row operations until we obtain a matrix in reduced row echelon form.

04 1f2] o [26 23
2 6 -2 3 R loo4 12
4 8 —54 4 &8 —5|4
. 2 6 -2 :-:'I
fazl g o4 1| 2
n—4—1—2J
6 —213
Fatba 1 g4 119
oo 00
2 6 -2 | 3
lR-I-
A2 001 1412
l{]f} 0ol o
. 2 0 —7/2) 0
Mot g1 14 12
0 0 0 0
. 10 —7/4]| 0
2 '
2001 17412
0o 0|0

This last matrix is in reduced row echelon form so we can stop, It corvesponds to the angmented
matrix of the following system.

—t,
=R
+ 1
o L S |
e e
[
b=

1
EZ.

bl —

Since there is no specific value for 2, it can be chosen arbitrarily. This means that there are infinitely
many solutions for this system. We can represent all the solutions by using a parameter ¢ as follows,

Any value of the parameter ¢ gives us a solution of the svstemw. For example,
t =4 gives the solution (r,y,z) = (7, —3.4)

t =—2 gives the solution (r,y,2) = (—Z,1.-2).
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Example 4. Solve the following svstem by using the Ganss-Jordan elimination method.
(=] ' -

A+B4+20=1
2A-8B+D=-2
A-B-C-2D0=4
2A-B+20-D=1

Helwbron: We will perform row operations on the angmented matrix of the system nntil we obtain a
matrix in reduced row echelon form.

11 2 0|1 (1 1 2 0| 1] (11 2 0] 1]

2 -1 0 1|-2| g, |0 -3 -4 1|4 mem [0 -3 -4 1| -4
il et T |

1 -1 -1 -2| 4 1 -1 -1 -2| 4 0 -2 -3 -2 :

[2 -1 2 -l c]J 2 -1 2 —1| 0 2 -1 2 -1] 0

(11 2 0| 1] (11 2 0] 1]

Ro-mt | 0 <3 =4 1|4 | meme | D -3 -4 1 -4

"o o2 3 -2 3! "lo -2 -3 -2 3

[0 -3 -2 —1|-2 00 2| 2

- 1
i
(=

20 1‘| [1 12 0 1
| 3| -ife 3/2  1|-3/2
n
2

RamRy [0 =2 -3 -2| 3 S o013
0 -3 -4 1| -4 n -3 -4
0 0o o2 7| oo R 2
11 2 0 1] |' 11 2 o) 1
mepais |01 32 1 _:a,a'lz e |01 372 1| =32
0 0 1/2 4| =172 00 1 &1 17
0D -2 2 | 00 2 -2 2
B! 2 0 17 11 20 1
R |01 372 1| -3/2 Er Lo 1 32 1| -3/2
oo 1 8| —17 00 1 8 -17
00 0 18| 36 00 0 1| -2 J
f1 1 2 0| 1 1 1 2 0 1
me-ska | 001 32 1 =32 | mer |01 32 0 12
1o o 1 00— | 0 0 1 ol —1
00 0 1| -2 0 0 0 1| —2
1 1 2 0| 1 1 0 0 0| 1
Ra—3 it o1 0 0| 2 R B0 01 0o o 2
lo oo 1 0|-1 1o 0o 1 0|-1
T R | S I o 0 0 1|-2

Fronn this final matrx, we can read the solution of the system. It is

A=1 B=2 C=-1, D=-1




