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A maftrix is a rectangular array of elements (scalars) from a
field. The order, or size, of a matrix is specified by the number of
rows and the number of columns, i.e. 4 an *m by n” matrix
has m rows and n columns, and the element in the 71 row
and j th column is often denoted by a; :

ﬂﬂ ﬂj‘? BEEE ﬂj’
Ay, My e

ﬂmj' ﬂﬂf} BEEE ﬂ

A vector is a matrix with a single row (or column) of =n
elements , i.e. the column vector is:-
a,

a,

A= . and row vector is Az[.-'.'l a, . . an]

The matrix is square if the number of rows and columns are
equal (i.e. m = n) and the elements a; of a square maftrix are
called the main diagonal.

The identity matrix: I =| - o o o is square maftrix

0 0 .. 1
with one in each main diagonal position and zeros else.
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a, 0 ...
0 a, ..
The diagonal matrix D =|-- -~ - | has the elements
o 0 ... a,!

a3, @) yeewnytl, 1N its main diagonal position and zeros in all other
locations, some of the a; may be zero but not all.

A nxn triangular matrix has the pattern:-

By 5 e @ a 0 .. @
0 a,, .. da, @y dy e 0
or
0 0 .. a, (@, G, e A
lower triangular matrix upper triangular matrix
The mxn null matrix:- @ =|.. .. .. ..| haszeroin each of
0 0 .. 0]

its positions.
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Elementarv operations with matrices and vectors

1. Equalityv:- Two m xXn matrices and 4 and B are said to be
equalif: a;=D; YV pairsofiand j.

EX-1—-Find the values of x, y for the following matrix equation:

x-2y 0 3 0
-2 6 -2 x4y

Sol. -

x—2y=23
x=2y=3 ..(1) . 2x+2y=12
xX+y=6 ..(2)*2 3x=15 = x=35

substitutbon x=35 in(2) = 5+ y=6 = |,1' = I|

2. Addition:- The sum of two matrices of like dimensions is the
matrix of the sum of the corresponding elements. If:-

ﬂj‘j’ ﬂj‘z LR EL] ﬂIH -bH -blz reew I]I"

ﬂzj' ﬂ.?.? LR EL] ﬂz -sz’ bzz reew bz
A= "1, B= .

A,y A e @, (Dpy Dyy e D

then
a,, +b, ag,+b, .. a,+Db

a,+b,, ay,, +b,, .. a, +0b,,

_ﬂmibm_, a,, +b,, .. a,,+Db,.
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1) A+B=B+A4
2) A+(B+C) = (A+B)+C
3) A-(B-C) = A-B+C

EX-2- Find 4+B and A-B if:-

2 1 3 1 -2 2
A= , B=
1 0 -2 2 3 -1
Sol.-

'2+1 1-2 3+2 3 -1 5
1+2 0+3 —2—1} L’r 3 —3]

2—1 1—-(-2) 3-2 } [1 3 1]
A—B= =
1-2 0—(+3) -2—-(-1)| |-1 -3 -1

3. Multiplication bv a scalar:- The matrix 4 is multiplied by the
scalar C by multiplying each element of 4 by c¢:-

ca, c;, .. ca,

c, €y, .. Cf,,
CA=

ca,, ca,, .. ca

Lot

3 2 1

) s _J , find 3A4.

EX-3- Assume 4= {

Sol.-
L _[3%3 32 3 9 6 3
U 3%0 3%5 3+¢—1)| |0 15 —3

Email: firas.thair.almaliky@uomus.edu.iq



mailto:firas.thair.almaliky@uomus.edu.iq

Al-Mustaqgbal University / College of Engineering & Technology
Department (Prosthetics and Orthotics Engineering)
Class (1%)
Subject (Mathematics 1) / Code (UOMU013021)
Lecturer (Assist Prof Dr. Firas Thair Al-Maliky)
1stterm Lecture No 7&8. Lecture Name: Matrices and Determinants

4. Matrix multiplication:- For the matrix product 4B to be defined
it is necessary that the number of columns of 4 be equal to the
number of rows of B. The dimensions of such matrices are said to be
conformable. If 4 is of dimensions mxp and B is pxn , then the ij th
element of the product C=4B is computed as:-

P
C, = kz—::ﬂmbﬁ

This is the sum of the products of corresponding elements in the 7 th
row of 4 and jih column of B. The dimensions of 4B are of
COUrSe 7M.

6 5 4
1 2 3
EX-4- Assume 4=| = | and B=/—-1 1 —1| find 4B.
0 2 0

Sol.-

(| THOFACD) IR0 I¥S2¥143%2 I¥4+2(-1)+3%0
—1%6+0(—1)+1%0 —1+5+0%1+1%2 —1+4+0(—1)+1%0

[+ 13 2
-6 —3 —

Properties of multiplication:-
a) A(B+C)=AB+ AC distributive law

b) A(BC)=(AB)C associative law
c) AB = BA commutativ e law does not hold
d) AI=1I4= A
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1 2 3 -1
EX-5- Assume A= and B = , verify that 4B # BA,
—— 0 3 2 1 :
Sol.-
1 2|3 -1 7 1 3 1|1 2 3 3
AB= =" & BA= _
0 3|2 1 6 3 2 110 3 2 7

Hence AB# BA

5. Transpose of matrix:- Let 4 is any m xn matrix the transpose of 4
is mxm matrix A4 formed by interchanging the role of rows and

columns.
r
y Ay a,, y Ay @,
A = iy, dy y, | | dy a,,
_ﬂm.!' ﬂm? ﬂmn_ __HIH ﬂl‘n ﬂmn_

If a matrix is square and equal to its transpose, it is said to be
symmetric, then a;=a; for all pairs of i and j.

Properties of transpose are:-
a) (A¥B)=4FH
b) (AB) =B'A’

c)(4') =4
3 2 5 4 -1 0
EX-6- Assume 4=|2 —1 4| and B=|5 4 3 | show that:-
5 4 0 2 1 -1
1) A is symmetric matrix 2)(A+B)=A4"+B'

3) (4B) =B'A'
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3 2 35 3 2 35
1) A'=|2 -1 4| =|2 -1 4|=A = A isasymmetric matrix.

71 5 7 7 7
2) LHS=(4A+B)=|7 3 7 |=(1 3 5
7 5 -1 5 7 -1
3 2 3 4 5 2 7 7 7
RHS=A+B'=|2 -1 4|+|-1 4 1 |=|1 3 5 |=LH.S.
5 4 0 0 3 —-1| |5 7 -1
. (A+B)=A'+B
32 10 1 F 32 11 40
3) LHS.=(4AB) =11 -2 -7|=(10 -2 11
40 11 12 1 -7 12
4 5 2103 2 5| [32 11 40
RHS=BA'=\-1 4 1|2 -1 4|=|10 -2 11|=L.H.S.
0 3 —-1||5 4 0 1 -7 12

. (4AB) =B'A
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Determinants

The minor of the element a; in a matrix 4 is the determinant of
the matrix that remains when the row and column containing a; are
deleted. For example, let:-

Ay Ay dg

A= then the mi s |2 O
=|a, a, a, | thenthe minor of a,, is

3,

A= then the minor of a,, i1s |a, a,, @,

and so on.

The cofactor of a; is the determinant .4; that is (-1)'"7 times the
minor of a;; . Thus:-

for matrix (3x3)=> A,,=(-1)"" _

for matrix (4x4)=> A,,=(-1)""a,, a,, a,|=|a,, a, a,

With each square matrix .4 we associate a number def 4 or |4

called the determinant of .4, calculated from the entries of 4

or |a,j

in the following way:-
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for n=1, A=|a]l = |4|=a
a, a
n
Jor n=2 , A= = =a,,a, —a, a,
| @y Oy § _ -
- ‘ T T
Ay A g Hﬂh “\12 - ﬂ;j ﬂu A
Jor n=3 , A=la, a, ay|= |=4|: @51 R*z.? ﬂ::j @5
| Ay Ay dg H.a?;ijx,x'aﬂ P ﬂ‘lj iy, 'ﬂ,::g
P

|A| Sy lyQz + A0 + 00,05, — (ﬂ':jﬂ'zzﬂ'j: T @005 + ﬂ:zﬁ'nﬂjs)

The determinant of a square maftrix can be calculated from the
cofactors of any row or any column.

2 1 3
EX-8- Find the determinant of the matrix:- 4=|3 -1 -2
2 3 1

Sol.-
1" method

=2(—1)-1+1(-2)-2+3-3-3—(3(=1)-2+2(-2)-3+1-3-1)
=36

2" method

If we were to expand the determinant by cofactors according to
elements of its third column, say, we would get:-
A=a;;A;+ ﬂszzj + a3y

i+3 3 2+:i

=3(-1) +f 2)(—1)

1 _i‘+_i'2
+If-1
J 1 _1\

=3(9-(-2))+ 2(6—2)+(—2—3)= 36
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Useful facts about determinants:-

F-1: If two rows of matrix are identical, the determinant is zero.

3 -1
EX-9 Show that:- |[¢ —3 J§|=0
3 -1
Sol.-
3 -1 23 -1
2 -3 5|12 -3 =—18-15—4—(—-18—15—-4)=10
3 -1 3 -1

F-2: Interchanging two rows of matrix changes the sign of its
determinants.

EX-10Show that:- I ¢ 3=—2 1 3

Sol.-
2 1 52 1

LHS=-1 0 3-1 0 =0+3+10—(0-12—4)=29
1 -2 41 -2
-1 0 3-1 0

RHS.=2 1 52 1 =—-4+0-12-(3+10+0))=29=LH.S.
1 -2 41 -2
2 1 5 |1 0 :
1 0 3=-2 1 5
1 -2 1 -2 4
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F-3: The determinant of the transpose of a matrix is equal to the
original determinant.

EX-11 Show that:- [~ ¢

Sol.-

LHS.=29 from ex-10
2 -1 1|2 -1
RH.S.=1 0 -211 0 =0+10+3—-(0-12—-4)=29 = L.H.S.
g 3 4|15 3
2 1 5 |2 -1 1
L= 0 3=1
1 -2 4 5 3 4

F-4: If each element of same row (or column) of a maftrix is
multiplied by a constant C, the determinant is multiplied by C.

6 3 1: 2 1 3
EX-12 Show that:- -1 0 3|=3-1 0 3
1 -2 4 1 -2 4
Sol.-
6 3 136
LHS.=-1 0 3|-1 0 =0+9+30—(0-36—12)=387

1 -2 4|1 -2

RH.S.= 3=29=87 = L.H.S.
6 3 15 2 1
=1 0 3/=3-1 0
1 -2 4 1 -2

W
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F-5: If all elements of a matrix above the main diagonal (or all below
it) are zero, the determinant of the matrix is the product of the
elements on the main diagonal.

F 0
FX-13 Find:-
1 -1
Sol.-
J 0 03
2 3 02 3 =60+0+0—-(0-0-0)=060

1 -1 41 -1
Or directly 5*=3%=4=060

F-6: If each element of a row of a matrix is multiplied by a constant
C and the results added to a different row, the determinant is not

changed.
2 1 35
EX-14 Show that [4=|B if A=|-1 0 3| apd B is the matrix
1 -2 4
resultant from multiplying row (1) by 2 and adding to row (3).
2 1 5
je. B=|—-1 0 3
5 0 14
Sol.-

|A|=29 Jfrom ex-10
2 1 5|2 1
|B=—1 0 3-1 0 =0+15+0—(0-0-14)=29
5 0 145 0
= 4= |8
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-2 3
2 1 2
EX-ISFind _; 5 ; _»
0 1 2 1
Sol.-
1 -2 3 1
-2R*R, 0
=== 7 2 1 —2 Expanding the determinant by using the
0 2 1

5 2 0|5 2
first column. =>==10 4 —-10 4 =20+6+0—(0-10+0)=36
1 -6 1|1 —6

Linear Equations

There are many methods to solve a system of linear equations:
AX=B

I) Row Reduction method It is often possible to transform the linear
equations step by step into an equivalent svstem of equations that is
so simple it can be solved by inspection.

We start with nx(n+ 1) matrix [AEB] whose first n columns
are the columns of 4 and whose last column is B. We are going to
transform this augmented matrix with a sequence of elementary row
operations into [I ES] where § is the solution of X.
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2x+3y—4z=-3
EX-16 Solve the following linear equation: X +2y+3z= 3

Ix—y—z=6
Sol.
2 3 -4 X -3
AX =B where A=|1 2 3|, X=|v|, B=
3 -1 -1 4 6
(2 3 —4 -3 0 —1 —10 : -9
. . -2R,+R; .
[4:B]={1 2 3 i3 |=>=>=(1 2 3 ! 3
) -3R,+R, ]
|3 -1 -1:6 | 0 -7 —10 -3
_ ‘17 2 3 :3 ] 1 0 -—-17-15
int er change 2R,+R;
D= |0 -1 —-10:-9|=>==> |0 -1 —-10: -9
R, and R, ) ~TR,+R, )
0 -7 —10i-3 0 0 60 : 60
P g, 1 0 0:32 et) 10 0:2
SO0 -1 00 1|20 1 0i-1|=[15]
Rt R, ) R )
(0 0 60:60 0 0 1: 1
h's 2
Hence |y|=|—-1| = |x=2 ,y=-1 ,1=1
z 1

IT) Cramer’s Rule When the determinant of the coefficient matrix 4
of the system AX=EB is not zero (i.e. A| # 0) the system has a unique
solution that it may be found from the formulas:

A
X, = Where
4

A

T

is the determinant of the matrix, comes

from replacing the 7 f# columnin .4 by the column
of constant B.
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EX-17 Resolve example 16 using Cramer’s rule:
Sol.
2 3 -—-42 3
=1 2 3|1 2 =—4+27+4-(-24-6-3)=60
3 -1 -1|13 -1
-3 3 —-4-3 3
|AI|= 3 2 33 2 =06+54+12-(—48+9-9)=120
6 -1 —-116 -1

2 -3 —42 -3
l,|=11 3 3|1 3 =-6-27-24-(-36+36+3)=—60
3 6 -13 6
2 3 =32 3
[4,|=1 2 3|1 2 =24+27+3-(-18-6+18)=60
3 -1 6|3 -1
.:('=A—I=E = |x=2
T/
|4 _-60 |
YR T TP
z=ﬂ=E z=1
4 60
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Problems
3 1
2 1 2 2
4= , B= , C= -1,
1) Let L& 4} {—1 4 —z]
0 2
1 0 4 .
p=lo 1 2 ,E={ _}.Fiml:-
4 2
0 —1 1
a) AB b) DC c) (D+I)C d) DC+C e) DCB
) EI g) 3A+E h) -5E+A i) E(2B)
( _ 3 9 6 10 —6 42 -97)
-1 10 -1
{ans. > ) ]b} 4 3|ecd| 8 2le I 20 (i)
—4 16 -8
- -4 3 -4 5 -7 4 -—18
ﬂ';z -1 )6 5 ”—14 7 -;3 4 22
1 1
L 4 2 8y 14 —20 -6 4 32 16 )

2) Find the value of x :-

2 1 0] x
[x ¢4 1]{1 0 2||-7|=0
0 2 4],

1
(.‘ms.: x= , or x=IJ

3) Find v and w if: [5 w]=v[-2 1].

ans.: w=1v=——
2

1 -1 2
4) Let A= 0 , B=|—-1 3 |, Find:-

y
I
L

a) 24+ B' b) B'A' — I
[ {3 -3 9} [m 19]]
ans. > a) bl
2 5 6 _5 —6
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"
Nl
b
-
e
I
=
by
[
w ]
I
—
[
I
]
=
| I
P
-
=
=
I

(24~-1I)B' and show that (4B ) = B'4’

5 -1
ans. ;| —2 11
-6 26
x x 1
6) For what value of x will: (2 ¢ 35/=07?
6 7 1

{:ms. DXx= .?)

7) Let 4 Dbe an arbitrary 3 by 3 matrix and let R;> be the
matrix obtained from the 3 by 3 identity maftrix by

0 1 0
interchanging row 1and2: R, =|1 0 0|, a) Compute R;>4
0 0 1

and show that vou would get the same result by interchanging
rows 1 and 2 of A4.b) Compute 4R;> and show that the result
is that vou would get by interchanging column 1 and 2 of A.

My ly; Ay My, dy @y,
ans.:. a)la, a, a, b) a,, a, da,

ia,, a i i i i

32 33 32 31 33
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§8) Solve the following determinants:-

2 3 1 2 -1 -2 2 -1 3
a4 5 2 b )-1 2 1 c )1 /] 2
1 2 3 3 a -3 a 2 1
I 1 a ] 1 2 3 4
1 0 -1
il > , }ﬁ‘ a -2 1 )ﬂ 1 2 :
2 =2 e
a -1 0 7 4 a a0 2 1
2 0 I
J 0 2 1 a 0 3 2
1 -1 2 g I 0 0
2 - 2 ) ¢ I 1 @
g ) )
1 [ 2 3 1 1 1 1
-2 2 f —3 1 I 0 0

ans.: al)—3 b o c)=7 dad e
e )38 fl)1 g)2 hi)—1

9) Solve the following system of equations:-

c)x + y+z=2
a) x+8y=4 b)2x+3r=35

2x —y+z =0
x —y=-13 3x —y=2
x+ 2y—zs=4
d)2x +y—z=2 e)2x—-4y=2=6 flx—-z =3
X —-y+ =7 X+ 1r+31= 2y-2z=2
X +2y+z=4 Sy + 7z =10 2x +z =3

g)x;+x,—-x,+x,=2
P h) 2x—3p+4z=—19

bx +4y—2z=8
X +35v+4z=23

xi—x2+x3+x4=—1
X, +x,+x;,—x,=2

X, + x; + x, =-1
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(ans.: a )x =—4,y=1 b)x =y=1 A
>

c)x = ,1'=I;},:=—- d)x =3 ,y=-2,1=2

0 3 35 , 0.z 7

e)x =0,y=-—,2=7 flx =2,y=0,z=-

3
glx,=2,x,=0,x;,=x,=- h)x ==2,y=5,z=0
\ 2 J
Reference
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