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Dot Product
(Scalar Product)

The dot product of two vectors A and B (denoted by A - B) is defined as

the product of the vector magnitudes and the cosine of the smaller angle
between them.

A:B=|A||B|cosB  =ABcosO , B

A-B=B-A (commutative law) 0.

>
A

The dot product is commonly used to determine the component of a vector in
a particular direction. The dot product of a vector with a unit vector yields
the component of the vector in the direction of the unit vector. Given two
vectors A and B with corresponding unit vectors a, and ag, the component of

A in the direction of B (the projection of A onto B) is found evaluating the dot
product of A with ag. Similarly, the component of B in the direction of A (the

projection of B onto A) is found evaluating the dot product of B with a,.

A-d,=|A||d, cosB ,=A4cosb ,

B-d, = |B||d@,| cosO , =Bcosb ,




The dot product can be expressed independent of angles through the
use of component vectors in an orthogonal coordinate system.

A=A R+A4 P+A4,2
B=B %+B,§+B 2
A-B=(4,%+A,9+4,2) (B, £+B y+B, 2)
~A B X% +AB % y+AB R 1
+AB p-X+A4AB y-y+AB y%
+A,B 2-X+A B 2-y+AB %2

The dot product of like unit vectors yields one (6,5 = 0 ; while the dot
product of unlike unit vectors (0 , = 90°) yields zero. The dot product

results are

£:£=1 £p=0 £:£=0
po£=0 y=1 §i=0
2:%=0 £:9=0 2-2=1

The resulting dot product expression is

A-B=AB_+A4B +AB,



Cross Product
(Vector Product)

The cross product of two vectors A and B (denoted by Ax B) is defined
as the product of the vector magnitudes and the sine of the smaller angle
between them with a vector direction defined by the right hand rule.

AXB = |A||B|sin0 A = ABsin0 A

AxXB=-BxA (not commutative)

Note: (1) the unit vector # is normal to
the plane in which A and B lie.

(2) ABsin6,s = area of the parallelogram
formed by the vectors A and B.

Using component vectors, the cross product of A and B may be written
as

A=A %+A, §+4.2
B=B £+B §+B, 1
AxB=(A,%+4 §+4,8)x (B %+B,J+B, 2)
=4 B #x%+A4 B %x§+AB £x2
+A B px%+A B §xp+AB §xt
+AB 2x%+AB 2xp+AB 12

The cross product of like unit vectors yields zero (0,5 = 0°) while the cross
product of unlike unit vectors (0,5 =90°) yields another unit vector which is
determined according to the right hand rule. The cross products results are

£xxX=0 Xxy=2 XxZ=-p
Yxg=-% pxp=0 Pxg=%
IxX=p Ixp=-Xx £x£2=0



The resulting cross product expression is
AxB = (Asz —Asz)f +(A,B_-AB)y + (AxBy —AyBx)z"

This cross product result can also be written compactly in the form of a
determinant as

£y Z
AxXB = Ax Ay Az
B, B, B,

Example (Dot product / Cross product)

Given E =3y +4Z and F =4X -10y+5%, determine
(@) the vector component of E in the direction of F.
(b.) a unit vector perpendicular to both E and F.

(@) To find the vector component of E in the direction of F, we must dot
the vector E with the unit vector in the direction of F.

= F _4x-10p+5Z 1 (4£-10§+5%)
| F| J42+102+52 (/141

The dot product of E and a¢ is

a

1

E-G,=(3p+4%)- ——(42-10p+5%)
/141

_ 1 10

[(3)(-10) +(4)(5)] = ~——
JTAT JTAT

(Scalar component of E along F)



The vector component of E along F is

(E-,)d, - —%(u 109 +5%)

(b.) To find a unit vector normal to both E and F, we use the cross product.
The result of the cross product is a vector which is normal to both E

and F.

£ Z
ExF=|0 4 |=(55%+165-12%)
4 5

We then divide this vector by its magnitude to find the unit vector.

a- EXF _>o%+lop-1a2 .1 (ssg+165-129)
[ExF| \[557:162+122 /3425

The negative of this unit vector is also normal to both E and F.



Coordinate and Unit Vector Definitions

Rectanqular Coordinates

(o <x<w)
(ro<y<w)
(-0 <z <)

Cylindrical Coordinates (r,, z)

r=yxt+y?

¢ =tan”' (y/x)
(0<r<w)
(0<p<2m)
(-0 <z <)

Spherical Coordinates (R,

R = \/x2+y2 + 52

i

VA
¢ =tan"'(y/x)

(0 < R< )
(0<0B<m)
(0<p<2m)

(X,y,Z) A z

},}
>
A
x =rcos b
y =rsing P
SORF
Zz =z / E
},:
>
x=rcos¢p
0.0)
A:
x = Rsin0Ocos R
Y = RsinOsin¢ P‘%ﬂb
z = Rcos0 Fa T
};
>
____________________ x=rcosp

y=rsing



Vector Definitions and Coordinate Transformations

Vector Definitions

Rectangular A =4 £+4 9+4,2=(4,,4,4))
Cylindrical ~ A=A F+A,+4,2=(4,,44,4,)

Spherical A=A R+A4,0+4, d = (4p, 44, 4,)

Vector Magnitudes

A-A=|A||A|cos0° =|A?

l

|A| =/A-A

Rectangular |A| = \/sz +Ay2 +A22

Cylindrical ~ [A| = /4. +4,+A]

Spherical |A| = \/Aé +AQ2 +A£

Rectanqular to Cylindrical Coordinate Transformation

(Ax1 Ay’ Az) - (Arl Aqw Az)

The transformation of rectangular to cylindrical coordinates requires that
we find the components of the rectangular coordinate vector A in the direction
of the cylindrical coordinate unit vectors (using the dot product).

The required dot products are

A =AF=ARF+A,9 F+A 2 F =A R F+A,9-F
Ag=A-b=A4.2 b+4,9 - b+4,2-¢=A4,%-d+4 5
A, =A 2 =A R 5+A §-£+4,8-F =4,

where the Z unit vector is identical in both orthogonal coordinate systems such
that



d‘)

f=0 Z
£=0 §-£=0 £-5=1

k, N)

The four remaining unit vector dot products are determined according to
the geometry relationships between the two coordinate systems.

F =cosd X +sin y
$ = -sindp £ + cosd y

0

F=X-(cosp X +sind y) =cos
F=yp-(cosp X +sind p) =sing
£ =% (-sinp®+cospp)=-sind

-3

P-Pp=9-(-sinp £+ cosdyp)=cos

=

The resulting cylindrical coordinate vector is

A =Ari-‘+A¢('f) +4. 2
= (A,cosd +4,sindp)F+(4,cosp -4 sindp)d+4,2



In matrix form, the rectangular to cylindrical transformation is

-COS(b sin 0|4
=|-sin¢p cosp O
0 0 1|4

Cylindrical to Rectanqular Coordinate Transformation

(Ar’ Aqn Az) — (Axv Ayv Az)

The transformation from cylindrical to rectangular coordinates can be
determined as the inverse of the rectangular to cylindrical transformation.

(4 | -cosd) sin¢ ol

o

=| -sin¢ cos¢

A 0 0 1

_cosd) -sinp 0 1] 4
=|singp cosp O A,
0 0 1|14

The cylindrical coordinate variables in the transformation matrix must be
expressed in terms of rectangular coordinates.

_ X

cos =

~ | =

xX“+y
Y

x2+y2

sing =

~ |\«



The resulting transformation is

o | x N 4 0_ L
A [x%+y2 [x%+y2 A,
X

A}" = y 0 A¢
Az \/x2+y2 \/x2+y2 Az

0 0 1

The cylindrical to rectangular transformation can be written as

A=A X+4 J+A4. %
=(4,cosp -A,sind) £ +(4,sinp+4,cosdp)p+4,2

ArL_A(bL £

H A, —L Ay —=— |y
[x2+52 [x2+52

+A4 2

Rectanqular to Spherical Coordinate Transformation

(AX’ Ayv Az) - (ARI Aea Aq))

The dot products necessary to determine the transformation from
rectangular coordinates to spherical coordinates are

Fad

A, =A-R =42 R+4,5-R+4,%-
Ag=A-0=4.%-0+45-0+4,2-0
Ag=A-§ =A% d+A 9 b+4,2- ¢



The geometry relationships between the rectangular and spherical unit
vectors are illustrated below.

\
\
\
\
\
\

R =sin0 7+ cos0 2
=sinO [cosp X +sinp y ] + cosO 2
=sin0 cos¢p £ +sinO sinp y + cosO 2
0 = cosO 7 - cos(90°-0) 2
=cosO [cosp X£+sindpy ] - sinO 2
=cos0 cosp £ +cosOsing y - sin0 £

$ = -sindp £ + cosP §

The dot products are then

£-R=sinOcosp p-R=sinOsing Z-R =cosO
%0 =cosOcosp §-0=cosOsind 6

X-¢ = -sind - =cosd

and the rectangular to spherical transformation may be written as

(3 M

2 )
<
I
o



R  sin@ cosp sinOsind cosO ||4,
Ay |=|cosBcosd cosOsing -sinb |4
b -sind cosp 0 A,

Spherical to Rectanqular Coordinate Transformation

(AR’ Ae’ Aq)) — (Axv Ay’ Az)

The spherical to rectangular coordinate transformation is the inverse
of the rectangular to spherical coordinate transformation so that

. -sinBcosd) sinOsing cosO | -AR
NE cosOcosd cosOsing -sin0 A,
A, -sin¢ cos¢p 0 A,

_sinﬁcoscb cosOsin¢ —sin(b_ _AR

= |sinOsindp cosOsing cosd ||4,

cosO -sin0@ 0 A b

The spherical coordinate variables in terms of the rectangular coordinate
variables are

[2.,.2
sin@ = = = Xty cosf = = = z
R \/x2+y2+22 R \/x2+y2 +72
Sm¢=l= 4 cosd):f: x
r 2, .2 r 2. ..2



The complete spherical to rectangular coordinate transformation is

X Xz Y
Jx2+y2+zz szﬁszx2+y2+zz ¢x2+y2
¥ y yz X

y \/x2+y2+22 \/x2+y2 \/x2+y2+22 \/x2+y2

z _ yx?ey? 0

_ \/x2+y2+22 \/x2+y2+z2







