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Dot Product 

(Scalar Product) 

 

The dot product of two vectors A and B (denoted by A ∙ B ) is defined as 

the product of the vector magnitudes and the cosine of the smaller angle 
between them. 
 

 

 

 

The dot product is commonly used to determine the component of a vector in 

a particular direction. The dot product of a vector with a unit vector yields 

the component of the vector in the direction of the unit vector. Given two 

vectors A and B with corresponding unit vectors aA and aB, the component of 

A in the direction of B (the projection of A onto B) is found evaluating the dot 

product of A with aB. Similarly, the component of B in the direction of A (the 

projection of B onto A) is found evaluating the dot product of B with aA. 
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The dot product can be expressed independent of angles through the 

use of component vectors in an orthogonal coordinate system. 
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The dot product of like unit vectors yields one ( θAB = 0 ) while the dot 

product of unlike unit vectors  ( θ = 90o ) yields zero.  The dot product 

results are 

 

 

 

 

The resulting dot product expression is 

 



Cross Product 

(Vector Product) 

 

The cross product of two vectors A and B (denoted by A × B ) is defined 

as the product of the vector magnitudes and the sine of the smaller angle 

between them with a vector direction defined by the right hand rule. 

 

 

 

Note: (1) the unit vector  is normal to 

the plane in which A and B lie. 

(2) AB sinθAB = area of the parallelogram 

formed by the vectors A and B. 

 

Using component vectors, the cross product of A and B may be written 

as 
 

 

 

 

 

 

The cross product of like unit vectors yields zero ( θAB = 0o ) while the cross 

product of unlike unit vectors ( θAB = 90o ) yields another unit vector which is 

determined according to the right hand rule. The cross products results are 
 

 

 



The resulting cross product expression is 

 

 

This cross product result can also be written compactly in the form of a 

determinant as 
 

 

 

 

 

 

 

Example (Dot product / Cross product) 

 

Given           , determine 

(a.) the vector component of E in the direction of F. 

(b.) a unit vector perpendicular to both E and F. 

 

(a.) To find the vector component of E in the direction of F, we must dot 

the vector E with the unit vector in the direction of F. 
 

 

 

The dot product of E and aF is 

 

 

 

 

 

(Scalar component of E along F ) 



 

 

The vector component of E along F is 

 

 

(b.) To find a unit vector normal to both E and F, we use the cross product. 

The result of the cross product is a vector which is normal to both E 

and F. 

 

 

 

 

We then divide this vector by its magnitude to find the unit vector. 
 

 

 

 

The negative of this unit vector is also normal to both E and F. 



Coordinate and Unit Vector Definitions 

 

Rectangular Coordinates (x,y,z) 
 

 

 

 

 

 

 

 

 

 

 

Cylindrical Coordinates (r,ф, z) 
 

 

 

 

 

 

 

 

Spherical Coordinates (R,θ,ф) 

 

 

 

 

 

 



 

Vector Definitions and Coordinate Transformations 

 

Vector Definitions 

 

 

 

Vector Magnitudes 

 

 

 

 

 

Rectangular to Cylindrical Coordinate Transformation 

(Ax, Ay, Az ) → (Ar, Aф, Az ) 

The transformation of rectangular to cylindrical coordinates requires that 

we find the components of the rectangular coordinate vector A in the direction 

of the cylindrical coordinate unit vectors (using the dot product). 

The required dot products are 

 

 

 

where the  unit vector is identical in both orthogonal coordinate systems such 

that 



 

 

 

      

 

 

The four remaining unit vector dot products are determined according to 

the geometry relationships between the two coordinate systems. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The resulting cylindrical coordinate vector is 

 

 



 

 

In matrix form, the rectangular to cylindrical transformation is 

 

 

Cylindrical to Rectangular Coordinate Transformation 

(Ar, Aф, Az ) → (Ax, Ay, Az ) 

The transformation from cylindrical to rectangular coordinates can be 

determined as the inverse of the rectangular to cylindrical transformation. 

 

 

 

The cylindrical coordinate variables in the transformation matrix must be 

expressed in terms of rectangular coordinates. 

 

 

 



 

 

The resulting transformation is 
 

 

 

 

 

 

 

 

 

 

 

 

The cylindrical to rectangular transformation can be written as 

 

 

 

 

 

 

Rectangular to Spherical Coordinate Transformation 

(Ax, Ay, Az ) → (AR, Aθ, Aф ) 

The dot products necessary to determine the transformation from 

rectangular coordinates to spherical coordinates are 

 

 

 



 

 

The geometry relationships between the rectangular and spherical unit 

vectors are illustrated below. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The dot products are then 

 

 

 

 

and the rectangular to spherical transformation may be written as 



 

 

 

 

 

 

 

 

 

Spherical to Rectangular Coordinate Transformation 

(AR, Aθ, Aф ) → (Ax, Ay, Az ) 

The spherical to rectangular coordinate transformation is the inverse 

of the rectangular to spherical coordinate transformation so that 
 

 

 

 

 

 

 

 

 

The spherical coordinate variables in terms of the rectangular coordinate 

variables are 
 

 

 

 
 

 
 

 

 



 

 

The complete spherical to rectangular coordinate transformation is 
 

 

 

 

 

 

 

 

 

 

 

 

 



 

 


