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Coordinate Transformation Procedure

(1) Transform the component scalars into the new coordinate
system.

(2) Insert the component scalars into the coordinate transformation
matrix and evaluate.

Steps (1) and (2) can be performed in either order.

Example (Coordinate Transformations)

Given the rectangular coordinate vector

A= VX" o yz

) \/x2+y2+22 \/x2+y2+zz

(@) transform the wvector A into cylindrical and spherical
coordinates.

(b.) transform the rectangular coordinate point P (1,3,5) into
cylindrical and spherical coordinates.

(c.) evaluate the vector A at P in rectangular, cylindrical and
spherical coordinates.
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(b.) P(@,35 — x=1y=3,z=5

r=yx2+y? = /12+32 = /10 = 3.16
¢ =tan"'(y/x) =tan1(3/1) = 71.6°
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z 5

$ =tan"'(y/x) =tan"1(3/1) = 71.6°
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Separation Distances

Given a vector R, locating the point P, and a vector R, locating the point

P, the distance d between the points is found by determining the magnitude
of the vector pointing from P: to P2, or vice versa.

d=|R,-R,| = |R-R,|
Rectangular
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Cylindrical
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d= \/Rz2 +R}-2R,R,cos0,cos0, -2R, R,sin0,sin 0, cos(d, -d,)




Constant Coordinate Surfaces

Rectanqular Coordinates
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Spherical Coordinates
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Volumes, Surfaces and Lines in Rectangular,
Cylindrical and Spherical Coordinates

We may define particular volumes, surfaces and lines in rectangular,
cylindrical and spherical coordinates by specifying ranges on the coordinate
variables.

Rectangular volume (2x2x5 box)
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Surface on the Spherical volume .
(outer surface of the sphere)

R=2 (»- constant)
(0<B<m) 7
0O<p<2m) -

Line on the Rectangular volume -
(upper edge of the front face)
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Line on the Cylindrical volume
(outer edge of the upper surface)

r=1 (r- constant)
(0<p<2m)
z=15 (z- constant)

Line on the Spherical volume
(equator of the sphere)

R=2 (R - constant)
0=mn/2 (0 - constant)
(0<p<2m)




Differential Lengths, Surfaces and Volumes

When integrating along lines, over surfaces, or throughout volumes, the
ranges of the respective variables define the limits of the respective
integrations. In order to evaluate these integrals, we must properly define the
differential elements of length, surface and volume in the coordinate system
of interest. The definition of the proper differential elements of length (dl for
line integrals) and area (ds for surface integrals) can be determined directly
from the definition of the differential volume (dv for volume integrals) in a

particular coordinate system.

Rectanqular Coordinates
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Cylindrical Coordinates
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dv = (dx)(dy)(dz)
x —constant ds =dydz
y-—constant ds =dxdz
z-constant ds =dxdy

x,)y —constant dl=dz
X ,z-constant dl=dy
y,z—-constant dl =dx

dv = (dr)(rdd)(dz)
=rdrdd dz

r-constant ds=r dbdz

¢ —constant ds=drdz
z-constant ds=rdrdd

r,$ —constant dl=dz
r,z-constant dl=r do

¢ ,z-constant dl =dr



Spherical Coordinates

N

10

dv = (dR)(Rd9)(Rsin0dd)
= R?sin0 dRd0 d

ds=R’sin0d0 d
ds=Rsin0®_dRdp
ds=RdR do

R -constant
0 -constant
¢ —constant

R,0-constant  d/=R sin0 d¢
dl=R do

dl=dR

R, -constant
0, ¢ -constant
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Example (Line/surface/volume integration)

Using the appropriate differential elements, show that
(a.) the circumference of a circle of radius 7, is 27,
(b.) the surface area of a sphere of radius R, is 4T R .
(c.) the volume of a sphere of radius R, is (4/3) TR, .

(a') 27 2n 27
L:fdl=frod¢=rofd¢=ro[¢]|0 z
0 0
| |
" L=2mr, |
1~
X dl =r,dd
(b) 2n w
S = fds: f ijsinededcb
$=0 6=0 Z | ds = R?sinBdO dp
2n W i
=R’ f f sin 0 dO ddp \\f\q
$=0 8=0 R, |
) 2% - y
:ijsinedequ)
0 0 X

i 27
=R, [-cos0]| []]

=R} (2)(27)

§S=4nR3§

11



(c)

V=fffdv Z| 4v-R?sin0dRAOdd
27 T Ro ‘k\.‘f:\
=f f fstinGdeBdcb R i;
$=0 0=0 R=0 D
R, i 27 J
= [R%dR [sin®dO [ dp X
jrajaa]
- Ro
) R3 ) T 2n
=15 | [-eosell 1011
- 0
R3
=| == (2)(2m)
3
V=£7tRO3 i
| 3 |
|

12



Example (Surface/volume integration in spherical coordinates)

A three-dimensional solid is described in spherical coordinates
according to
(0O<R<1) (0 <0 <m/4) (0 < ¢ <2m)
(a.) Sketch the solid.
(b.) Determine the volume of the solid.
(c.) Determine the surface area of the solid

(a)
spherical coordinate differential volume
dv = (dR)(RdO)(RsinBdd)
ds,,, = R sin® d0d¢ = sin0 d@ d(b
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top cone

[ [ s ] | Fan

top surface cone surface
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