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Chapter Three

Torsion

When regular circular shaft is subjected to torque , every cross-section in
the shaft will be subjected to pure shear condition and the resisting torque
which is produced from shearing stress will be equal in magnitude and having
opposite direction to theusing torquein deriving the torsion formula.

For the purposes of deriving a ssimple theory to describe the behavior of
shaft that subjected to torque , it is necessary to make the following basic
assumptions:

1- Circular section remain circular .

2- Cross-section remain plane ( thisis certainly not the case with the torsion of
non circular section ).

3- Material is elastic and obey to Hook’s law ( shear stress is proportional
linearly with shear strain).

4- Material ishomogenous and having equally elasticity properties.

5- The cross-section rotate as rigid , i.e. every diameter rotates with same

angle.
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If the torque (T) is applied at the free end of the shaft , the fiber (AB) on
outside surface will be twisted into (AC) as the shaft is twisted through the

angle (0) .
Consider any internal fiber located a radial distance (p) from the axis (Centre
of the shaft ) , the radius will also rotates through angle (0) causing total

shearing deformation (0s) equal to arc length (DE).

d,.=DE=rq = - (1)
d, _rqg
asshearing strain (g):f:T ————————— (2)
From Hook’slaw , shearing stress at thisfiber is (1)
t =G*g = GTqr ......... ©)

G- M odulus of rigidity (N/m?)
The above equation shows that the stress distribution along any radius

varies linearly with the radius distance from the axis of the shaft . The

maximum shear stress (Tmax) Occur at theoutsidefiber .
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Now consider the shaft in figure: ; /‘

Thedifferential area (dA) at radial

distance (p) carriesthe differential
resisting load (dP).
dP =t * dA - (4)

and the stressisto be assumed uniform over each area.

dP=t* dA

From static equilibrium :

aMo;=0, T=T,

where: Tp---------- resistingtorque, T--------- applied torque
developed by all differ ential loads (dP)
T=T, =g *dP=¢r*t*dA . (5)

sub (T) by the valuein equation (3)

\ T Gq (‘) dA (6)

Sincetheterm ((r ZdA): J  (polar moment of inertia)

Gq
\T=J
L (7)
\ g :T*L
G*J """"""" (8)

where:
8(radians) , T(N.m) , L(m), J(m?) , G(N/m?)

aé800deg

Note: If (0) in degrees , theright hand sideis multiple byterm rad
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r

T_6a_t
or 1L

T*r
- (9

Asthe maximum stress occur at the surface of shaft when (p=r)

\ t =

For maximum shear stress:

{ T*r
max. J T (10)

To find the polar moment of inertiafor solid and hollow shafts we used the
following equations:

R
N 3
J=0p*r dr General form for polar moment of inertia
0

J = pr4 = pD4
2 32

(For solid shaft)

J :B(R“ - r“):B(D“ - d4) (For hollow shaft)
o &)
R
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Power Transmitted by Shaft :

In many practical applications , shafts are used to transmit power from

dynamics, itsis know that the power (p) transmitted by a constant torque (T)
rotating at constant angular speed (o) isgiven by :-
p=T*o e (12)
where (o) measured in radians per unit time
o=22r*f e (12)
where (f) isafrequency of rotation
\' p=T*2n*f = e (13)
If the power given by hor se power (h.p)
[ h.p* 746 or (750)= watt ]

Shafts Connection :

1- Series Connection :

If two or more shafts of different material , diameter or basic form are
connected together in such way that each carries the same torque, then the
shafts are said to be connected in series and the composite shaft so produceis
thereforetermed series-connected as shown in figure.

In such casesthe composite shaft strength is
treated by considering each composite shaft
separately , applying the torsion theory to
each in turn, the composite shaft will therefore

be asweak asit weakest component .

Composite shaft (Series connection)
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If relative dimensions of various parts are required then a solution is usually
effected by equating thetorquesin each shaft .
C;1* Jl*ch o GZ* JZ*QZ
Ll L2
Qd, =0, ,andsimilar shaft material (G1=G,)

T =

L, L

Lh_b
J, I,

\

2- Parallel Connection :

If two or more materialsarerigidly fixed
together in such way that the applied torque
is shared between them, then the composite
shaft so formed issaid to be connected in

parallel connection .

Torque T

g, =d,; *d, Composite shaft (Parallel connection)
T, =T, +T,

For two fixed ends shaft (ql +Q, = 0)

\ 9,=-0;
\ 'L —_ L*L
G*)  G*J,
\ L_ Gl*‘Jl
For equally length shaft : T, G,*J,
. il N
Tyax J ’ 2max J
1 2
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Ex-1- A steel shaft shown in figure (d=40mm) is subjected to the torques as
shown, determine the angle of twist of point (B) with respect to point (A) in

degrees.
G¢=75GPa.
Sal ;-
=8 =
J*G

For the same diameter and same material

P (J , G ) are constant
1

\ q =G*J[T1* L +T,* L, +T,* Ly
\ Qg s = 1 [400% 0.5+ 200* 0.4- 300% 0.3
sz (004 75¢10°

\ g =0.01radians

180
in degrees P 0.01* T =0.578 degree
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Ex-2- A compound shaft consisting of an aluminum segment and steel
segment , is acted upon by two torques as shown in figure . determine the
maximum permissible value of (T) subjected to the following conditions:

1) maximum shear stressin steel is (100M Pa) .

2) maximum shear stressin aluminum is (70M Pa) .

3) theangle of twist of freeend islimited to (12°) . (Gg=83GPa , G4 =28GPa) .
Sol :- According to shear stress

/S T
1- For steel shaft : v Al e o7
N ol O (1

max. J p * d3 d=75mm d=50mm
\ 100*10° :ﬂ '

p (0.05)
T =1.23kN.m

2m 1.5m

A

A

2- For aluminum shaft :

T*r 16T
t max. = = 3
J p*d
\ 70*10° = 1660 2
p (0.075
T =1.93kN.m

According to angle of twist :
T*L
G*J P q
thotal :qs +qAI

* *
\ 12+ P - 2T*15 + ST 2 b T =1.638kN.m

180 P (g05)4*83%10° P (0.075)%* 28* 10°
32 32

q= _Tatle | Ta*Ly

GS*‘JS C;AI*‘JAI

\' Maximum (T )is(1.23kN.m) arecan be used
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Flange Bolt Couplings:

A flange bolt couplingisaconnection commonly used between two shafts.
It consist of flangesrigidly attached to the ends of the shaftsand bolted
together .
(P) isthe shear force created in the bolts
which transmitsthetorque.

Thetorqueresistance of one bolt is:

T=P*R
where
R---------- radius of the bolts circle for (n) number
of the bolts.

\ T=P*R*n=2d2*t *R*n
4
If the coupling hastwo concentric rows of bolts as shown in figure
\ T=P{*R;*n+P>*R,* ny

Theshearing strainsarerelated by :

9 _9
R R
Using Hook’ s law for shear : G =
A P
ty — P or A — A,
G*R G*R G*R G,*R,
If theboltsin two circles have the same area (A;=A;) and are made from
ID \ I:)1 —_ PZ
same materials (G;=G > Db
(6262 R R
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Ex-3- A flange bolt coupling consist of six (10mm) stead bolt on bolt circle
of (300mm) in diameter and four (10mm) diameter on circle of bolt of
(200mm) . Determinethe torque can be applied without exceeding (60M Pa) in
shear for bolt .

Sol ;-
hR_PR
Rl Rz
P P 2
1 = 2 Pz = _Pl
150 100 3

T=P*R*n +P,*R,*n,

s * 2 * L\'I
T=RRn+2 RNy

t :Ep P=t *A
A

\ T =B(0-01)2*60*106*%.15*6+3* 0.1* 44
4 & 3 H

\ T =55kN.m

10
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When the bolts (or rivets) distributed in non-cir

Torsion

cular shape, therotational

moment will be about the centre of bolts (or rivets) distribution .

Pre=R*r,+B*r,+B*r,+B*r, +.....4P*r lp \Pl
P; isproportional to p; )
P/4 Pa. P1 1 /
\h-R_BR_R_ R 4 \*/p/ v
rp r, r, 1, r, 3< )
r r r r Pex
\ F%:Fz_z %:H_B 8:8_4 F?]:Fz_n T
H H H r e »
1 1 1 1 P
\ Pre=PR*r,+B 2r,+R 31 +R 4y, +. .+P "y
€= 1 1 1 '2 1 '3 17 tg T 1 'n
r1 r1 r1 r1
P*e*r
\P1: 2 2 2 ; 2
F2+r“2+r 3+r "4+..... +1 “n
L P= P*e*r,
Smilarly :- =2 re+ra+r+ri+.. +r %
P = P*e*r,
3 r21+r22+r23+r24+ ..... +I‘2n
P = P*e*r,
4 r21+r22+r23+r24+ ..... +I‘2n
Generally :
P P*xe*r. :P*e*ri
! I‘21+I’22+I’23+I’24+ ..... +I‘2n Q 2
a g
k=1
P*e)r.
\ ti — (n ) |
Q 2
a A*ry
k=1

11
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Ex-4- Six (20mm) diameter rivetsfasten the plate asshown in figuretothe
fixed member . Deter mine the aver age shearing stress caused in each rivet by
(40kN) loads . what additional loads (P) can be applied beforethe shearing
stressin any rivet exceeds (60M Pa) .

40kN
S 5 leOmm _>|
- 1) =)
(Prr)ri ] T~
Eori A*r ++ +
ol k "/_,.'Z:(:'\'\ ]10@
r =4/(75)% +(50) =90mm #++
T =P*r !
<«
_ 6*10°* 0.09 40kNT P
; (0.027[2(0.097 +4(0.09]

250mm

\ t

\ t =45MPa atthelargedistancerivet
6*10°* 0.05

i 3(0'02)2[2(0'05)2 +4(0097]

\ t = 25MPa

at thesmall distance

rivets.
2)

60%10° = T,*0.09

3(0.02)2[2(0.05)2 +4(0.09)?]
T, = 7.83kN.m

\ T=6+T,Pb T =6+7.83=13.84kN.m

* 3
p=_1 p p=1384710°
r, 0.25

= 55.36kN

12
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Helical Spring :-

The spring iscomposed of awireor round rod of diameter (d) wound into a

helix of mean radius (R) .

In figure (b) to balancethe applied axial load
(P) , the exposed shaded cross-section of

the spring must providetheresistance (P;)

equal to (P).

(P) and (P;) equal and opposite and parallel cres
a couple of magnitude (PR) which must be
balanced by aresisting opposite couple created
by torsional spring stressdistributed over the

cross-section of the spring which represented by
(T=P*R).

Infigure(c) , therearetwo typesof shearing stressareproduced :

1- Direct shearing stresses (t;) uniformly distributed nl ANYE
over spring section and creating theresisting load (P,) V;}Ln
that passthrough the centre of section . c PN RN T
2- Variable torsional shearing stress (t,) caused by TxUﬁ
twisting couple (T=P * R) . e ST

The torsional stresses (1) vary in magnitude with their radial distance from
the centreand aredirected perpendicular totheradiusasat point (A) .

The resultant shearing stress is the vector sum of the direct and torsional
shear stress. At point (B) the stresses are oppositely directed and theresultant
stressisthe difference between (t1) and (t2) .

At point (C) inside fiber , the two stresses are collinear and in the same sense,

there sum produces the maximum stressin the section .

13
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Maximum direct shear stress (t = T)
- - T *r
Maximum torsional shear stress (t = : )
Maximum total shearingstress (t =t +1t ,)
d
P*R* ()
Vot = P, 2
p7d 2 Ld 4
4 32

4 P N 16 P * R
Umax . pd 2 pd 3
*
\ ot :16P3R(1+d)
e pd 4R
Equation (1) contains an error because the torsion formula derived for use

—
—+
I

with straight bar was applied here to a curved bar , this error is of
significance in heavy springs. The importance of thiserror depend upon how
greatly the inner and outer elements , differ in ordinary evidently this
difference depends on how sharply curved the spring wire, i.e. upon theratio
of wire diameter (d) to mean radius (R).

A.M.Wahl has developed the following formula that takes account of the
initial curvature of the spring wire:-

i :16P*Ré4m-1+0.615@
p*d® 8m-4 m H{ 2

R
where:- (M= T) Theratio of the mean diameter of the springtothe

diameter of the spring wire

¢ _16*P*R:+0.5l;| 3
g B ml ©

Spring are usually made of special steel and bronze in which the allowable

shearing stressesrang from (200 to 800M Pa) .

14
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Spring Deflection :- Itsdefined asthe elongation or contraction in spring and

is determined from the following equation :-
_64*P*R*N
d =
G*d*

N---------- number of turns(coils) of radius (R) .

Equation (4) derived asfollows: -

From figure(d) asangle (d0) small , the length of

arc (AD) isequal to (AB*d@), and it may be considered

asstraight line perpendicular to (AB) , from thesimilarity o

triangles (ADE) and (BAC) we can obtain : 5
AE _ BC

AD AB

dd _R
AB*dgq AB
where:- (dd = R*dq)
_T~*L b dq = T*dL -
J*G J*G
dd _ (P* R)dL
R JG
* 2
\ g = PTRL
JG
By integrating to give thetotal elongation contributed by all elements of

or

as (

\

spring by replacing the length of spring wire (L) by (2zRN) and replacing (J)

P 4
L
by (37 )

_B4*P*R3*N
B G*d*

\ d

15
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Ex:-5- A load (P) is supported by two steel spring arranged in series as shown
in figure . The upper spring has (20 turns) of (20mm) diameter wire on mean
diameter of (150mm) . The lower spring consists of (15 turns) of (10mm)
diameter wire on mean diameter of (130mm) . Determine the maximum
shearing stress in each spring if the total deflection is (80mm) and
(Gs=83GPa).

Sal:-
64* P* R3* N
d = -

G*d

_ 64* P €0.075)(20) , (0.065)**151
83*10° & (0.02)* (0.01)* 4§
\' P =233 N

2R _2*0.075

For upper spring (m= =7.5)

d 0.02
_16P*R&4m-1  0.6150
= + .

™ p*d® 84m-4 m f
=16*233*0.075 é30-1+0.615l]

t

t

ma p*(0.02)° &30-4 75 H
\ t,. =12.7MPa
2R 2*0.065
ing (m=22= =13
For lower spring ( r 0,01 )

16P*R é4m-1  0.615 q
tmax = o + f

© p*d® &4m- 4 m H
t _16*233 *0.065 ¢52 - 1 _ 0.615 &
e p *(0.01)° §&52- 4 13 H
\' t ., =8l.MPa

max

16
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Ex:-6- A load (P) is supported by two concentric steel spring arranged as
shown in figure . The inner spring consist of (30 turns) of (20mm) wire
diameter on mean diameter of (150mm) , the outer spring has (20 turns) of
(30mm) wire diameter on mean diameter of (200mm) . Compute the
maximum load that will not exceed a shearing stress of (140 MPa) in either
spring . G=83 GPa.

Sol:-

64P* R** N , e
dl = d 2 d = G* d4 o .
64P,* (0.075)° * 30 _ 64P, * (0.1)°* 20
G* (0.02)° G*(0.03)°
P,=0.312 P,

ZR:2*0.075
d 0.02
R_201_667)
d 0.03
I6P*Rédm-1 0.615
max . — e + ]
" p*d® &4m- 4 m H

For inner spring (M= =7.5)

For outer spring (M=

t
For (P) :-

140 * 106 - 16* Pl* 0.075 é30 -1 + 06150

p*(0.02)° 830-4 75 H

P,=245kN and P,=7.85N P P=P;+P,=10.3kN
For (Py) :-

140*106 — 16* P2* 01é267‘ 1 + 06150

p*(0.03)° 826.8- 4 6.67 f

P,=6.06 kKN and P;=1.9kN P P=P;+P,=7.96kN

\  p=79kN

17



