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Chapter Six

Beam Deflection
1) Double I ntegration M ethod :

The edge view of the neutral surface of deflected beam is called the

elastic curve of the beam , it is shown greatly exagerated in the figure below.
This article shows how to determine the equation of the curve , i.e. how to
determine the vertical displacement (y) of any point in terms of its (x)
coordinate .

The deflections are assumed to be so small that there is no appreciable
difference between the original length of the beam and the projection of its
deflected length . The elastic curveisvery flat and its slop at any point isvery

small .

d
The value of the slop (tang :d_i/) may therefore with only small error be set
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dy

tang = as (9) issmall P tan =0
q = % -------------- D)
dqg _d?y
dx  dx? T @
ds=r *dq ---cereeeev 3
py— radius of curvature

aselastic curveisvery flat

\ ds » dx
1_dq dg
rds dx T 4)
V1 d’y
r_ - dx2 ______________ (5)
1._ M
but "
d’y _
VE S M (6)
This equation called differential equation
(E*1)---------- Bending (Flexural) rigidity of beam and is constant (N.m?)
d’y _ M
dx ? E*I
2
M= 4Y
dx

dy -
\ E*I—:O|V|*dX+C
dx !
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oy 0 .
as Q—y+ isslop of elastic curve
edx g

\ EX1*y=GM*dx+C,*x+C,

as y-------- beam deflection (m or mm)

C,,CHp-—-- The constant of integration

Note:- At the supportsthe value of deflection for beam equal to zero (y = 0)

Ex: (1) 80ON/m
800N
For the beam loaded as shown in figure, find :-
1- Theslop of elastic curve over right support . im l am Ll lee
Al D

2- The deflection between the support .
Sol:- A

J F,=0b R,+R, =800+800=1600N

B im

O

800N 4
o]

aQM,=0b 3R. =800*1+800*1*3.5
\ R. =1200N b R, = 400N

OEXEL1P M =400x

\ x=0pP M =0 -400N Y

x=1P M =400N.m
0E£XE£3P M =400x- 800(x - 1)

\ x=1p M =400N.m

400N.m
x=3pP M =-400N.m /\
OE£EXxXE4 \/u
\ M =400x- 800x- 1) +1200x- 3 - 80qx- 33 400N

2

400N

\ 4

\ x=3P M =400N.m
x=4b M=0
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2
E*| d—g’ =M =400x- 800(x- 1) +1200(x- 3) - 400(x - 3)?

dx
E* | jy 200X - 400(x - 1)? +600(x - 3)? -ﬂ)( 3°+C,
X
E*I1*y= 220)(3_ 4go(x- 1)° + 200(x - 3)° - ﬂ)(x 3)* +Cx+C,
x=0bP y=0
x=3b y=0 deflection equal zer o at the supports
C,=0
0=1800- 1066.66+3C, b C, =-244.45
\ EXI*y= 2—2)0x -@( x- 1°+200(x- 3)° -ﬂ)( 3)* - 244.45x
slop at right support (x—3)
dy _ 400
ExI v 200(3)% - 400(3- 1)* +600(3- 3)* - —(3 3)%- 244.45* 3
X
\ dy - 44.45
dx ExI
Maximum deflection between the support at (x=1.5mzero oo
400 400
E*l*y (15) -—(15 1)° + 200(1.5-3)° -—(l J* - 244.45%15
- 158.34
\y= (m)

E*I
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Ex:-(2) For the beam shown in figurefind the beam deflection at theright end

éol'- 3kN

A F,=0p 3+3*5=R, +R,
aM,=0p 3*5*25+3*8- R,*5=0 3KN/m
YVY YvY% A 4
R, =12.3kN b R, =5.7kN A —————°
0EXE£5bP V =5.7- 3x B
x=0p V=57kN
x=5b V =-9.3kN SN 3KN/m
M _57X SX* _57X'§X YVY YVVYY \ 4
2 2 x |
x=0P M =0 | 3KN/m |
x=5b M =-9kN.m
5.7KN 4 R
d(;v' =57-3x=0b x=1.9m . " 3N
X

OEXE8P V =57-3x+3(x-5)+12.3 5.42kN.m
x=5p V =3kNx =8pb V = 3kN

M =5-7X-3X*§+3(X-5)@+12.3(x-5) /
M =5.7x- %xz +g(x- 5)2 +12.3(x - 5) 9kN.m

XxX=5pP M =-9kN.m,x=8p M =0

3.2
2

A
\' M, =5.42kN.m \
9.3kN

E* M-S?x +§(x- 5)2 +12.3(x - 5)

dx?

(570 3.5,3 (- 5)° +ﬁ( X- 5)% +C,
dx 2

STy, 3y +—( - 5)* +E(x 5)° +C,x+C,
6 24

x=0b y=0b C,=0,

Xx=5b y=0p C, =-40.6

57 3 3 4. 3 4, 12.3

E*I*y=—Xx"-—X"+—(X-5"+——(x-5 40.6x
y 6 24 24( ) ( )

= - 305.2kN.m’

E*

E*l*y:

E*l*y,

=8m



Strength of Materials Chapter Six Beam Deflection

2) Theorem of Area Moment Method :

A useful and simple method of deter mining slopes and deflection in beams

involvesthe area of moment diagram and also the moment of the area by area
moment method .

1 M
r E*I

—=——=—P dgq= ds L
r E*l ds E* | 0
but ds » dx (Flat curve) 4
M /
\ dq = dx
d E*I
\ g — oM * dx
E*1
dt = x* dg
tg,a = QUt = Ox* dg
_ 13
tg)a = ——— OX(Mdx )
E* 1 5
tg/a---------- Deviation of (B) from a tangent drawn at (A) or the tangential deviation of (B)
with respect to (A) .

but (M * dx isthesummation of area.
1
\ Og/a = E* | (area)BA

1 =
\ tga = E*| (area)g, * Xz
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Moment Diagram By Parts:

The construction of moment diagram by partsdepends on two basic
principles:
1) Theresultant bending moment at any section caused by any load system is
the algebraic sum of the bending moment at that section caused by each load
acting separ ately .
M= M_=3 M,

o]

é M .,a M ;- Sum of the moment caused by all the for cesto the left and

right section respectively .

2) Themoment effect of any single specified loading is always some variation

of the general equation .




Chapter Six Beam Deflection

Strength of M aterials

TABLE Cantllever Loadings
MOMENT EQUATION | DEGREE OF
" TYPE OF CANTILEVER (moment at any MOMENT
LOADING . BEAM section x) EQUATION MOMENT DIAGRAM | AREA | x
Zero ¢ @u\h .
Couple M= hl.lulv._ M=-C (e, M = —Cx?) § h=-C Wg ww
I | 2.
bz
P b=IL
B PL | 1 _
Concentrated W’H|L M= —Px Ist M?m Mw
L ¥
b=[
.|_| wN/m A wL?
. y MS. = — _x? 2 ﬁ— _— s
distributed L . 5 * n ¢l 3 bh &Hv
b=L
Uniformly ¥ LS _
varying i 6L°" 3rd 6 i bh 3 b
4
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Chapter Six

Ex-1- Find the moment area of moment diagram for beam loaded as shown in

figure.

Sal:-

aF,=0pP R, +R, =900N

a M, =0b 4R, =900* 2- 600
\ R, =300N b R, = 600N

—> M=600N.m

3m 1im

M=600N.m

4am

300N

M=300N*4m=1200N.m

M =-900N* 2m=-1800N.m
E*|*t=(area), ,* X =g area* X

b,b.b_ b, .b
2 2 3 2

(area )y, o, * X =[b*h* -

1. 1

(area)p, . *

(area),, ,* X = 2300 N.m°®

—> 600N.m

1200N.m

600N.m

X =[(600 *1)* -+ 41200 * -

2*1800

\ -1800N.m

— (5 )]

2
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Ex-2- For the beam shown in figure, find the moment area about point (C)

and the slope of elastic curve.

aF,=0pP R,+R. =600N
[}

4 M. =0pP 3R, =300*2*1
\ R,=200N P R. =400N

3m

200N

M =200* 3=600N.m

1m 300N.m

2m

M =-300*2* 1=-600N.m

— o] —
E*I*t=(area).,,*X=g area* X

b 1 b
area *X=[=* b —b*h*—
( )C/A [2 ] [3 4]
* * *1* 1 * *1*
(area)q, . * :[(— 3*600) 3] +[(52*(-600))* —
3 3 4
(area )., ,* X = 700 N.m°®
= %: [£ 3% 600 - =+ 2% 600]
E*I 2 3
500
= rad
q =, (rad)

10

im

300N/m

2m

2]

600N.m

-600N.m



