


THE BASIC ELEMENTS AND PHASORS

14.2 DERIVATIVE

To understand the response of the basic R, L, and C elements to a sinusoidal signal, you need 
to examine the concept of the derivative in some detail.
The derivative dx/dt is defined as the rate of change of x with respect to time. If x fails to change
at a particular instant, dx = 0, and the derivative is zero.
For the sinusoidal waveform, dx/dt is zero only at the positive and negative peaks (ωt = π/2 and
3/2π in Fig.), since x fails to change at these instants of time.
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Note in Fig. that even
boththough

waveforms (x1 and x2)
have 
value,
function 
higher 
produces

the same peak  
the sinusoidal

with the 
frequency

the larger
peak value for the  
derivative.

The derivative of a sine wave has the same period and frequency as the original 
sinusoidal waveform.
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14.3 RESPONSE OF BASIC R, L, AND C ELEMENTS TO A SINUSOIDAL VOLTAGE OR CURRENT

Resistor

For a purely resistive element, the
voltage across and the current through
the element are in phase, with their peak
values related by Ohm’s law.
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Inductor

For an inductor, vL leads iL by 90°, or 
iL lags vL by 90°.
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The quantity ωL, called the reactance (from the word reaction) of an inductor, is symbolically 
represented by XL and is measured in ohms; that is,
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Capacitor

For a particular change in voltage across the capacitor, the greater the value of
capacitance, the greater the resulting capacitive current.
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Since an increase in current
corresponds to a decrease in
opposition, and ic is proportional to ω
and C, the opposition of a capacitor is
inversely related to ω (ω =2πf) and C.

For a capacitor, ic leads vc by 90°, or 
vc lags ic by 90°.*
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If the source current leads the applied voltage, the network is predominantly
capacitive, and if the applied voltage leads the source current, it is predominantly
inductive.
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EXAMPLE 14.1 The voltage across a resistor is indicated. Find the sinusoidal expression for the 
current if the resistor is 10Ω . Sketch the curves for v and i.
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EXAMPLE 14.3 The current through a 0.1 H coil is provided. Find the sinusoidal expression for 
the voltage across the coil. Sketch the v and i curves.
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EXAMPLE 14.6 The current through a 100 μF capacitor is given. Find the sinusoidal expression 
for the voltage across the capacitor.
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14.4 FREQUENCY RESPONSE OF THE BASIC ELEMENTS

Ideal Response 
Resistor R

Inductor L

Straight Line Equation

At a frequency of 0 Hz, an inductor takes on
the characteristics of a short circuit, as
shown in Fig., at very high frequencies, the
characteristics of an inductor approach
those of an open circuit.
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Capacitor C

At or near 0 Hz, the characteristics of a
capacitor approach those of an open circuit,
as shown in Fig., at very high frequencies, a
capacitor takes on the characteristics of a
short circuit
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EXAMPLE 14.8 At what frequency will the reactance of a 200 mH inductor match the resistance 
level of a 5 kΩ resistor?

EXAMPLE 14.9 At what frequency will an inductor of 5 mH have the same reactance as a 
capacitor of 0.1 μF?
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14.5 AVERAGE POWER AND POWER FACTOR
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Any portion of the power curve below the axis reveals that power is being returned to the 
source. The average value of the power curve occurs at a level equal to Vm Im/2 as shown in Fig. 
This power level is called the average or real power level.
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If the sinusoidal voltage is applied to a network with a combination of R, L, and C components, 
the instantaneous equation for the power levels is more complex.
In Fig., a voltage with an initial phase angle is applied to a network with any combination of
elements that results in a current with the indicated phase angle. 
The power delivered at each instant of time is then defined by:
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Note that the second factor in the preceding equation is a cosine wave with an amplitude of
VmIm /2 and with a frequency twice that of the voltage or current. The average value of this
term is zero over one cycle, producing no net transfer of energy in any one direction.
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Since cos(-α) = cos α, the magnitude of average power delivered is 
independent of whether v leads i or i leads v.
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Resistor

Inductor

The average power or power dissipated by the ideal inductor (no 
associated resistance) is zero watts.
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Capacitor

The average power or power dissipated by the ideal capacitor (no associated
resistance) is zero watts.

EXAMPLE 14.10 Find the average power dissipated in a network whose input
current and voltage are the following:

Since v and i are in phase, the
circuit appears to be purely
resistive at the input terminals.
Therefore,
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EXAMPLE 14.11 Determine the average power delivered to networks having the following input 
voltage and current:
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Power Factor

In the equation P = (VmIm/2)cos Ɵ, the factor that
has significant control over the delivered power
level is the cos Ɵ. No matter how large the voltage
or current, if cos Ɵ = 0, the power is zero; if cos Ɵ
= 1, the power delivered is a maximum. Since it
has such control, the expression was given the
name power factor and is defined by

In terms of the average power and the 
terminal voltage and current,

Capacitive networks have leading power factors, and inductive networks have lagging
power factors.
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EXAMPLE 14.12 Determine the power factors of the following loads, and indicate whether
they are leading or lagging:
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6. COMPLEX NUMBERS

A complex number represents a point in a two-dimensional
plane located with reference to two distinct axes. This
point can also determine a radius vector drawn from the
origin to the point. The horizontal axis is called the real
axis, while the vertical axis is called the imaginary axis.

Two forms are used to represent a complex number:
rectangular and polar. Each can represent a point in the plane
or a radius vector drawn from the origin to that point.

7. RECTANGULAR FORM (CARTESIAN FORM)
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EXAMPLE 14.13 Sketch the following complex 
numbers in the complex plane:
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14.8 POLAR FORM

A negative sign in front of the polar form has
the effect shown in Fig. Note that it results in
a complex number directly opposite the
complex number with a positive sign.
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EXAMPLE 14.14 Sketch the following complex numbers in the complex plane:
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14.9 CONVERSION BETWEEN FORMS

Rectangular to Polar

Polar to Rectangular
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EXAMPLE 14.15 Convert the following 
from rectangular to polar form:

EXAMPLE 14.16 Convert the following from 
polar to rectangular form:
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14.10 MATHEMATICAL OPERATIONS WITH COMPLEX NUMBERS

Complex Conjugate

The conjugate or complex conjugate of a complex number can be found by simply changing the
sign of the imaginary part in the rectangular form or by using the negative of the angle of the
polar form.
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Addition

EXAMPLE 14.19
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Subtraction

EXAMPLE 14.20
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Addition or subtraction cannot be performed in polar form unless the
complex numbers have the same angle θ or unless they differ only by
multiples of 180°.

EXAMPLE 14.21

MSc. ZAHRAA HAZIM 35



Multiplication

EXAMPLE 14.22
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In polar form, the magnitudes are multiplied and the angles added algebraically. For example,
for
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EXAMPLE 14.25

EXAMPLE 14.26 Perform the following operations, leaving the answer in polar or 
rectangular form:
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PROBLEMS

SECTION 14.2 Derivative: 1, 3

SECTION 14.3 Response of Basic R, L, and C Elements to a Sinusoidal Voltage or
Current: 4, 6, 8, 13, 15, 20

SECTION 14.4 Frequency Response of the Basic Elements: 22, 23, 25, 27

SECTION 14.5 Average Power and Power Factor: 30, 31, 34, 37, 38

SECTION 14.9 Conversion between Forms: 39, 40

SECTION 14.10 Mathematical Operations with Complex 
Numbers: 43, 44, 45, 46, 47
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Thank you 


