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SERIES AND PARALLEL AC CIRCUITS

15.2 IMPEDANCE AND THE PHASOR DIAGRAM

Resistive Elements

For the purely resistive circuit, v and i are in-

phase, and the magnitude

I == or V,=1

In phasor form,
v=V sinwt=>V=V/LO0°

where V = 0.707V .

Applying Ohm’s law and using phasor
algebra, we have

LV L0°
R /6y

_.K/OC_H
R

O

e
i = [, sinwf

R § v =V

Since i and v are in-phase, the angle associated with i
also must be 0°. To satisfy this condition, 8; must
equal 0°.

V £0°

I — —
R Z0°

| 4

Z-07

VvV
— G ==
rZ

so that in the time domain

v
i =\2 Sin wi

= R £0°
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EXAMPLE 15.2 Using complex algebra, find the voltage v for the circuit in Fig.

Sketch the waveforms of v and i.

i = 4 sin(wt + 30°) = phasor form I = 2.828 A £ 30°

V=1Z,= I £LO)R £0°) = (2.828 A £30°)(2 () £0°)
= 5.656 V £30°

v = V2 (5.656) sin(wt + 30°) = 8.0 sin(wt + 30°)

i = 4 sin(wr + 30°)

—’
O

2sz§ v

Phasor diagram
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Inductive Reactance

o
For the pure inductor, the voltage leads the current by 90° i
and that the reactance of the coil X is determined by wL. +
: . ) X; = wlL ) = V,, si
v =V, sin wt = phasor form V =V 20° el i s
7 7/ 0° /
By Ohm’slaw, 1 = VLo :‘_ 0° — 6, o
X, 26, X; :

Since v leads i by 90°, i must have an angle of -90° associated with it. To satisfy this condition, 6,
must equal +90°. Substituting 6, = 90° we obtain

4
/

V £0° V ‘ —_— .
=20 =2 /0o — 90° = — £ —90°
XI_ L()Ol XI. kl-

so that in the time domain

i W
i — \/2(7) Sln((')’ <> 900) ZL = XL Z90°
37
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EXAMPLE 15.4 Using complex algebra, find the

voltage v for the circuit in Fig. Sketch the v and i 0:
curves. T

i S sinlwt + 30°)

i = 5 sin(wt + 30°) = phasor form I = 3.535 A £30°

V=1Z, = (I £0)X, £90°) = (3.535 A £30°)(4 ) 2+ 90°) X, =44
= 14.140V £120°
and v = V2(14.140) sin(wt + 120°) = 20 sin(wt + 120°) o
‘
, Phasor diagram
A
vV
3 Ncading
27 ol N \\I
\ e
¥ ¥
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Capacitive Reactance T
For the pure capacitor in Fig., the current leads +
the voltage by 90° and that the reactance of Xe = 1wC A v =V, sinwt

the capacitor Xc is determined by 1/wC. =

v=YV

m

sin wt = phasor formV =V 20°

Applying Ohm'’s law and using phasor algebra, we find

V £0° V
I — —_ /OO - 0('
X260, X,

Since i leads v by 90°, i must have an angle of +90° associated with it. To
satisfy this condition, .- must equal —90°. Substituting 6, = —90° yields

V £0° 1% V
= =— /0° — (—90°) = — £90°
XCL—90° XC XC
so. in the time domain.
V = =
i = \/E(X—) sin(wt + 90°) Zc = Xc £790°
C
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EXAMPLE 15.6 Using complex algebra, find the i = 6sin(wt — 60°)
voltage y for the circuit in Fig. Sketch the v and @
i curves.

X(. = 050 =<
i = 6 sin(wt — 60%) = phasor notation I = 4.242 A / —60°

V=1Zc= (I £LO)X: £—90%) = (4242 A £-60°)(0.5 Q2 £-90°)
=2.121V £-150°

and
v = V2(2.121) sin(wr — 150°) = 3.0 sin(wt — 150°)

Phasor diagram
'Y

Leading
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Impedance Diagram ti
For any network, the resistance will always appear on the
positive real axis, the inductive reactance on the positive § X0 £90
imaginary axis, and the capacitive reactance on the
negative imaginary axis.

‘\+ 90°
For any configuration (series, parallel, series-parallel, and ‘/'_ T ;4“. :
so on), the angle associated with the total impedance is
the angle by which the applied voltage leads the source
current. For inductive networks, 0; will be positive, } X 290°
whereas for capacitive networks, 6; will be negative. BSSS
15.3 SERIES CONFIGURATION Impedance diagram.

ZT:Z|+Z2+Z}+"'+Z‘\'

Z e R e 7

/

-

o,
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EXAMPLE 15.7 Draw the impedance diagram
for the circuit in Fig.,, and find the total
impedance.

As indicated by Fig., the input impedance can
be found graphically from the impedance
diagram by properly scaling the real and
imaginary axes and finding the length of the
resultant vector Z; and angle 6; Or, by using
vector algebra, we obtain

Z.=Z; +Z,
=R £0° + X, 290°
—R+jX, =40+ ;80

Z, = 8.94 Q) /63.43°

MSc. ZAHRAA HAZIM
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= 81}

R = 41)
Impedance diagram
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EXAMPLE 15.8 Determine the input
impedance to the series network in Fig. Draw
the impedance diagram.

Zr — Zl T Z: T Z_;
— R 20° + X, 290° +X¢ 2. —90°
= R+ X, — jXc

Z,

R =61) Xl_

l‘v e

Z,

o— =000

Z,

00 X-=120

=R+ j(X; =X) =600 +j(101 —120Q)=602 — j2 ()

Zr=632() £ —18.43°

Note that in this example, the series inductive
and capacitive reactances are in direct
opposition.

But if the inductive reactance were equal to
the capacitive reactance, the input impedance
would be purely resistive.

MSc. ZAHRAA HAZIM
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15.4 VOLTAGE DIVIDER RULE 7ZE
The basic format for the voltage divider rule in ac V.= Z '
circuits is exactly the same as that for dc circuits: r

R =130 Xe =41

AM—((
EXAMPLE 15.9 Using the voltage divider rule, d I\
find the voltage across each element of the + BN == e
circuit in Fig. E=100VZ0 /\/

ZE  (492-90°)(100V £0°) 400 £-90° =

T
/

T Ze+Z, 407-9°+3020° 3-j4
400 £ —90° __
gy - =80V 4L —36.87"
3£ —33.13°
= Z;E  (3020°)(100V £0%) 300 L0°
R Ze+Zy  502-53.13°  5.4-531%°

=60V £ +53.13°
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. _ [~ = 17
EXAMPLE 15.10 Using the voltage R=60 3, =188 Sam
divider rule, find the unknown W\’ i ,@\ I\
voltages Vi, V|, Vc and V, for the o =+ = | T e Ne—
circuit shown. E =50V 230 (@ Vi
v __ ZE (6 Q £0°)(50 V £30°) x
R Ze+Z +Ze 6020°+90290° + 170 £-90° L Y
300 £30° 300 £30°
T 6+j9—j17 6-—;8
300 £30°
= = 3.13°
0Z5503 DV 8l
v - LE _OQN)O0V 307) 450V £120°
= % 10 ©) £ —53.13° 10 ~—53.13°
= 45V £173.13°
v _ ZE _ (170 £-90°)(50 V £30°) 850 V £ —60°
 E 10 Q ~—53.13° 10 £-53°
=85V £ —6.87°
v - ZLHZIE _ (90 £90° + 170 £—90°)(S0 V £30°)
el 2 B 10 Q2 ~—53.13°
_ (8£-90°)(50£30°) _ 400 2-60° _ o ..
- 10 ~—53.13° 10 £—53.13° :
12
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PARALLEL ac CIRCUITS

15.7 ADMITTANCE AND SUSCEPTANCE

In ac circuits, we define admittance (Y) as being equal to 1/Z. The unit of measure for
admittance as defined by the Sl system is siemens, which has the symbol S.

1'!]": Y'l +17;_r + ‘.T';—'_ et +1?_."."

1—"'.

T ; 1 o1 .1 S
— Y1 =7 Yy = Z, Y3 = Z, &N_Z_-w
Ly

since . = 1/Y, 7, = 7, ; . Zn
1

and Lr = i N ] L 1 N _|_L

7, 7 7 Ly

MSc. ZAHRAA HAZIM
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Conductance is the reciprocal of resistance, I ] N
Y,=- = - =G £0°
Lp R0
The reciprocal of reactance (1/X) is called For the inductor,
susceptance and is a measure of how
susceptible an element is to the passage of V. — | - l = LL—OO"
current through it. Susceptance is also - Z, X, /90° X, |

measured in Siemens and is represented by
the capital letter B.

- . I ,
Defining | B; = X (siemens, S)
L
l I l
\'YC = = S S /_90‘—l
Z X-£2—90° X :
& 2 = we have Y; = B; £-90°
. l . )
Defining | Be = —| (siemens, S)
Xc
For the capacitor,
we have Ye = B £90° MSc. ZAHRAA HAZIM 14




For any configuration (series, parallel, series-parallel, and so on), the
angle associated with the total admittance is the angle by which the
source current leads the applied voltage. For inductive networks, ©+is
negative, whereas for capacitive networks, O is positive.

A Bp 2 90°

GZ£0°
-

Y B, £-90°

Admittance diagram.
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EXAMPLE 15.13 For the network in Fig. : ©
a. Calculate the input impedance. Y,
b. D.raw the impedance diagram. _"' R § 200 X, 8100
c. Find the admittance of each parallel branch. f_r_b
d.Determine the input admittance and draw
the admittance diagram. .
2.7, (20  £07)(10 & £90)
=z T 200+/100
200 Q) £90°

— - = 8.93 0 £63.43°
22.361 £26.57° =

=4.00Q + j795Q =Ry +jX,,

b. The impedance diagram appears in Fig. A Ly
I

. Yp=G4£0° =—£0° = —/£0°=0.058S 20°

=0.058S +,0 e

63.43°
l | Ze = 4000 200 *
Y, =B, £—-90° = — /£ —-90° = —— £ —90° = & '
e ol 5 10 Q

= 0.1S2-90°=0—-0.1S
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d Yr=Yg+Y,=(005S +;0)+ (0 —j0.1S)
= 0.05S—-j0.1S=G — jB,

The admittance diagram appears in Fig.

Yp = 0058 £0°

Y, = 0.1S £-90°

MSc. ZAHRAA HAZIM
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15.9 CURRENT DIVIDER RULE

The basic format for the current divider rule in ac
circuits is exactly the same as that for dc circuits;
that is, for two parallel branches with
impedances Z1 and Z2 as shown in Fig.

[ _ _Lolr Z,1;
' 7, + 7, Z, + 7,

or I, =

EXAMPLE 15.16 Using the current divider rule,
find the current through each impedance in

Fig.

I
Iy Ir |
— L
o
= ll,, I
I =20A L0
RS30 X, 40

G

Z,1; (40 £90°)(20A £0°) 80 A £90° Draw the Current

I, = e A _
R 2o+ 2, 30/20°+40.290°
= 16 A £36.87°

ZJ;  (3Q.£0°)(20 A £0°)

5 /53.13° Phasor Diagram

60 A £0°

| - f .
L™ 2+ Z; 5Q £53.13°

= 12 A £-53.13°

 5/53.13°
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X
EXAMPLE 15.17 Using the current R L

divider rule, find the current through _W\’_/mm\_
each parallel branch in Fig. I = 5A £ 30° 1 Q 8 ()

Xc

|(

I\

2 Q)

ZCIT (2 Q L-()OD)(S A /_30) B 10 A 2 —60°

I, , = _ |
T Lo+ Ly —j 28+ 18+ j8£) | +j6
B IOA 4_600
"~ 6.083 £.80.54°

I LZp 17 (10 + j8Q)(5 A £30%
. _

= 1.64 A £ —140.54°

T Zy,+Zc 608Q /8054
~ (8.06 £8287°)(S A £30°) 4030 A £112.87°
- 6.08 £.80.54° ~ 6.083 £80.54°

= 6.63 A £32.33"°
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15.12 EQUIVALENT CIRCUITS

o o
Zy X = =50 ngmﬂ :::’ L1 Xo == 10 O
-
S ZceZ;, (502 —90°)(10 €2 £90°) 50 /0°
T T Ze+Z;, S5O -—90° + 100 £90° 5 ~£90°

— 10 © £ —90°

™ W\ 0 ——
+ | LT R=1920 X, =140
E("\y X, 40 R§3Q l:> E(N\y
| Zr - | Zr
g _ZiZg _ (A0 2907)(3 Q £07)
T Zi v Zp 40 /90°4+30Q40°
12 £90° A
== — ') 4 ~ O _ > . _ 1. -
5,53 130 24080£L3687% = 1020 +j1.440
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v 1 . 1 e
— < — +J—-——
BTORy T 2K R, X, ©
and .
Zp R,

= L= L Yr

Y, (I/R,) =+ j(1/X},) o

/R, /X,
= 2 7 £ 2 2

(1/Rp)" + (1/X,) (I/Rp)" + (1/X,)
Multiplying the numerator and denominator
of each term by R:; Xg

R, X3 R:X
results in Z, =5 == = ,p z =
Xz FR; X, +R; R,
— R.*jX. © MA
Z,=Z,—>
R, X, R;X oy —~
and R — 2” r - X, — 2” P - Y=Y,
X +R5 X, + R, o
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X,
2 2
R; + X; .
Z.= Zp—»
Y= Yp—’
(&
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EXAMPLE 15.19 For the network in Fig. :

a. Determine YT and Zt.

b. Sketch the admittance diagram.

c. Find Eand IL.

d. Compute the power factor of the network and the power delivered to the network.

e. Determine the equivalent series circuit.

f. Using the equivalent circuit developed in part (e), calculate E, and compare it with the result
of part (c).

g. Determine the power delivered to the network, and compare it with the solution of part (d).
h.Determine the equivalent parallel network from the equivalent series circuit, and calculate
the total admittance Yr. Compare the result with the solution of part (a).

i = V2 (12) sin 10007

— e Iy
Yy
+
A -
,C) e R, §IO QR, §4() Q L, 6 mH [, 12mH =g UF —T= 20 pF
4 - ) C, 2
Z;
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a. Combining common elements and finding the reactance of the inductor and capacitor, we

obtain .
Rr=100[40Q =80 X; = oL = (1000 rad/s)(4 mH) = 4 Q
L =6mH| 12mH = 4mH o l I 6
Cr = 80 uF + 20 uF = 100 uF €7 wC (1000 rad/s)(100 wF)
+
= e
I=12A40°<T> E R§gn ngzlﬂ X == 100
\77* — YR -+ \7[_ -+ \!C N
= G £0° + B, 2 —90° + B, £ +90°
1 ’ | . | .
= — /0° +—— £/ —90° + —— £ +90°
8 Q) 4 () 10 Q2
=0.125 S Z20° +- 0258 ~2—90° + 0.1 S £-+490°
=0.125'8—30.25S+-370.1'S
= 0.125S —j0.15S = 0.195 S £ —-50.194°
| |
= = —50.194° = 5.13 50.19°
= E 194° = 5.13 Q@ £50.1
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b- Admittance diagram for the parallel R-L-C

network
By =By
I 12 A £0°
. E=1y= = = 61.54 V £50.19°
: "7 Y, 0.195S £—50.194°
V. E 61538V £50.194°
I, = = = - = 15.39 A /£ —-39.81°
L= T Wi 40 290° .
d F,= ‘9—0—0'1258—06411 i E leads I
. F, = cos =Y, 01958 " agging (E leads I)

P = Elcos 8 = (61.538 V)(12 A) cos 50.194°
= 47275 W

MSc. ZAHRAA HAZIM
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I I
- Zr=+ = 5.128 Q £ +50.194°

Y, 0.195S Z—50.194°

3280 + 3940

=R+jX;
X =3940 = wL
3.94 Q) 3.94 Q) 5
- = = 3.94 mH +
w 1000 rad/s - .
I=12AZ20° E

o |

f. E=1Z;= (12 A £0°)(5.128 Q £50.194°)
= 61.54V ~£50.194° (as above)
P=1I’R=(12A)X3.280) = 472.32 W (as above)

£.
o R Xe  (3.28 Q)2 + (3.94 Q)2 o
- K, 3.28 Q
w - Ret X (828 Q) +(3940)° o
’ X 3.94 Q .

A
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The parallel equivalent circuit Y,

7907

I I
= ’ QR R o _
Tpma sl S LW s a A F e s

= 0.125S £0° + 0.15S £—90°
= 0.125S —j0.15S = 0.195S £ —50.194°

MSc. ZAHRAA HAZIM
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PROBLEMS

SECTION 15.2 Impedance and the Phasor Diagram: 1, 2
SECTION 15.3 Series Configuration: 4,5,6,7,9, 10

SECTION 15.4 Voltage Divider Rule: 15,17, 20
SECTION 15.7 Admittance and Susceptance: 25, 26
SECTION 15.9 Current Divider Rule: 34

SECTION 15.12 Equivalent Circuits: 40, 42, 44



Thank you very much
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