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TECHNIQUES OF
INTEGRATION

OVERVIEW The Fundamental Theorem connects antiderivatives and the definite integral.
Evaluating the indefinite integral
[ e

is equivalent to finding a function F such that F’(x) = f(x), and then adding an
arbitrary constant C:

/f(x)dx = F(x) + C.

In this chapter we study a number of important techniques for finding indefinite
integrals of more complicated functions than those seen before. The goal of this chapter
is to show how to change unfamiliar integrals into integrals we can recognize, find in a
table, or evaluate with a computer. We also extend the idea of the definite integral to
improper integrals for which the integrand may be unbounded over the interval of inte-
gration, or the interval itself may no longer be finite.

Basic Integration Formulas

To help us in the search for finding indefinite integrals, it is useful to build up a table of
integral formulas by inverting formulas for derivatives, as we have done in previous chap-
ters. Then we try to match any integral that confronts us against one of the standard types.
This usually involves a certain amount of algebraic manipulation as well as use of the Sub-
stitution Rule.

Recall the Substitution Rule from Section 5.5:

/ f(g(x))g'(x) dx = / f(u) du

where u = g(x) is a differentiable function whose range is an interval / and f is continuous
on /. Success in integration often hinges on the ability to spot what part of the integrand
should be called u in order that one will also have du, so that a known formula can be
applied. This means that the first requirement for skill in integration is a thorough mastery of
the formulas for differentiation.
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554 Chapter 8: Techniques of Integration

Table 8.1 shows the basic forms of integrals we have evaluated so far. In this section
we present several algebraic or substitution methods to help us use this table. There is a
more extensive table at the back of the book; we discuss its use in Section 8.6.

TABLE 8.1 Basic integration formulas

1. /du =u+C 13. cotudu = In [sinu| + C

= -1 +
2. /kdu =jku+ C (any number k) nfescul +C

14.
/(du+dv) /du-l—/dv

e'du =e"+ C

3.
15. adu—m+c (a>0,a#1)
4. —n+1+C (n# —1)
du 16. sinhudu = coshu + C
5. 7=ln|u| + C
17. coshudu = sinhu + C

\\\\ \

6. sinudu = —cosu + C
18. / = sin”! <u> + C
7. cosudu = sinu + C Va “
19. tanf1 <Z> + C
=tanu + C
5 20. / = ;sec! % + C
csccudu = —cotu + C uNu

°

\\\\\\\\\
S
I

21.

e
secutanudu = secu + C /m sinh <a>+C (a >0)

—
S

22.

11. cscucotudu = —cscu + C

12.

tanudu = —In |cosu| + C

In|secu| + C

We often have to rewrite an integral to match it to a standard formula.

EXAMPLE 1 Making a Simplifying Substitution

Evaluate

Video

XX =-9

Vx? —9x + 1
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8.1 Basic Integration Formulas 555

Solution
de — du_ >
5 = u=x"—9% +1,

m \/l; du = (2x — 9) dx.
= /u_l/2 du
_ ﬂ +C Table 8.1 Formula 4,
- (_1/2) +1 withn = —1/2
=u'?+C

=2Vx?—-9% +1+C =

EXAMPLE 2  Completing the Square

Evaluate

dx
/ \/8x—x2.

Solution We complete the square to simplify the denominator:
8x —x2 = —(x> — 8) = —(x* — 8& + 16 — 16)
—(x* = 8x +16) + 16 = 16 — (x — 4)°.

Then

a=4u=(x—4),

du
\/m du = dx

.1 u
sin (a> +C Table 8.1, Formula 18

= sin”! (x Z 4) + C. =

EXAMPLE 3  Expanding a Power and Using a Trigonometric Identity

Evaluate

Video

/(secx + tan x)? dx.

Solution We expand the integrand and get
(secx + tanx)> = sec’x + 2secxtanx + tan’x.

The first two terms on the right-hand side of this equation are familiar; we can integrate
them at once. How about tan® x? There is an identity that connects it with sec? x:

tan’x + 1 = sec’x, tan’x = sec’x — 1.
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556 Chapter 8: Techniques of Integration

We replace tan® x by sec>x — 1 and get

/(secx + tan x)? dx =/(seczx + 2secxtanx + sec’x — 1)dx
=2/sec2xdx+2/secxtanxdx—/1dx
= 2tanx + 2secx — x + C. [

EXAMPLE 4  Eliminating a Square Root

Evaluate

/4
/ V1 + cosdxdx.
0

Solution We use the identity

cos’f = w, or 1 + cos20 = 2cos?6.

With 6 = 2x, this identity becomes
1 + cos4x = 2 cos® 2x.

Hence,

/4 /4
/ V1 +cos4xdx=/ \/2\/cosz2xdx
0 0

/4 5 _
= \/2/ |cos 2x| dx Vi = Jul
0

On [0, /4], cos 2x = 0,

/4
= \/2/ cos 2x dx S0 |cos 2x| = cos 2x.
0

/4 Table 8.1, Formula 7, with

. \/ sin 2x
= 2 |—= u=2xanddu = 2 dx
2 0

:\6[;_0]:2_ [

2

EXAMPLE 5 Reducing an Improper Fraction

. Evaluate
Video 5
3x- — x dic
3x + 2 '
| x—3 Solution The integrand is an improper fraction (degree of numerator greater than or
3x + 2)3x2 — Tx equal to degree of denominator). To integrate it, we divide first, getting a quotient plus a
3x? 4 2x remainder that is a proper fraction:
—x 3x% — Ix 6
—9x -6 w+2 Y3t nr
+ 6

Therefore,

3x —Tx . _ B 6 _xr
/wdx—/<x 3+3x+2>dx—2 3x+2In3x +2|+C. =
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8.1 Basic Integration Formulas 557
Reducing an improper fraction by long division (Example 5) does not always lead to

an expression we can integrate directly. We see what to do about that in Section 8.5.

EXAMPLE 6  Separating a Fraction

Evaluate

3+ 2
V1 — x?
Solution We first separate the integrand to get

3x+2 o xdx 2/ dx
\/l—x V1 — x? V1 — x?

In the first of these new integrals, we substitute

u=1-x% = —2xdx, and xdx = —

3 _ xdx (1/2)6{”:_; 0 V2 du
V1 — x2 2
12
- 3” v =-3V1-x+

212

1
Edu.

The second of the new integrals is a standard form,

dx .1
2/=2s1n x + C.
V1 — x?

Combining these results and renaming C; + C as C gives

3x + 2 .
22 dx = —3V1 —x% + 2sin'x + C. |
V11— x?2

The final example of this section calculates an important integral by the algebraic

technique of multiplying the integrand by a form of 1 to change the integrand into one we
can integrate.

EXAMPLE 7  Integral of y = sec x—Multiplying by a Form of 1

George David Birkhoff
(1884-1944)

Evaluate

/ secx dx.
Solution

- _ secx + tanx
/secxdx—/(SGCX)(l)dx_/secx secx T tanx

Sesz + sec x tanx
= dx
secx + tanx
_ @ u = tanx + secx,
u du = (sec’x + secxtanx) dx
=1In|u| + C =In|secx + tanx| + C. |
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558 Chapter 8: Techniques of Integration

With cosecants and cotangents in place of secants and tangents, the method of Exam-
ple 7 leads to a companion formula for the integral of the cosecant (see Exercise 95).

TABLE 8.2 The secant and cosecant integrals

1. /secudu=1n|secu+tanu| + C

2. /cscudu= —In |cscu + cotu| + C

Procedures for Matching Integrals to Basic Formulas

PROCEDURE EXAMPLE

Making a simplifying 22)6—_9dx = df\}
substitution Vx® = 9x + 1 u
Completing the square Vex — x2= V16 — (x — 4)?

Using a trigonometric (secx + tanx)? = sec’x + 2secxtanx + tan’x
identity = sec’x + 2secxtanx

+ (sec’x — 1)

= 2sec’x + 2secxtanx — 1

Eliminating a square root V1 + cosdx = V2cos?2x = V2 | cos 2x|
. . 3x2 — Ix 6
Redu'cmg an improper 3+ X 3+ 3+ 2
fraction
. . 3x +2 3x 2
Separating a fraction = +
V1i-x2 Vi-x2 V1-x?

secx + tanx

Multiplying by a form of 1 secx = secxt S

_ sec’x + secxtanx
secx + tanx
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558 Chapter 8: Techniques of Integration

EXERCISES 8.1

Basic Substitutions

Evaluate each integral in Exercises 1-36 by using a substitution to re-
duce it to standard form. 3. / 3Vsinvcos v dv 4. / cot® y csc? y dy

A 1 / 16x dx 5 3 cos x dx 5 /1 16x dx 6 /"/3 seczzdz
Exercise V8x? + 1 V1 + 3sinx o 8x2 +2 /4 tanz
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8.1 Basic Integration Formulas 559

dx dx Trigonometric Identities
7. 8.
Vx(Vx + 1) x = Vx Evaluate each integral in Exercises 43-46 by using trigonometric
identities and substitutions to reduce it to standard form.
9. /cot(3 — 7x) dx 10. /csc (7mx — 1)dx
43, /(secx + cotx)? dx 44, / (cscx — tanx)? dx
p 0 cot(3 + Inx)
11. e’csc(e’ +1)do 12. —  dx
45. /cscxsin 3xdx
13. /sec%d! 14. /xsec (x* = 5)dx
46. / (sin 3x cos 2x — cos 3x sin 2x) dx
15. /csc(s — ) ds 16. /icscldﬂ .
920 Improper Fractions
Vin2 , - Evaluate each integral in Exercises 47-52 by reducing the improper
17. / 2x e dx 18. / (siny)e dy fraction and using a substitution (if necessary) to reduce it to standard
0 /2 form.
Vi
dt
19. / e™Vsec? v dv 2. [ ¢ x x2
Vi 47. o 1dx 48. 25 1dx
21nx 3 3 3 2
x+1 —
21. / 37 dy 2. / —dx 49. 2 s0. [ BT
V2 xt—1 ., 2x+ 3
Vw
2V dw 3_ 2 3 qp2
23. / 24. / 102 4o 4¢ t° + 16t 26 70 + 760
Vw 51. 14 dt 52. -5 do
9 du 4 dx . .
25. | —— 26. | —————
/ [+ o2 / I+ 2xt 17 Separating Fractions
16 ' Evaluate each integral in Exercises 53—56 by separating the fraction
27. / dx 28. / dt and using a substitution (if necessary) to reduce it to standard form.
o V1-09? 0 V4 - —
25 d 2d 53 idx 54 /de
29-/L 30. —=__ ) V1 — x? ’ 2xVx — 1
V11— s* xV1 — 4In’x _—” ) 12
1 + sinx 2 — 8
6 dx dr 55. — —dx 56. ——dx
3. | —/——— 32, | —F/—— 0 cos”x o 1+ 4x
xV25x2 — 1 Nt =9
“ . “ dy Multiplying by a Form of 1
: e + e : Ve — 1 Evaluate each integral in Exercises 57-62 by multiplying by a form of

1 and using a substitution (if necessary) to reduce it to standard form.

/3

35'/ dxl 36./ lnxa’x2 | 1
1 xcos(Inx) x + 4xIn“x 57. / 58. /

1+ sinx ™ 1+ cosx ™
Completing the Square
pleting q 59. /%de 60. /%do
Evaluate each integral in Exercises 37-42 by completing the square sec 6 + tan 6 csc + cotd
and using a substitution to reduce it to standard form. 1 1
61. /ﬁdx 62. /1775”7‘
2 3 dx 4 2 dx secx csex
37 2-2x+2 38 2—6x+ 10
PeT e S Eliminating Square Roots
39 / dt 40 / do Evaluate each integral in Exercises 63—70 by eliminating the square
V-t +4t-3 V2o - ¢* root.

dx dx ™ 1 — cosx H
41. /— 42. / 63. / —dx 64. / V1 — cos2xdx
(x + DVx? + 2x (x—2)Vx?—4x +3 0 2 0
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