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The number e

The number e is that number in the domain of the natural logarithm

satisfying

In(e) =1

The number e can be calculated as the limit

Its value is calculated with a computer to 15 places accuracy

e =2.718281828459045.

The Function y = ¢*

We can raise the number e to a rational power 7 in the usual way:

We have not yet found a way to give an obvious meaning to ex for x irrational.

But In-1 x has meaning for any x, rational or irrational.

So Equation (1) provides a way to extend the definition of ex to irrational values of x.
The function In-1 x is defined for all x, so we use it

to assign a value to ex at every point where had no previous definitio




and so on. Since e is positive, €" is positive too. Thus, " has a logarithm.

When we take the logarithm, we find that
Ine" =rlne=r.1=r

Since In x 1s one-to-one and

In(ln1r)=7r
this equation tells us that
e’ =In"lr = expr forrrational
Generally
For every real number x,
e=In"lx = exp x.

Inverse Equations for ¢ and In x

e" =x forallx >0
In(e*) =x forall x

The domain of In x is (0,00), and its range is (—o0, 00). So the domain of ¢

is (—00, 00), and its range is (0, ).



8 — y = In1x
or
7 x=1Iny

Example Using the Inverse Equations
Ine?=2

Inve =Inel/? =%

IneS"* = sinx

eln2 — o

eln(x2+1) =x241

e3ln2 — ,In2° _ 73 _ g

Example

Find k if e*=10

Sol.

Take the natural logarithm of both sides:

In e?*=1n 10



2k=1In 10
k—ll 10
_En

Laws of Exponents for ¢*

For all numbers x, x;, and x, the natural exponential e* obeys the following
laws:

1. exllexz — ex1+x2

1
-X _ i
2. e7F ==
X
3. 51 = e x
. xz I
e

4. (exl)x2 = eX1%2 = (exz)xl

Typical values of &

X e (rounded)
-1 0.37
0 1
| 2.72
2 7.39
10 22026
100 2.6881 x 10%

Example
Applying the Exponent Laws
1. ex+1n2 — ex_elnz = 2eX

2 e—lnx: 1 :l

elnx x




4. (63)96 — eBx — (ex)3

The Derivative of e*

The exponential function is differentiable because it is the inverse of a

differentiable function whose derivative is never zero.

If u 1s any differentiable function of x, then
d du

—e" = e —

dx dx

Example

Find dy/dx for the following
l.y =5e*

Sol.

dy

= §e*
dx €

sinx

2.y=e
Sol.

d_y = eSinx i(sinx) =cosx.e
dx “dx '

sinx

a* and log, x

For any numbers a > 0 and x, the exponential function with base a is:



X xIlna

= e

The Derivative of a*

If @ > 0 and u 1s a differentiable function of x, then a“ 1s a differentiable

function of x and

—_— u: u —_—
dxa a .lnadx

Example

Find dy/dx for the following
l.y=3*

Sol.

dy
— =3%1n3
dx n

2.y=37%
Sol.

dy =37 lnBi(—x) = —37%.In3
dx T dx '

3. y = 3sinx



Sol.

dy : d . :

— =3"*n3—(sinx) = 35™*.In3.cosx
dx dx

The Inverse of a*

For any positive number # 1,
log. x is the inverse function of a*.
a,*=x  forx>0
log, (@*)=x forallx
And

1 B Inx
08qX = Ina

The Derivative of log, x

To find derivatives involving base a logarithms, we convert them to natural
logarithms.

If u 1s a positive differentiable function of x, then

dl d(lnu) 1 dl 1 1 du
— log,u = = } nu-=— ._—.—
dx Sa dx \Ina Ina dx Ina u dx
d I 1 1 du
—log,u= —.—. —
dx 8a Ina u dx
Example
% loguo(3x +1) = L Brt1=—— !
dr OB100% T 10 3x+1 dx " " In10 3x+1



