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1- Integration by parts:
The formula for integration by parts comes from the product
rule:-
diu-v)=u-dv+v-du = wu-dv=d(u-v)—v-du

and integrated to give: _[ udv= Id(u V)= I vdu

then the integration by parts formula is:-
I udv:u-v—jvdu

Rule for choosing u and dv is:

For wu: choose something that becomes simpler when
differentiated.

For dv: choose something whose integral is simple.

It is not always possible to follow this rule, but when we can.

EX-1 — Evaluate the following integrals:

1) [ xe* dx 6 | tnle +41+ 7 )ax
2) Ix-cosxdx 7) Isfn"ax dx
3) xx—; dx 8 [e™ -sinbx dx
4) J-xz-a'nxdx 9) J.x‘?-e"'dx
5) Ix-seczxdx 10) jxj-e“’zc:ir
Sol. —

H=x = du=dx
1) let ) — .fudv:u'v—J-vdu
dv=e"dx = v=¢*

Jx-e'*dx=x-e'*—_[e'*dx=x-e'* —-e' +c
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u=x = du=dx
2) let . = Iudv=u-v—jvdu
dv =cosxdx = v=sinx

Ix-cosxdx=x-sinx—jsinxdx=x-sinx+cosx+c

u=x = du=dx

3) let 1

e — Iudv=u-v—_[vdu

dx = v=2(x-1)?
vx-—1

X 74 A
Imdx=2x-(x—l)-—Zj(x—l)-dx
= el —1 3(*3—’)—+c—2x Jx - 1—§\,(x 1) +

u=inx = du=i.dx
4) let “;\ — Itldv=tl-v—jt’dll
dv = x’dx = v='?

3

’ 5’ I g 3 1
jx‘ -lnxdx=v—-lnx——jx'dx=¥—-Inx——x"+c
3 3 3 9

u=x = du=dx
5) let 3 — Iudv=u~v—Ivdu
dv=sec’xdx = v=tan x

jx-sec"xdx=x-tanx—'[tanxdx=x-tanx+ln|cosx[+c

]+7,2x7
/ 2

6) Ietu=1n(x+vl+x2)=> du = NI+ x dx
x+VI+x?

dv=dx = v=x

Iln(x+\/1+x")dx=x-ln(x+\/1+x2 )—J.x(1+x2)_lzdx
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g _ adx _ B
7) let u=sin" ax = du——!— & dv=dx = v=x

rd
NI1-a’x?

Isin"axdx:x-sin_’ﬂ_fﬁdx
= x-sin'fax+if—2a2x(f—azx2)_'{';dx
2a

1/

o ! (I—a"’xz}* - 1-a’x’

=x-sin" ax+—~——-—~—+ec=x-sin"ax+—+c¢
2a 12 a

1
8) let u=e" = du=a-¢"“dx & dv=sinbxdx = v=-——coshx
b
o s ' - ar a
[e sinbx dx == e -msb.r+3‘[e .cOSDX dX oo (1)
1
let u=¢e" = du=a-¢"“dx & dv=cosbxdx = v=gsinbx

Ie‘“ -cosbx dx =§e“‘“ - sin bx—%je“ csinbxdx e, (2)
sub.(2)in (1) =

2
Je” - sinbx dx =— %e‘“ - cos bx +;+ze“ - sin bx dx — :_ZIBM - sin bx dx

2
C. a ar . 1 a .
Ie‘“ - sinbx dx+—2J‘e“ - sin bx dx =—Ee‘“ 'CﬂSbX'I‘b_zem -sinbx dx + ¢

X

[1 - g—z]j.e'“ -sinbx dx = 12 (a sinbx — bcos bx)+ ¢

ax

J.e"'* -sinbx dx = ?e 3 (a sin bx — bcos bx)+ c
a  +b

9) derivative of u integration of dv

x " \ e'\. ‘.' J"tjea-\' dx :.‘.jex et 3,"2e‘
2 X

3x \ ., +6xe* —6e" +c

bx \ ¢ 3 >

6 e” =e"‘(x‘ -3x° +6x—6)+c

0 \ e'v
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2
X

10) let u=x’ = du=2xdx & dv=x-e""dx:>v=ée

J.xj eVde="—x"-e" _iIZx.e"‘:dx = ix B i i
2 2

2- Odd and even powers of sine and cosine:
To integrate an odd positive power of sinx (say sin”'x ) we
split off a factor of sinx and rewrite the remaining even power in
terms of the cosine. We write:-

[[sin®*! x-dx = [(1-cos® x)" - sinx dx
and [cos™" x-dx= [ (1-sin’ x)" -cosx dx
EX-2- Evaluate:
1) [sin’ x dx 2) [cos® xdx
Sol.-
1) [ sin*x dx = sin’x - sinx dx =[ (1~ cos’x)- sinx d

1
. 2 . 3
= Ismx dx +Icos x- (— smx)dx =—cos x + Ecos x+c

2) Icos“x dx =Icos‘x-cosx dx = _“(I—sin"x)z - cos x dx

=Icosx dx—ZJ.sin" x-cosxdx+jsin4 x-cos x dx

. 2 . 3 v
=smx—§sm x+§sm xX+c

. oy . P d
To integrate an even positive power of sine (say sin”"x ) we use
the relations:-

1+ cos 20 . 2. 1—cos20
= or sin"f=———

cos’0
2 2

then we can write:-
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J.sin"" X dx = J‘(#)" dx

: + 3
and Ic‘os‘" x-dx= I(%) dx

EX-3- Evaluate:
1) Icos"@dg 2) Isin’HdO
Sol.-
2 l+cos20 ,, 1 1 oo

1) j'ws 0do = j— . Id0+3-[2co.s20d0
=£ 0+£sin29 +c

21772
1-cos20Y

> ) d0=%“dﬁ—J-cos29(2d0)+jcos"20d6]

— lli@— sin 20 + J‘Mde] = l[@—sin20+l(9+isin 49):|+c
4 4 2 4

2) jsin‘edf):j

3 1 1
=—0——sin20+—_—_sin40 +c

8 4 32
To integrate the following identities:-

Isin mx-sinnx dx , Isin mx - cos nx dx ,and Icos mx - cos nx dx
To integrate the following identities:-
_[sin mx-sinnx dx , I sin mx - cos nx dx ,and j cos mx - cos nx dx

we use the following formulas:-

cos(m—n)x—cos(m+n)x

sin mx - sin nx =

2
” sin(m—n)x+ sin(m+n)x
sin mx - cos nx =
2
cos(m—n)x +cos(m+n)x
COS MX - COS nX = 3
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EX-4- Evaluate:

1) J'sfn.ix-msSxdx 2) jcasx-cas?xdx S)Isfnx-sinlxdt

Sol-

1) Isin 3x-cosSxdx= éj(sin(j'x -5x)+ 5in(3x+5x))a’x

[ 1¢, ¢, _1 1 :
=El:—5j-sm2x(2ir)+§j-sm3x(8dx)j|—4wst—McosSx+n

2) Icosx-cos?xdx :%J-(ms(ﬁxﬁrcas(&’x)}dx :ésin6x+isin8x+c

3) f.\'fnx csin2x dx = %J'(cmx - cos 3x)dx = %sin x—i.w'n Ix+c

6-3- Trigonometric substitutions:
Trigonometric substitutions enable us to replace the binomials

2 2 2 2 2 2 . '
a’—u , a +u , and uw —a° be single square terms. We can
use:-

. . 2 2 2 2 = 2 . 2 2 2

u=asin@ for a°-uw =a’ —-a sin"@=a " (1-sin"0)=a" cos” 8
k] 7

u=atan® for a’+u’=a’+a’tan’ O=a’(1+tan’0)=a’ sec’ @

2
u=asecd for u'—a’=a’sec’0—-a’ =a’(sec’@—-1)=a’tan’ 0

EX-5 Evaluate the following integrals:

dN dr—t

9-x?

dx dt
. Jl\,fd+x’ = I«jzsﬁ -9

dx dy
3) 6) | ———
I‘:‘f-xz ".{25+9y"
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Sol.-

1) let z=tanf = 7 =sec’0-do tan0=§

j z dz =Jtan50-seczt9 do
vI+7’ VI+tan’ @

= | tan @ - sec O \sec’0 - 1) dO
] ( I

=jta1159 -sec B dé

= I sec’ O(tan 6 - sec 0 d6)— ZI sec’ O(tan 0 - sec 0 dO)+ Itan 0-secOdo
1

=§sec50—§sec30+se00+c J1+2?
0 4

=§(\/I+z")5—§(\/I+z2)3+\/1+z"+c 7

2) let x=2tan@ = dx=2sec’0-db tan9=§

j dx =I 2sec’ 0 do
i+ x’ V4 +4tan’ 0

v+ x? «x
2

= Isece do = ln‘sec6+tan 9|+c

Vi+x2
=In

6

= In‘\/4+ x? + x}+c'

where ¢' =c—In2

3) let x=2sinf@ = dx=2cos0-db
I dx _J-2cos6¢19_£ dae —ijsecﬁde
f=x* 4—4sin’0 27 cos@ 2
1
=—In|sec O + tan 0| + ¢ 2/\
2 —<a I
1 2 X N
=~ In|— + (4 ¢
2 |J4-x* J4-x
—iln ik |+c—iln s +c—iln2+x+c
\/(2—,\')(2+x)| 2 \/Z—x 2-x
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4) let x=3sin@ = dx=3cos0-dO
J- x? dx I 9sin’ @

3cos0do = 9_“ sin’ 0d0O

V9 — 9sin’ 9
— COS 3
=9j‘—‘"2049=2 0— Lm0 4o
2 2 2 P x
=§(0—sin@-cos0)+c 9 - x?
I PR x\/9x 9 . ogX X 2
==|sin' —=————— |+e==sin" —-—:49-x" +¢
2 3 3 3 2 3 2

5) let 5t=3sec®0 = 5dt=3secO -tan6db
secO-tan0 do

dt s 1
— | sec0d6
i S e
= lln'sec 0 +tanb + ¢ 5t
- |
T
1,|5t V25¢ -9 : o
=——+———+¢C 3
5 |3 3 |

=§ln$t+\/25t"—9‘+c' where c'=c—§ln3

6) let 3y=5tan@ = 3dy=5sec’0db
j dy J. 5 3 sec ‘0deo
J25+9,7 «/25+25mn 0

= Efn|sec€+mn 0+ c %
3y
1, N25+9y° 3y 5

+c
3 5 5 g

i[&ts’(fﬂ do

P r r I
=—In\f25+9y' +3y‘+c where ¢ =c—§Ir15
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